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®ö�ß��)ë ì
ø!ß5Ó#Ú�Þ.Ö�ÔAë�Ñ $�Ñ !�ÑV��î<ìðÝ�Û5Õ�Ö�ä ûÛ5Ý3Þ�ÖXå�æ5àAàFÓ+Þ.Ý3Ù�Û´áãÙ#Ô8Û�Ö>åñÞ�Ö>Õ¯å�æ5àAå�Ó#Û5ÕAÞ.ß�Ö>Ô�ÖVáãÙ�Ô�Ö�Ù�æ5ÔÄå�æ5àAàFÓ+Þ.Ý3Ù�ÛAÓ+Ø�Ü�Ù#Ô�Ý�Þ�ß5à Ú5Ø�Ó�ó´Ó#ÛÖ>åñå�Ö>Û Þ.Ý�Ó#Ø�Ô�Ù�Ø3Ö½Þ.Ù¬å�Ý3àFÚ�Ø�Ý�á�óFÞ�ß5Ù�å�ÖNÕ���$lØ3Ö>à÷ïrÖ>Ô/Þ.Ý�Ó#ÛIå�Ù�Ø3æ�Þ.Ý3Ù�Û5å!áãæ5ÔñÞ�ß5Ö>Ô�Ñ
*�ÛLÞ�ß5Ö_Û5Ö8.®Þ±å�Ö�ö�Þ�Ý�Ù�ÛLÝ�Þ[Ý�åIÝ�Ø3Ø3æ5å/Þ.Ô.ÓÃÞ.Ö�Õ ß5Ù ü ö>Ø3Ù�å�Ö�Õ áãÙ�Ô�à Ö�×ÃÓ#Ø�æ5Ó+Þ.Ý3Ù�Û5åIÙ+á¾Û5Ö>å/Þ.Ö�ÕÝ�Û5Õ�Ö�ä�Û�Ý3Þ.ÖNÓ#Û5Õ±Õ�Ö�ä�Û5Ý�Þ.ÖNà÷æ5Ø3Þ�Ý3å�æ5àAåTö�Ó#Û±ïrÖ'áãÙ�æ5Û5Õðì�ï ó[å�Ù#Ø3×®Ý�Û5Ü¬Ú5Ó#Ô.Ó#àAÖVÞ.Ö>ÔñÝ�ý�Ö>ÕiØ3Ý�Û5Ö>Ó#ÔÕ5Ý3ôõÖ�Ô�Ö>Û�ö>Ö'Ö�þ®æ5Ó+Þ.Ý3Ù�Û5åTÝ�Û

ΠΣ û ä5Ö>Ø�Õ�å>Ñ�� ß�Ö>Ô�Ö>Ó#å;Ý�Û 
)Ö>öVÞ.Ý3Ù�Û%$¾Þ�ß5Ý�å!Ú5Ô�Ù�ï�Ø�Ö�à Ý3åTåñÚrÖ>ö�Ý3ä�Ö�ÕÝ�ÛiÞ.ß5Ö¾Ü�Ö�Û5Ö�Ô.Ó#Ø`Õ�Ý3ôõÖ>Ô�Ö�Û5ö�Ö¾ä�Ö�Ø�Õòå�ÖVÞ�Þ�Ý�Û5Ü5ìrÝ3Û 
)Ö�ö�Þ�Ý�Ù�Û&!FÞ.ß5Ö¾Õ�Ù�à¯Ó+Ý�Û±Ý3å�ö>Ù#Û5ö>ÔñÖ�Þ.Ý3ý>Ö�ÕèÞ�Ù
ΠΣ û ä�Ö�Ø�Õ5å�Ñ *�Û 
)Ö�ö�Þ�Ý�Ù�Û¬í�Þ.ß�ÖTï�Ó#åñÝ�ö!Ô�Ö�Õ5æ5öVÞ.Ý3Ù�Û´å/Þ.Ô�Ó+Þ.Ö�Ü�Ý�Ö�å=Ó+Ô�Ö!Ö8.)Ú5Ø�Ó#Ý�Û�Ö>Õ ü ß5Ý3ö�ß÷Ö>Û�Ó#ï�Ø�Ö>åÞ.ÙAä�Û�ÕèÓ#Ø�Øðå�Ù�Ø3æ�Þ.Ý3Ù�Û5åXÙ#á�Ú�Ó+Ô.Ó#àAÖ�Þ�Ö>Ô�Ý3ý>Ö�Õ±Ø�Ý3Û5Ö�Ó+ÔXÕ5Ý�ô�Ö�Ô�Ö�Û5ö>ÖCÖ�þ�æ�Ó+Þ.Ý3Ù�Û5å�Ý�Û±ÓAÜ�Ý3×�Ö�Û

ΠΣ ûä�Ö>Ø3ÕðÑI,`Ý�Û�Ó+Ø�Ø�ó±Ý�Û 
)Ö�ö�Þ.Ý3Ù�Û ù�Þ�ß5Ö¬Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØOÔ�Ö�Õ5æ5öVÞ.Ý3Ù�Û_åñÞ.Ô�Ó+Þ.Ö�Ü#ó#ìðÞ.ß�Ö¬Ý3Û5Û5Ö>Ô½ö>Ù�ÔñÖ¬Ù+áÞ.ß5Ö ü ß5Ù#Ø�ÖXÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛAÚ�Ô�Ù®ö>Ö�å�å>ì�Ý�å=Ö/.)Ú5Ø�Ù�ÔñÖ>ÕAÝ�Û¬àAÙ�Ô�ÖTÕ5Ö�Þ.Ó#Ý�Ø3å>Ñ�$lØ3Ø�Þ.ß5Ö�å�Ö�ö�Ù�Û5å�Ý3Õ5Ö>Ô�Ó+Þ.Ý3Ù�Û5å
ü Ý�Ø3Ø�Ø�Ö>Ó#ÕIÞ.ÙAÓ#Ø�Ü#Ù�Ô�Ý�Þ�ß5àAå!Þ�ß�Ó+Þ�Ó#Ô�Ö'ö�Ó#ÔñÖ�áãæ5Ø3Ø3ó�Ó#Û5Ó#Ø3ó®ý>Ö�ÕiÝ�Û 
)Ö�ö�Þ�Ý�Ù�Û �)Ñ
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�TÆ������	�CË�
%Ï%Î��;Í������É�Ï%ËÄÈ Ï/È�� Ï����ðÊ���ÈlÎ����¯Ï���
%Ì��
��� ��� �Lç�
)ö�ß�����ì 
®ö�ß��)ë>îlÝ�å¯Ó åñæ5àAà¯ÓÃÞ.Ý�Ù#Û Ú�Ó+ö/(�Ó#Ü�Ö#ì�Ý�àAÚ5Ø3Ö>àAÖ�Û�Þ�Ö>Õ Ý3Û Þ.ß5Öòö�Ù�àAÚ5æ�Þ.Ö�ÔÓ#Ø3Ü�Ö>ï5Ô�Ó;åñó®åñÞ�Ö>à ÐòÓÃÞ.ß5Ö�à¯ÓÃÞ.Ý�ö>Ó�ì�Þ.ß�Ó+Þ�Ö>Û�Ó+ï5Ø�Ö�å�Þ.ÙXÕ5Ý�åñö>Ù�×�Ö>Ô`Ó#Û�ÕCÚ�Ô�Ù�×�ÖÄÛ5Ö>å/Þ.Ö�Õ¾à÷æ5Ø3Þ�Ý�åñæ5àÝ�Õ5Ö�Û�Þ�Ý3Þ�Ý�Ö�å>Ñ��TÓ+å�Ö>Õ�Ù�Û¯Ô�Ö�å�æ5Ø�Þ.å!Ù+áðÞ.ß5Ý3å!Ó#ÔñÞ�Ý�ö�Ø�Ö;Þ.ß5Ö�Ú�Ó#ö�(ÃÓ#Ü�Ö½Ó+Ø�Ø3Ù ü åÄÞ�ÙCä�Û5ÕIÓ#Ø3Øxå�Ù#Ø�æ�Þ�Ý�Ù�Û5åÙ#áQÚ�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�Ý3ý>Ö>ÕtØ�Ý�Û�Ö�Ó#ÔFÕ5Ý3ôõÖ�Ô�Ö>Û�ö>Ö Ö>þ�æ�ÓÃÞ.Ý�Ù#Û5åIÝ3Û Ó ×�Ö>Ô/ó Ü#Ö>Û5Ö�Ô.Ó#ØlÕ5Ý3ôõÖ>ÔñÖ>Û5ö�Öèä�Ö>Ø3Õå�ÖVÞ�Þ.Ý3Û5Ü5ì�åñÙ�ö�Ó+Ø�Ø�Ö�Õ

ΠΣ û ä�Ö�Ø�Õ5å�Ñ *�ÛNÞ.ß5ÖÄåñÖ>þ�æ5Ö>Ø ü ÖÄÝ�Ø3Ø3æ5å/Þ.Ô.ÓÃÞ.Ö�ß�Ù ü Ù�Û5Ö=ö�Ó#ÛQÕ�Ý�å�ö�Ù�×�Ö�Ô�ö>Ø�Ù#å�Ö>ÕáãÙ�Ô�à Ö�×+Ó#Ø3æ�Ó+Þ�Ý�Ù�Û�åTÙ#á
Û5Ö>å/Þ.Ö�Õ±à÷æ5Ø�Þ.Ý3å�æ5àAå!Ý3Û�Þ.ß5Ö'Õ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö½ä�Ö�Ø�ÕIå�Ö�ÞñÞ.Ý�Û�Ü¬ï ó�æ5å�Ý3Û5Ü÷Þ.ß5ÖÚ�Ó#ö�(ÃÓ#Ü#Ö ���������5Ñ&,OÝ3Ô�å/ÞXå�Ù#àFÖ'ï�Ó#åñÝ�ö'Û5Ù#Þ.Ý3Ù�Û5å;Ù+áOÕ5Ý�ô�Ö�Ô�Ö�Û5ö>Ö'ä�Ö>Ø3Õ5å�Ó#ÔñÖNÝ�Û Þ.Ô�Ù®Õ�æ5ö>Ö�ÕðÑ
�! #"%$'& � &)(*$,+.-0/1- $3254 687:9;7:<>=?7A@B7:CD2 � Ô�Ö>åñÚðÑ�Ô�Ý�Û�Ü � Ý�å½ÓFä�Ö>Ø3Õ � Ô�Ö>åñÚðÑ�Ô�Ý�Û�Ü � F

Þ.Ù�Ü#Ö�Þ.ß�Ö>Ô
ü Ý3Þ�ß�ÓQä�Ö�Ø�Õ � Ô�Ö>åñÚðÑ)ÔñÝ�Û5Ü � Ó#æ�Þ�Ù�àFÙ#Ô�Ú5ß5Ý3å�à

σ : F → F
Ñ�*�Û¯Þ�ß5ÖlåñÖ>þ�æ5Ö>ØðÓQÕ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö�ä�Ö�Ø�Õ

� ÔñÖ>å�Ú�ÑrÔñÝ�Û5Ü � Ü�Ý3×�Ö�Û±ï óIÞ.ß5ÖNä5Ö>Ø3Õ � Ô�Ö>åñÚðÑxÔ�Ý3Û5Ü � F
Ó#Û5Õ±Ó#æ�Þ�Ù�àFÙ#Ô�Ú5ß5Ý3å�à

σ
Ý�å;Õ5Ö>Û5Ù+Þ.Ö>Õ±ï�ó

(F, σ)
Ñ�Ð±Ù�Ô�Ö�Ù�×�Ö�Ô'Þ�ß5Ö´å�æ�ï5å�ÖVÞ

K := {k ∈ F |σ(k) = k}
Ý3å½ö�Ó+Ø�Ø3Ö>ÕòÞ.ß5ÖE=?FG<IH:JLK5<1J.@B7:CD2Ù#á
Þ.ß5ÖNÕ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö'ä�Ö>Ø3Õ

(F, σ)
Ñ

*1ÞXÝ3åTÖ�Ó+åñó¯Þ.Ù´åñÖ>Ö'Þ�ß�Ó+ÞTÞ.ß�Ö'ö>Ù�Û�åñÞ�Ó+Û�Þ;ä�Ö�Ø�Õ
K

Ù#á`Ó÷Õ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö½ä�Ö>Ø3Õ
(F, σ)

Ý�åTÓ´åñæ5ï�ä�Ö�Ø�ÕÙ#á
F
Ñ�*�Û[Þ.ß5ÖNåñÖ>þ�æ5Ö�Ø ü Ö ü Ý�Ø3ØðÓ#å�åñæ5àFÖ'Þ�ß�Ó+Þ �1M0M ä�Ö>Ø3Õ5å�Ó#ÔñÖNÙ#á`ö�ß5Ó#Ô.Ó#öVÞ.Ö�Ô�Ý3åñÞ.Ý3ö

0
Ñ5ÿ;ß5Ö>Û±Ý�ÞÝ�åNÝ3àFàAÖ�Õ5Ý�Ó+Þ�Ö÷Þ.ß5Ó+ÞNáãÙ�ÔQÓ#Û ó ä�Ö>Ø3Õ Ó+æ�Þ.Ù�àAÙ�ÔñÚ5ß5Ý�åñà

σ : F → F ü ÖFß�Ó�×�Ö
σ(q) = q

áãÙ�Ô
q ∈ Q

Ñxú�Ö>Û5ö�ÖCÝ3ÛiÓ#Û óIÕ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNä5Ö>Ø3Õðì
Q

Ý3åXÓ¬åñæ5ï�ä�Ö�Ø�Õ±Ù+áOÝ�Þ.å;ö>Ù#Û5åñÞ.Ó#Û�ÞXä�Ö�Ø�ÕðÑ
N1OQPROTS?U�V�WGX.U>Y[Z\W!]1^>_`_bacZ:YQdIUea#U�VgfhYQikj\ZmlnikV>WGimo'YpU*WqarimstYDuvWGiwWqU�xyW{zA|}^�acZ:YQdRU�j
$låIÐZÑ!ÒNÓ#Ô�ÔFÙ�ï�å�Ö>Ô/×�Ö>Õ Ý3Û çéÒNÓ#Ô.ê)ë�î|ì!Ó ß®æ�Ü�Öèö�ØÂÓ+å�å¯Ù#á'Ý�Û5Õ5ÖVä�Û5Ý�Þ.Ö±Û5Ö>å/Þ.Ö>Õ à÷æ5Ø3Þ�Ý3å�æ5àAåö�Ó+Û_ïrÖ÷å�Ý�àAÚ5Ø3Ý�ä�Ö�Õèï�óòåñÙ�Ø3×®Ý�Û�Ü¯ä�Ô�å/ÞNÙ#Ô�Õ5Ö�Ô½Ø�Ý3Û5Ö�Ó#Ô�Õ5Ý�ôõÖ>Ô�Ö�Û5ö>Ö÷Ö>þ�æ�Ó+Þ�Ý�Ù�Û�å'Ý3Û

ΠΣ û ä�Ö�Ø�Õ5å�Ñ* ü Ý3Ø�Ø�Õ5Ö�àFÙ#Û5åñÞ�Ô.Ó+Þ�Ö�Þ.ß5Ý3å¬Ó#Ú�Ú5Ô�Ù Ó+ö�ß¦ï�ó Þ�ß5ÖIáãÙ#Ø�Ø3Ù ü Ý3Û5ÜèÖ�Ø�Ö>àAÖ>Û Þ�Ó#Ô/ó Ú5Ô�Ù#ï5Ø�Ö�à�~
ä�Û5Õ Óö>Ø3Ù�å�Ö�Õ áãÙ#Ô�à Ù#á ∑n

k=0 k k!
Ñ�,OÝ�ÔñåñÞFÙ#Û5Ö±ö>Ù�Û�åñÞ.Ôñæ5ö�Þ�åIÓ Õ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö±ä�Ö�Ø�Õ áãÙ#Ô¬Þ.ß5Ö±Ü�Ý�×�Ö>Ûå�æ5àAàFÓ+Þ.Ý3Ù�Û Ú5ÔñÙ�ï5Ø3Ö>àiÑ"�Ö�Þ
Q(t1, t2)

ïrÖ Þ�ß5Ö_ä�Ö>Ø3Õ Ù#á÷Ô.ÓÃÞ.Ý�Ù#Û�Ó#Øláãæ5Û5öVÞ.Ý3Ù�Ûðì;Ý<ÑéÖ#Ñ
t1, t2Ó#Ô�Ö!Ý�Û5Õ�Ö�Þ.Ö�Ô�àAÝ�Û5Ó+Þ.Ö�å>ì+Ó#Û5Õ´ö>Ù#Û5å�Ý3Õ5Ö>ÔOÞ�ß5Ö!ä�Ö�Ø�Õ¬Ó+æ�Þ.Ù�àAÙ�ÔñÚ5ß5Ý�åñà

σ : Q(t1, t2) → Q(t1, t2)Þ.ß�ÓÃÞ'Ý�ålö�Ó#Û�Ù�Û5Ý3ö�Ó#Ø3Ø3ó[Õ5Ö�ä�Û�Ö>Õ ï�ó
σ(t1) = t1 + 1

Ó#Û5Õ
σ(t2) = (t1 + 1) t2

Ñ.��Ù+Þ.Ö¾Þ.ß�Ó+ÞÞ.ß5ÖFÓ+æ�Þ.Ù�àAÙ�ÔñÚ5ß5Ý3å�à Ó#öVÞ.åQÙ�Û
t1

Ó#Û�Õ
t2

Ø3Ý (#Ö÷Þ.ß5ÖAåñß5Ý3á�ÞQÙ�ÚrÖ�Ô.Ó+Þ�Ù�Ô
N

Ù�Û
n
Ó#Û5Õ

n!
×®ÝÂÓ

Nn = n + 1
Ó#Û5Õ

Nn! = (n + 1) n!
ÑXú�Ö>Û5ö�Ö Þ.ß5Ö_å�æ5àAàFÓ+Þ.Ý3Ù�Û Ú5ÔñÙ�ï5Ø3Ö>à ö>Ó#Û ïrÖÔ�Ö�Ú5ß5Ô.Ó+å�Ö>Õ¦ï�ó Ó�@�9;H:JmFG9�2�7:9�C�4�<>7�K59�254 687:9?7:<>=?7b7��w�IK5J04LFG< Ý�Û Þ�Ö>Ô�àAå÷Ù+áXÞ.ß�ÖIÕ�Ý3ôõÖ>ÔñÖ>Û5ö�Öä�Ö>Ø3Õ

(Q(t1, t2), σ)
Ó#å;áãÙ�Ø3Ø�Ù ü åw~)ä�Û�ÕòÓ´å�Ù�Ø3æ�Þ.Ý3Ù�Û

g ∈ Q(t1, t2)
Ù+á

σ(g) − g = t1 t2.

� æ5Ô�Ú�Ó#ö�(ÃÓ#Ü�Ö ����������ö�Ó+Ûòö>Ù�àAÚ5æ�Þ�ÖQÞ�ß5ÖCåñÙ�Ø�æ�Þ�Ý�Ù�Û
g = t2

�0� .�Ó#àAÚ5Ø�Ö�$�Ñ3ë � áãÔ�Ù#à ü ß5Ý3ö�ß
(k + 1)! − k! = k k!

Ý�àAàAÖ>Õ�Ý�Ó+Þ�Ö>Ø�ó¯áãÙ�Ø3Ø�Ù ü å�Ñ ,OÝ�Û5Ó#Ø�Ø�ó�ï ó[Þ.Ö�Ø�Ö�å�ö>Ù#Ú5Ý�Û�ÜFÙ�Û5ÖQÙ�ï�Þ�Ó+Ý�Û5å;Þ.ß5Öö>Ø3Ù�å�Ö�Õ[áãÙ�Ô�àfÖV×+Ó#Ø3æ�Ó+Þ.Ý3Ù�Û ∑n
k=0 k k! = (n + 1)! − 1.

N1O�N1OTs�WGX.U>Y[Z\W!]}^�_�_bacZ:YQdRU�a#U�V���ariwa#_bWGZ\WGi�YQ�yWGV�ovYpU*Wqari�stY[u'WqikW5U*xGWtz�|}^*acZ:YQdIU*j
*�Û ç�
)ö�ß�����ì�
®ö�ß����#Ó+î�*QÙ�ï5åñÖ>Ôñ×�Ö�Õ Þ.ß�ÓÃÞ¬Ù�Û5ÖIö>Ó#Û²ä�Û5Õ ö�Ø�Ù�åñÖ>Õ²áãÙ�Ô�à ÖV×+Ó#Ø3æ�Ó+Þ�Ý�Ù�Û5åCáãÙ�Ô´Óß®æ5Ü#Ö!ö>ØÂÓ+å�åOÙ#á�Õ5ÖVä�Û5Ý3Þ�Ö!Û5Ö�åñÞ.Ö�Õ¬à÷æ5Ø�Þ.Ý3å�æ�àFå�ï�óCå�Ù#Ø3×®Ý�Û�ÜlÚ�Ó+Ô.Ó#àAÖ�Þ�Ö>Ô�Ý3ý>Ö�Õ÷Ø3Ý�Û�Ö�Ó#Ô
Õ�Ý3ôõÖ>ÔñÖ>Û5ö�ÖÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5åCÝ�Û

ΠΣ û ä�Ö>Ø3Õ5å>ÑQ* ü Ý�Ø�Ø=Ý3Ø�Ø�æ5åñÞ.Ô�Ó+Þ.Ö÷Þ.ß5Ö�å�Ö¯Ý�Õ5Ö>Ó#åQï�ó_ä�Û5Õ�Ý�Û5ÜòÓ±ö�Ø�Ù�åñÖ>ÕZáãÙ�Ôñà Ù#á
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Þ.ß5Ö´Þ ü Ù[Û5Ö>å/Þ.Ö>ÕZÕ5ÖVä�Û5Ý�Þ.Ö¬à÷æ5Ø�Þ.Ý3å�æ�à 
��lÐ
(n) :=

∑n

k=0

ú
k

(
n

k

) ü ß�Ö>Ô�ÖAú
k =

∑k

i=1
1
iÕ5Ö>Û�Ù#Þ.Ö�åXÞ.ß5Ö

k û Þ.ß[ß�Ó#Ô�àAÙ�Û�Ý�ö½Û®æ�à÷ïõÖ�Ô�å�Ñ
� &0$��'&0$�� � �  �	�
���  �$ �  �
!*�Û±Ó´ä5Ô�åñÞ�å/Þ.Ö>Ú±Ù#Û5ÖNö�Ó+Û±ö�Ù�àAÚ5æ�Þ.ÖNÓ¬ÔñÖ>ö>æ�Ô�Ô�Ö�Û5ö>Ö

4 (1 + n)

��lÐ

(n) − 2 (3 + 2 n)

��lÐ

(1 + n) + (2 + n)

��½Ð

(2 + n) = 1
� ë �

áãÙ�ÔXÞ.ß5ÖCÕ5Ö�ä5Û5Ý3Þ�Ö¾åñæ5à 
��lÐ
(n)

ï óòÓ#Ú�Ú5Ø3ó®Ý3Û5Ü ��Ö>Ý3Ø�ïrÖ�Ô�Ü�Ö�ÔA�éå�ö>Ô�Ö>Ó+Þ.Ý�×�ÖQÞ.Ö>Ø3Ö>åñö>Ù�Ú5Ý3Û5ÜFÞ�Ô�Ý3ö/(ç ��Ö�Ý ���Ãî�Ý�Û÷Ó½Õ�Ý3ôõÖ>Ô�Ö�Û5ö�ÖTä�Ö�Ø�Õ÷å�ÖVÞ�Þ.Ý3Û5Ü5Ñ�,`Ý�Ô�å/Þ�Ù#Û5ÖTö�Ù�Û5åñÞ�Ô�æ5öVÞ.åÄÓlÕ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö!ä�Ö>Ø3Õ´Ý3Û ü ß5Ý3ö�ßÞ.ß5ÖAö>ÔñÖ�Ó+Þ�Ý3×�Ö¬Þ.Ö�Ø�Ö�å�ö�Ù�Ú5Ý�Û�Ü±Ú5Ô�Ù#ï5Ø�Ö�à ö�Ó#ÛZïrÖAáãÙ�Ôñà¯Ó#Ø3Ý�ý>Ö�ÕðÑQ,�Ù�Ô'Þ�ß5Ý�åNØ�ÖVÞ
Q(n)(t1, t2, t3)ïrÖ�Þ�ß5Ö¯ä�Ö�Ø�Õ²Ù#áXÔ.ÓÃÞ.Ý�Ù#Û�Ó#ØÄáãæ5Û�ö�Þ.Ý3Ù�Û5å¾Ù�×�Ö�Ô

Q
Ó#Û�Õ²ö>Ù�Û5åñÝ�Õ5Ö�Ô¾Þ.ß5Ö¯ä�Ö�Ø�Õ¦Ó+æ�Þ.Ù#àFÙ�ÔñÚ5ß5Ý3å�à

σ : Q(n)(t1, t2, t3) → Q(n)(t1, t2, t3)
ö�Ó+Û5Ù�Û5Ý3ö�Ó#Ø3Ø3óFÕ5ÖVä�Û5Ö�Õòï�ó

σ(n) = n, σ(t1) = t1 + 1, σ(t2) = t2 +
1

t1 + 1
, σ(t3) =

n − t1
t1 + 1

t3.
� � �

��Ù+Þ.Ö�Þ�ß�Ó+Þ�Þ�ß5Ö½Ó+æ�Þ.Ù�àAÙ�ÔñÚ5ß5Ý�åñàâÓ#ö�Þ�å!Ù�Û
t1
ì
t2

Ó#Û5Õ
t3

Ø�Ý (#ÖXÞ.ß5Ö�å�ß5Ý�á�Þ!Ù�ÚrÖ�Ô.Ó+Þ�Ù�Ô
K

Ù�Û
k
ìú

k

Ó#Û5Õ (n
k

) ü Ý�Þ.ß K k = k + 1
ì
K

ú
k =

ú
k + 1

k+1

Ó#Û5Õ
K
(

n

k

)
= n−k

k+1

(
n

k

) Ñ�ÿ;ß5Ö�Ô�Ö�áãÙ#Ô�Ö
f(n, k)

ö�Ó#ÛiïrÖNÔ�Ö�Ú5ß5Ô.Ó+å�Ö>Õ±Ý�ÛIÞ�Ö>ÔñàFå;Ù#á`Þ�ß5ÖNÕ5Ý3ôõÖ�Ô�Ö>Û�ö>ÖNä5Ö>Ø�Õ
(Q(n)(t1, t2, t3), σ)

ï�ó
f(n, k) =  k

(
n

k

)

↔ t2 t3 := f ′
1

f(n + 1, k) =
(n + 1)  k

(
n
k

)

n + 1 − k
↔

(n + 1) t2 t3
n + 1 − t1

:= f ′
2

f(n + 2, k) =
(n + 1) (n + 2)  k

(
n
k

)

(n + 1 − k) (n + 2 − k)
↔

(n + 1) (n + 2) t2 t3
(n + 1 − t1) (n + 2 − t1)

=: f ′
3.

� ���

ÿ;ß5Ö�Û¦Þ.ß5Ö =:9?7�K5J 4��57�J�7:CQ7?H =?F��*4�<����*9?F��wCQ7�� Ý3å¾áãÙ�Ôñà´æ�ØÂÓÃÞ.Ö>Õ Ý�Û Þ.Ö>ÔñàFå÷Ù+áXÞ.ß5ÖIÕ�Ý3ôõÖ>ÔñÖ>Û5ö�Öä�Ö>Ø3Õ
Q(n)(t1, t2, t3)

Ó+å½áãÙ�Ø3Ø�Ù ü åw~rä5Û5Õ Ó#Û_Ö�Ø�Ö�àFÖ�Û�Þ
g ∈ Q(n)(t1, t2, t3)

Ó#Û5Õ Ó¯×�Ö�ö�Þ�Ù�Ô
(0, 0, 0) 6= (c1, c2, c3) ∈ Q(n)3 åñæ5ö�ß±Þ�ß�Ó+Þ

σ(g) − g = c1 f ′
1 + c2 f ′

2 + c3 f ′
3.

� ! �
� æ5Ô�Ú5Ó#ö�(ÃÓ#Ü�Ö ����� � � �0� .�Ó#àAÚ5Ø�Ö�$)Ñ3ë � Ö>Û�Ó+ï5Ø�Ö�åXÞ.ÙAß�Ó#Û5Õ�Ø�ÖNÖ8.�Ó#öVÞ.Ø�ó[å�æ�ö�ß (�Ý3Û5Õ±Ù#áOÚ5ÔñÙ�ï ûØ�Ö�àFå�Ñ�*�Û[Þ.ß5Ý3å;Ö8.�Ó#àAÚ5Ø�Ö½Þ�ß5ÖNå�Ù�Ø3æ�Þ.Ý3Ù�Û

c1 := 4 (1 + n), c2 := −2 (3 + 2n),
c3 := 2 + n

g :=
(1 + n) (−2 + t1 − n + (2 t1 − 2 t21 + t1 n)t2)t3

(1 − t1 + n) (2 − t1 + n),

� M��
Ý�å8ö>Ù#àFÚ5æ)Þ.Ö>ÕFÞ�ß�Ó+Þ!ö>Ó#Û¯ïrÖlÔñÖ>Ú5ß5Ô�Ó#å�Ö�ÕIÝ3ÛAÞ.Ö>ÔñàFå8Ù#á

k
ì®ú

k

Ó+Û5Õ (n
k

) Ñ)ú�Ö�Û5ö�Ö½Ù�Û5Ö�Ù#ï�Þ�Ó#Ý3Û5å
ü Ý3Þ�ß h(n, k) :=

(1+n) (−2+k−n+(2 k−2 k2+k n) � k) (n

k)
(1−k+n) (2−k+n)

Þ�ß5Ö�=:9?7�K5J 4��57TJ�7:CQ7?H =?F���4�<��b7��w�IK5J04LFG<
h(n, k + 1) − h(n, k) = c1 f(n, k) + c2 f(n + 1, k) + c3 f(n + 2, k),

Ó#Û5Õiåñæ5àFàAÝ3Û5Ü÷Þ.ß�ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�Û[Ý�Û
k
áãÔñÙ�à

0
Þ�Ù

n
ÔñÖ>åñæ5Ø3Þ�åXÝ�Û

h(n, n + 1) − h(n, 0) = c1

n∑

k=0

f(n, k) + c2

n∑

k=0

f(n + 1, k) + c2

n∑

k=0

f(n + 2, k).
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��½Ð

(n + i) =
∑n

k=0 f(n, k) +
∑i

j=1 f(n + i, n + j)
áãÙ#Ô

i ∈ N0

Ô�Ö�ö>æ5ÔñÔ�Ö�Û5ö>Ö � ë �áãÙ�Ø3Ø�Ù ü å>Ñ
� ( M�� & $�� M &0$  ���÷�  �	�����  �$ �  � 
&*�Û�Ù�ÔñÕ5Ö>Ô8Þ.ÙCä�Û5ÕIÓ¾ö�Ø�Ù�åñÖ>Õ¯áãÙ�Ôñà Ù#á�Þ�ß5ÖlÕ5ÖVä�Û5Ý3Þ�Ölå�æ5à

��½Ð

(n)
ì�Ù�Û5Ölå�Ù�Ø�×�Ö>åTÔñÖ>ö�æ5Ô�ÔñÖ>Û5ö�Ö � ë � Ý�ÛFÞ.Ö�Ô�àAåTÙ+á

n
Ó#Û5Õ

2n
ì�ú

n

ì ∑n

i=1
1

i 2i

Ñ#$�åTÝ�ÛFÞ.ß5ÖÚ5Ô�ÖV×®Ý�Ù�æ�åXÖ8.�Ó#àAÚ5Ø3Ö>å>ì5Ù#Û5Ö'ä�ÔñåñÞXö>Ù�Û5å/Þ.Ôñæ5ö�Þ�å�Ó´Õ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö'ä�Ö>Ø3Õ † áãÙ�Ô!Þ.ß5Ö'Ü�Ý3×�Ö�Û[Ú5Ô�Ù�ï�Ø�Ö�à±Ñ
"�Ö�Þ

Q(t1, t2, t3, t4)
ïrÖ�Þ.ß5Ö�ä�Ö�Ø�ÕFÙ#áðÔ.Ó+Þ�Ý�Ù�Û�Ó+Ø5áãæ5Û5öVÞ.Ý3Ù�Û5å8Ù�×�Ö>Ô

Q
Ó+Û5Õ¯ö>Ù#Û5å�Ý3Õ5Ö>Ô8Þ�ß5Ö�ä�Ö>Ø3ÕÓ#æ�Þ�Ù�àAÙ�Ô�Ú5ß�Ý�å�à

σ : Q(t1, t2, t3, t4) → Q(t1, t2, t3, t4)
ö>Ó#Û5Ù�Û�Ý�ö>Ó#Ø�Ø�ó¯Õ�Ö�ä�Û5Ö�Õòï ó

σ(t1) = t1 + 1 σ(t2) = 2 t2, σ(t3) = t3 +
1

t1 + 1
, σ(t4) = t4 +

1

2 (t1 + 1) t2
.

��� �

��Ù+Þ.Ö´Þ�ß�Ó+Þ'Þ�ß5ÖAÓ#æ)Þ.Ù�àAÙ�Ô�Ú�ß5Ý�åñà Ó#öVÞ.åNÙ#Û
t1
ì
t2
ì
t3

Ó#Û5Õ
t4

Ø3Ý (#Ö¾Þ.ß�Ö¬å�ß5Ý�á�ÞNÙ#ÚõÖ�Ô.ÓÃÞ.Ù�Ô
NÙ�Û

n
ì
2n

ì)ú
n

Ó+Û5Õ ∑n

i=1
1

i 2i

ü Ý�Þ.ß N n = n + 1
ì
N 2n = 2 2n

ì
N

ú
n =

ú
n + 1

n+1

Ó#Û5Õ
N
∑n

i=0
1

i 2i =
∑n

i=0
1

i 2i + 1
2 (n+1)2n+1

Ñ®ú�Ö>Û�ö>Ö�Þ�ß5Ö�Ú�Ô�Ù�ï5Ø3Ö>à Ù#áðå�Ù#Ø3×®Ý�Û�ÜQÔ�Ö>ö�æ5Ô�ÔñÖ>Û5ö�Ö � ë �Ý�ÛtÞ.Ö>ÔñàFåIÙ#á
n

Ó+Û5Õ
2n

ì;ú
n

ì ∑n

i=0
1

i 2i

ì;ö>Ó#ÛLïrÖ_ÔñÖ>Ú5ß5Ô�Ó#å�Ö�Õ ï�ó Ó�C�4�<>7�K59e254 687:9?7:<>=?7
7��w��K5J 4LFG<AÝ�ÛIÞ.Ö�Ô�àAåXÙ#á`Õ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö'ä�Ö>Ø3Õ5åw~5ä�Û�ÕòÓ+Ø�Ø

g ∈ Q(t1, . . . , t4)
å�æ5ö�ßiÞ.ß5Ó+Þ

a1 σ2(g) + a2 σ(g) + a3 a3 g = 1
� � �

ü ß5Ö�Ô�Ö a1 := 2 + t1
ì
a2 := −2(3 + 2 t1)

Ó#Û5Õ
a3 := 4 (1 + t1)

Ñ�� Ý�Þ.ß[Ù�æ5Ô�Ó+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAåæ5Û5Õ5Ö�Ô=Õ5Ý3å�ö>æ�å�å�Ý3Ù�Û �0� .�Ó#àFÚ�Ø�Ö $�Ñ�ë � Ù#Û5ÖTö>Ù�àAÚ5æ�Þ�Ö>å�Þ ü Ù'Ø3Ý�Û5Ö>Ó#Ô�Ø�óQÝ3Û5Õ5Ö�ÚrÖ>Û5Õ�Ö>Û�ÞÄå�Ù#Ø�æ�Þ�Ý�Ù�Û5åÙ�×�Ö�Ô
Q

Ù#á8Þ�ß5Ö¬ß�Ù�àAÙ�Ü�Ö>Û�Ö>Ù�æ5å½×�Ö�Ô�åñÝ�Ù�Û_Ù#á8Þ�ß5Ö¬Õ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö´Ö>þ�æ�Ó+Þ�Ý�Ù�Ûðì�Û�Ó#àAÖ>Ø�ó
g1 := t2Ó#Û5Õ

g2 := t2 t3
ì+Ó#Û�Õ÷Ù#Û5Ö�Ú�Ó#Ô/Þ.Ý�ö�æ5ØÂÓ+Ô�åñÙ�Ø�æ�Þ�Ý�Ù�ÛQÙ+á5Þ.ß�Ö!Ý3Û5ß5Ù�àAÙ�Ü�Ö�Û5Ö>Ù#æ5å
Õ5Ý3ôõÖ�Ô�Ö>Û�ö>Ö!Ö�þ�æ�Ó ûÞ.Ý3Ù�Û¦Ý�Þ.å�Ö�Ø3á%ìOÛ5Ó#àFÖ�Ø3ó

g3 := −t2 t4
ÑÄú�Ö>Û5ö�ÖiÞ�ß5Ö[å�ÖVÞ

{k1 g1 + k2 g2 + g3 | ki ∈ Q}
Õ�Ö ûå�ö�Ô�Ý�ïrÖ�å K5C�C�å�Ù�Ø3æ�Þ.Ý3Ù�Û5å!Ý3Û

Q(t1, . . . , t4)
Ù+á�Þ.ß5Ö½Õ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö'Ö>þ�æ�Ó+Þ�Ý�Ù�Û � � � Ñ5ø!Ù�Û5åñÖ>þ�æ5Ö>Û�Þ�Ø3óÝ�Û Þ.Ö�Ô�àAå÷Ù#áXÞ.ß�ÖIåñæ5àFàFÓ+Þ�Ý�Ù#Û Ù#ï��ñÖ�ö�Þ�å´Ù�Û5Ö�Ù�ï�Þ�Ó+Ý�Û5åCÞ.ß�ÖIö>Ù#àFÚ5Ø3Ö�Þ�Ö�åñÙ�Ø�æ)Þ.Ý�Ù#Û Ý3Û áãÙ#Ô�àÙ#áNÞ�ß5Öèå�Ö�Þ {

k1 2n + k2 2n
ú

n − 2n
∑n

i=0
1

i 2i | ki ∈ Q
} áãÙ�Ô¯ÔñÖ>ö�æ5Ô�Ô�Ö�Û5ö�Ö � ë � Ñ ,`Ý�Û�Ó#Ø3Ø�óï�ó_ö>Ù#àFÚ�Ó+Ô�Ý�Û�ÜiÝ3Û5Ý3Þ�Ý�Ó#Ø`×+Ó#Ø3æ5Ö>åQÙ#á!Þ�ß5ÖFÙ#Ô�Ý�Ü#Ý�Û5Ó#Ø�åñæ5à 
��lÐ

(n)
Ù�Û�ÖAä�Û�Õ5åQÞ.ß5ÖAÝ�Õ5Ö�Û�Þ�Ý3Þ�ó

∑n
k=0 � k

(
n
k

)
= 2n

( � n −
∑n

i=1
1

i 2i

)
.

�XÆ
	���� �;Ë�
%Í�É)Ï%Ë8È ��8�ÄÎ>����ËÄÊ � Ï����ðÊ���È�Î>� �¯Ï���
/Ì��
ÿ;ß5Ö;Ú5ÔñÖ�×®Ý�Ù�æ�å=Ö8.�Ó#àAÚ5Ø3Ö>å�àAÙ#Þ.Ý�×+Ó+Þ�Ö!æ�å�Þ.Ù½å�Ù�Ø�×�Ö �IK59�K���7:J�7:9:4��G7�2nC�4�<>7�Kc9�254 687:9;7:<>=?7�7��w�IK��
J04LFG<IH!Ý�ÛiÓ´Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNä5Ö>Ø�Õ

(F, σ) ü Ý3Þ�ßiö�Ù�Û5åñÞ.Ó#Û Þ�ä�Ö�Ø�Õ
K
~

1 6���� U H5E���F/7 F�� ; 9G;�7GU��);)<���U H5;)F87! �U�"�;)7:;)H$# ;&%('A2SF/9:U 68HSR
• ) U��8;)H F <3U�"�;)7:;)H$# ;+*S;,� < (F, σ) - U�9GO.#�68HSRT9GF8H�9&*S;/�V< K 0 a1, . . . , am ∈ F - U�9:O m ≥ 1 F8HS<

(a1 . . . am) 6= (0, . . . , 0) =: 0 F8HS< f1, . . . , fn ∈ F - U�9:O n ≥ 1 Y
• CU�HS<WF���� g ∈ F F/HS<?F���� c1, . . . , cn ∈ K - U�9GO a1 σm−1(g) + · · ·+ am g = c1 f1 + · · ·+ cn fn.

ÿ;ß5ÖXå�Ù�Ø3æ�Þ.Ý3Ù�Û5å�Ù#árÞ.ß5ÖXÓ#ïrÙ�×�ÖXÚ�Ô�Ù�ï5Ø3Ö>à Ó#Ô�Ö;Õ5Ö>åñö>ÔñÝ�ïrÖ>ÕAï�ó¬Ó'å�ÖVÞ�Ñ�,�Ù�Ô�Ý3Þ�å=Õ5ÖVä�Û5Ý3Þ�Ý�Ù�Û´Û5Ù+Þ.ÖÞ.ß�ÓÃÞ�Ý�Û[Þ.ß5ÖQÕ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖQä�Ö>Ø3Õ
(F, σ) ü Ý�Þ.ß±ö�Ù�Û5åñÞ.Ó#Û�Þ�ä�Ö>Ø3Õ

K
ì
F
ö�Ó+ÛòïrÖCÝ3Û�Þ.Ö�Ô�Ú5ÔñÖ�Þ�Ö>ÕèÓ+åÓ´×�Ö�ö�Þ�Ù�Ô�åñÚ�Ó#ö>ÖQÙ�×�Ö>Ô

K
Ñ

† P!# 9G2SF���� @ 9GO5U R <3U�"�;)7:;)H$# ;1* ;/�V<�#�F8H >�;!#�68HSRT9:7G2$# 9G;)< F/239G6���F�9GU�#)F�����@ N 6�79GO5;�E�U��8;)H 7G;,# 2S7:7G;�H$#�; � J � Y
� 6 - 9GO5UVR�RT62#)F�����;=< <43 P5� ;/��>�;�7:9:UVF/H ;76 9G;�HSR:U�6�HSR�F/7G;8# 6�� 45239G;)< 0 U R�;76349�VF/U H5;=<0U�H;: P2�=<�> 0 � 1?<�< 0 1?# OSL5J7@ Y
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(F, σ)
ïrÖ8Ó;Õ5Ý�ô�Ö�Ô�Ö�Û5ö>Ö=ä�Ö�Ø�Õ ü Ý3Þ�ßNö>Ù�Û�åñÞ�Ó+Û�Þ�ä�Ö�Ø�Õ

K
Ó+Û5ÕQö�Ù�Û5å�Ý3Õ5Ö�ÔÓ´å�æ�ï5å�Ú�Ó+ö>Ö

V
Ù+á

F
Ó#åXÓ÷×�Ö>öVÞ.Ù�Ô;å�Ú�Ó#ö�ÖNÙ�×�Ö�Ô

K
Ñ "�ÖVÞ

0 6= a = (a1, . . . , am) ∈ Fm
Ó#Û5Õ

f = (f1, . . . , fn) ∈ Fn
Ñ��ZÖQÕ�Ö�ä�Û5ÖNÞ�ß5Ö H FGC��RJ 4LFG<EH �IK�=?7�áãÙ#Ô

a,f
Ý�Û

V
ï�ó

V(a, f , V) = {(c1, . . . , cn, g) ∈ Kn × V : a1 σm−1(g) + · · ·+ am g = c1 f1 + · · ·+ cn fn}.

*1Þ8áãÙ�Ø3Ø�Ù ü å=Ý�àAàAÖ>Õ�ÝÂÓÃÞ.Ö�Ø�ó¾Þ�ß�Ó+Þ
V(a,f , V)

Ý�å8ÓN×�Ö�ö�Þ�Ù�Ô�åñÚ�Ó#ö>Ö�Ù�×�Ö>Ô
K
Ñ ÿ;ß5Ö�Û5Ö/.)Þ�Ú5Ô�Ù�ÚrÙ ûå�Ý�Þ.Ý�Ù#Û ï�Ó#åñÖ>ÕZÙ#Û ç�ø!Ù�ß�ù í®ì�ÿ;ß5Ö�Ù�Ô�Ö�à��B*)* � Ú�Ó#Ü�Ö ����� � î�åñÞ�Ó+Þ�Ö>å'Þ.ß�ÓÃÞ'Þ.ß5Ý3å½×�Ö>öVÞ.Ù�ÔNå�Ú�Ó+ö>Öß�Ó#åXÖV×�Ö>Ûiä�Û5Ý3Þ�ÖNÕ�Ý�àAÖ>Û5åñÝ�Ù�Û�Ñ

� � (��h( � & � &�(*$��.- /1-	� 7:J
(F, σ)

�:7tK�254 687:9;7:<>=?7 @B7:CD2�
h4�J� =?FG<IH:JLK5<1J>@B7:CD2
K
K5<*2`KGH��

H:����7
f ∈ Fn

K5<*2
0 6= a ∈ Fm � �'7:J V

�:7 K�H:� �:H �IK�=?7�F��
F
KGH K �57?=:J�FG9TH �IK�=?7�F �57:9

K ���
�17:<

V(a,f , V)
4QH8K �57?=:J�FG9�H �IK�=?7nF �57:9

K

h4�J�� �{K��c4��{K5C}254���7:<IH:4LFG<

m+n−1 �

�=Ô�Ù®Ù#á�~&�8óZç�ø!Ù�ß�ù í)ìxÿ;ß5Ö�Ù�Ô�Ö�à��B*=* � Ú5Ó#Ü�Ö ����� � î V(a, (0) , F)
Ý�å�Ó¬ä�Û5Ý�Þ.ÖQÕ5Ý3àFÖ�Û5å�Ý3Ù�Û�Ó+Ø×�Ö>öVÞ.Ù�ÔTå�Ú�Ó+ö>Ö ü Ý�Þ.ß�àFÓS.)Ý�àFÓ#ØxÕ�Ý�àAÖ>Û5åñÝ�Ù�Û

m− 1
Ñ�
®Ý�Û5ö�Ö

V(a, (0) , V)
Ý�åTÓ¾åñæ5ï5å�Ú5Ó#ö>ÖNÙ+á

V(a, (0) , F)
Ù�×�Ö�Ô

K
ìxÝ3ÞXáãÙ�Ø�Ø3Ù ü å;Þ.ß�Ó+Þ V(a, (0) , V)

ß�Ó+å�à¯Ó5.�Ý3àFÓ#ØðÕ5Ý3àFÖ�Û5å�Ý3Ù�Û
m − 1

ìå.Ó�ó
d := dim V(a, (0) , V) < m

Ñ ��Ù ü Ó#åñå�æ5àAÖ¬Þ.ß5Ó+Þ
dim V(a,f , V) > n + d,

å.Ó�óÞ.ß5Ö�Ô�Ö[Ó#ÔñÖ
(c1i, . . . , cni, gi) ∈ Kn × V

áãÙ�Ô
1 ≤ i ≤ n + d + 1 ü ß5Ý3ö�ß¦Ó#Ô�Ö�Ø3Ý�Û5Ö>Ó#Ô�Ø�óÝ�Û5Õ�Ö>ÚrÖ�Û5Õ5Ö>Û Þ¯Ù�×�Ö>Ô

K
Ó#Û5Õ å�Ù#Ø�æ�Þ�Ý�Ù�Û�å´Ù#á

V(a,f , V)
Ñ=ÿ;ß5Ö�Û Ù�Û5Ö[ö�Ó+Û Þ.Ô�Ó#Û5åñáãÙ#Ô�à Þ�ß5Öà¯ÓÃÞ.Ô�Ý .

M :=

( c11 ... cn1 g1ÑÑÑ ÑÑÑ ÑÑÑ ÑÑÑ
c1,n+d+1 ... cn,n+d+1 gn+d+1

)

ï�óIÔñÙ ü Ù�ÚrÖ�Ô.Ó+Þ�Ý�Ù�Û5å;Ù�×�Ö>Ô
K

Þ�ÙFÓ´à¯Ó+Þ�Ô�Ý .

M ′ :=

(
c′11 ... c′n1 g′1ÑÑÑ ÑÑÑ ÑÑÑ ÑÑÑ

c′1,n+d+1 ... c′
n,n+d+1 g′

n+d+1

)

ü ß5Ö�Ô�ÖNÞ.ß5ÖNåñæ5ï5àFÓ+Þ.ÔñÝ .
C′ :=

(
c′11 ... c′n1ÑÑÑ ÑÑÑ ÑÑÑ

c′1,n+d+1 ... c′
n,n+d+1

)

Ý�åCÝ�Û Ô�Ù ü Ô�Ö�Õ5æ5ö�Ö>Õ²áãÙ�Ô�à Ó#Û5Õ Þ.ß�Ö�Ô�Ù ü å÷Ý3Û
M ′ Ó#Û5Õ Þ.ß5Ö¯Ô�Ù ü å÷Ý�Û

M
Ó#Ô�Ö�Óòï�Ó+å�Ý�å¾Ù+áÞ.ß5Ö�å�Ó#àFÖ;×�Ö>öVÞ.Ù�Ô8å�Ú�Ó+ö>Ö

W
Ñ#
)Ý3Û5ö>Ö ü ÖlÓ#åñå�æ5àAÖ>ÕAÞ.ß�Ó+ÞÄÞ.ß�Ö

(c1i, . . . , cni, gi)
Ó#Ô�ÖXØ�Ý�Û�Ö�Ó#ÔñØ�óÝ�Û5Õ�Ö>ÚrÖ�Û5Õ5Ö>Û Þ�Ù�×�Ö>Ô

K
ì�Ý�Þ!áãÙ�Ø3Ø�Ù ü å�Þ.ß5Ó+ÞXÓ#Ø3ØõÔ�Ù ü å;Ý�Û M ′ ß�Ó�×�ÖNÓ÷Û�Ù�Û5ý>Ö�Ô�Ù¬Ö�Û�Þ.Ô/óIÓ#Û�ÕiÓ#ÔñÖØ�Ý3Û5Ö�Ó+Ô�Ø�ó[Ý3Û5Õ5Ö�ÚrÖ>Û5Õ5Ö�Û�Þ'Ù�×�Ö�Ô

K
Ñ � ÛòÞ.ß5Ö¾Ù#Þ.ß�Ö>Ôlå�Ý3Õ5Ö+ìõÙ�Û5Ø�ó[Þ.ß5ÖCä�ÔñåñÞ

n
Ô�Ù ü ålÝ�Û C ′ ö�Ó#Ûß�Ó�×�ÖCÛ�Ù�Û5ý>Ö�Ô�ÙFÖ>Û Þ.ÔñÝ�Ö>å�Ó#Û5Õ[Þ.ß5Ö�Ô�Ö�áãÙ#Ô�ÖNÞ.ß�ÖQØÂÓ#å/Þ

d + 1
ö�Ù�Ø3æ5àFÛ�åXÝ3Û

M ′ à÷æ5å/Þ�ïrÖQÙ#á`Þ.ß5ÖáãÙ�Ô�à
(0, . . . , 0, g′

i)
ü ß5Ö>ÔñÖ g′

i 6= 0
Ñ`ÿ;ß5Ö>ÔñÖ�áãÙ�ÔñÖ ü Ö�ä5Û5Õ

d + 1
Ø3Ý�Û5Ö>Ó#Ô�Ø�ó_Ý�Û5Õ5Ö�ÚrÖ>Û5Õ�Ö>Û Þå�Ù�Ø3æ�Þ.Ý3Ù�Û5åTÙ�×�Ö�Ô

K ü Ý3Þ.ß σagi = 0 ü ß5Ý3ö�ßiö>Ù#Û�Þ.Ô�Ó#Õ5Ý3ö�Þ.åTÞ.Ù´Þ.ß5ÖQÓ+å�å�æ�àFÚ�Þ�Ý�Ù�Û�Ñ
*�Û¯Þ.ß5Ý3åTÓ+ÔñÞ.Ý3ö>Ø3Ö ü ÖlÕ5Ö�×�Ö�Ø�Ù�ÚIÓ#Ø3Ü�Ù�Ô�Ý�Þ�ß5àAå=Þ.ß�Ó+Þ!Ö>Û5Ó#ï5Ø�Ö�Þ.ÙCä�Û5Õ�ï�Ó#åñÖ>åTÙ#á�å�Ù�Ø3æ�Þ.Ý3Ù�ÛFå�Ú5Ó#ö>Ö�å
V(a,f , F)

Ý�Û
ΠΣ û ä�Ö�Ø�Õ5å (F, σ)

Þ.ß5Ó+Þ ü Ý3Ø�Ø�ïrÖ å�ÚrÖ�ö>Ý�ä�Ö>Õ ØÂÓ+Þ�Ö>Ô>Ñ�*�Û Ú�Ó+ÔñÞ.Ý3ö>æ5Ø�Ó#ÔAÞ.ß�Ö>å�ÖÓ#Ø3Ü�Ù�Ô�Ý�Þ�ß5àAåTæ�Û5Õ5Ö>ÔXö>Ù�Û�å�Ý�Õ�Ö>Ô.ÓÃÞ.Ý�Ù#Û � �XÖ>àFÓ#Ô=( $�Ñ3ë � Ó+Ô�ÖQÓ�×+Ó#Ý3ØÂÓ#ï5Ø�Ö½Ý�ÛIáãÙ�ÔñàfÙ#á�Ó´Ú�Ó#ö�(ÃÓ#Ü�Ö
��� ��� �¯Ý3ÛIÞ.ß5ÖNö�Ù�àAÚ5æ�Þ.Ö�Ô�Ó#Ø3Ü�Ö>ï�Ô.Ó´å/ó®åñÞ.Ö�à]ÐòÓÃÞ.ß5Ö�à¯ÓÃÞ.Ý�ö>Ó�Ñ
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��� ��� � M  ��- /1- � Ý�Þ.ß²Ù�æ�Ô´Ú5Ó#ö/(�Ó#Ü�Ö ����� � � Ù�Û5ÖIö>Ó#Û¦å�Ù#Ø3×�ÖIÓ#Ø�Ü�Ù#Ô�Ý�Þ�ß5àAÝ�ö�Ó#Ø�Ø�óZÓ#Ø3Ø8Þ.ß5ÖÕ5Ý3ôõÖ�Ô�Ö>Û�ö>ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�Û[Ú5Ô�Ù�ï�Ø�Ö>àAå;Ý3Û 
)Ö>öVÞ.Ý3Ù�Û �)Ñ�$�á�Þ�Ö>ÔXØ3Ù Ó#Õ�Ý�Û5Ü¾Þ.ß5ÖNÚ5Ó#ö�(ÃÓ#Ü�Ö
� �	� 
��� � << Sigma‘Ý�ÛLÞ�ß5ÖZö>Ù�àAÚ5æ�Þ�Ö>Ô±Ó#Ø�Ü#Ö>ï5Ô�Ó åñó®å/Þ.Ö>à ÐòÓ+Þ�ß5Ö>àFÓ+Þ.Ý3ö�Ó¦Ù�Û5ÖZÝ3å±Ó#ï5Ø3Ö_Þ.Ù ö>Ù�àAÚ5æ�Þ�Ö Ó ï�Ó ûå�Ý3å÷Ù#áXÞ�ß5ÖIåñÙ�Ø�æ)Þ.Ý�Ù#Û åñÚ�Ó#ö�Ö

V((1,−1), (t1 t2) , Q(t1)(t2))
ü ß5Ö>ÔñÖIÞ�ß5ÖIÕ�Ý3ôõÖ>ÔñÖ>Û5ö�Ö�ä�Ö�Ø�Õ

(Q(t1)(t2), σ)
Ý�å¾ö>Ó#Û5Ù�Û5Ý3ö�Ó#Ø3Ø�ó Õ5ÖVä�Û5Ö�Õ ï ó

σ(t1) = t1 + 1
Ó#Û�Õ

σ(t2) = (t1 + 1) t2
Ñú�Ö�Ô�Ö

{ti, αi, βi}
åñÞ.Ó#Û5Õ5å;áãÙ�Ô

σ(ti) = αi ti + βi

Ñ
ö � �	� ���� � SolveDifferenceVectorSpace[{1,−1}, {t1 t2}, {{t1,1,1}, {t2, t1 + 1,0}}]

����� � ��� � {{0, 1}, {1, t2}}ÿ;ß5Ý3å�àAÖ�Ó#Û5åðÞ.ß�ÓÃÞ�Þ�ß5ÖÄÖ�Ø�Ö>àAÖ�Û�Þ.å�Ý�Û
{(0, 1) , (0, t2)}

áãÙ�Ôñà Ó;ï�Ó#å�Ý3å�Ù+á)Þ�ß5ÖÄå�Ù#Ø�æ�Þ�Ý�Ù�Û'åñÚ�Ó#ö�Ö#Ñ

)Ý�àAÝ3Ø�Ó+Ô�Ø�ó´Ù�Û5Ö�ö>Ù#àFÚ�æ�Þ.Ö�åTÓCï�Ó#åñÝ�å�Ù#á

V((1,−1), (f ′
1, f

′
2, f

′
3) , Q(t1)(t2)(t3))

ü ß�Ö>Ô�Ö�Þ.ß5ÖÚ�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�å
f ′

i

Ó#ÔñÖNÕ5ÖVä�Û5Ö�ÕèÓ#åXÝ3Û � $ � Ó#Û�Õ[Þ.ß5ÖNÕ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö'ä�Ö>Ø3Õ±Ó#åXÝ3Û � � � Ñ
� �	� ���� � SolveDifferenceVectorSpace

[
{1,−1},

{f ′1, f ′2, f ′3},
{
{t1,1,1},

{
t2,1,

1

1 + t1

}
,
{
t3,

n − t1
1 + t1

,0
}}]

����� � ��� � {{0, 0, 0, 1},
{
4 (1 + n),−6− 4 n, 2 + n,

(
(1 + n)

(
− 2 + t1+

2 t1 t2 − 2 t1
2 t2 + n (−1 + t1 t2)

)
t3
)
/((1 + n− t1) (2 + n− t1))

}}

ú�Ö�Û5ö>Ö
{(0, 0, 0, 1) , (c1, c2, c3, g)}

áãÙ�Ô�àAåQÓ±ï5Ó#å�Ý3åCÙ+áTÞ�ß5Ý�åQåñÙ�Ø3æ�Þ.Ý3Ù�Û å�Ú5Ó#ö>Ö ü ß5Ö>ÔñÖFÞ.ß�Ö
ci ∈ Q

Ó#Û5Õ
g ∈ Q(t1, t2, t3)

Ó#Ô�ÖIÕ�Ö�ä�Û5Ö�Õ Ó#å´Ý3Û � í � ÑÄÐiÙ�Ô�Ö�Ù�×�Ö�Ô¬Ù�Û5ÖIÝ�å÷ö>Ó#Ú�Ó#ï�Ø�ÖIÙ+áö>Ù#àFÚ5æ)Þ.Ý�Û�ÜQÓNï�Ó+å�Ý3åÄÙ#áõÞ�ß5ÖXå�Ù�Ø3æ�Þ.Ý3Ù�Û´å�Ú�Ó+ö>Ö
V((a1, a2, a3), (1) , Q(t1)(t2)(t3)(t4))

ü Ý3Þ�ß
a1 := 2 + t1

ì
a2 := −2(3 + 2 t1)

Ó#Û5Õ
a3 := 4 (1 + t1)

Ý3ÛtÞ�ß5Ö Õ�Ý3ôõÖ>ÔñÖ>Û5ö�Öèä�Ö>Ø3Õ
(Q(t1)(t2)(t3)(t4), σ)

Ó+åXÝ3Þ;Ý�å;Õ5ÖVä�Û5Ö>Õ±Ý�Û � ù �
� �	� ���� � SolveDifferenceVectorSpace

[
{a1,a2,a3}, {1},

{
{t1,1,1}, {t2,2,0},

{
t3,1,

1

1 + t1

}
,
{
t4,1,

1

2 (1 + t1) t2

}}]

����� � ��� � {{−1, t2 t4}, {0, t2}, {0, t2 t3}}Ó#Û5ÕiÙ�Û�ÖNÙ�ï�Þ�Ó+Ý�Û5åTÞ�ß5ÖNï�Ó#åñÝ�å
{(−1, t2 t4) , (0, t2) , (0, t2 t3)}

Ù+á`Þ.ß�ÖNå�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú�Ó+ö>Ö#Ñ
�}OQPRO ]1dR_`W�� dIU��RW5UIZ:YQdRU�j! dRi#" WGxyZ\d�iwjTa#U�V%$ acZ\iwYQxyWqj
*�Û Þ�ß5ÖèáãÙ�Ø3Ø�Ù ü Ý3Û5Ü åñÙ�àAÖèÛ5Ù#Þ.Ó+Þ.Ý3Ù�Û5å�Ó#Û5Õ ö>Ù#Û�×�Ö>Û Þ.Ý3Ù�Û5å ü Ý3Ø�Ø�ïrÖ Ý�Û Þ.Ô�Ù®Õ�æ5ö>Ö�Õ Þ�ß�Ó+Þ[Ó#ÔñÖß5Ö�Ó�×®Ý�Ø�óIæ5å�Ö�ÕèÝ3ÛiÞ�ß5ÖCåñÖ>þ�æ5Ö�Ø<Ñ "�Ö�Þ

F
ïrÖ¾Ó¬×�Ö�ö�Þ.Ù#Ô�å�Ú�Ó#ö�ÖCÙ�×�Ö�Ô

K
Ó#Û5ÕðìxàAÙ�Ô�ÖNÜ#Ö>Û5Ö�Ô.Ó#Ø3Ø3ó#ìö>Ù#Û5å�Ý3Õ5Ö>Ô

Fn
Ó+åXÓ÷×�Ö>öVÞ.Ù�Ô;å�Ú�Ó#ö�ÖNÙ�×�Ö�Ô

K
Ñ5ÿ;ß5Ö�ÛòÓ÷×#Ö>ö�Þ�Ù�Ô

f ∈ Fn
Ý3åTö>Ù�Û5åñÝ�Õ5Ö�Ô�Ö�ÕiÖ>Ý�Þ.ß5Ö�ÔÓ#åTÓ¾Ô�Ù ü ( � Ó#åTÓ¾ö>Ù�Ø3æ5àFÛA×�Ö>ö�Þ�Ù�Ô>Ñ#*�Þ ü Ý3Ø�ØxïrÖ½ö�Ù�Û�×�Ö�Û5Ý�Ö�Û�Þ;Û5Ù+Þ!Þ.Ù÷Õ�Ý�åñÞ�Ý�Û5Ü#æ5Ý�åñß¯ïrÖ�Þ ü Ö�Ö>ÛÞ.ß5Ö�å�Ö�Þ ü ÙèÞ�ó)ÚrÖ�å¬Ù#á�Ú5ÔñÖ>å�Ö�Û�Þ.Ó+Þ.Ý3Ù�Û5å>ÑOÿ;ß5Ý�å÷àAÖ�Ó#Û5å¾Þ�ß�Ó+Þ÷Þ.ß�Ö�×�Ö>öVÞ.Ù�Ô

f
ö�Ó#Û²ïrÖIÖ>Ý�Þ.ß5Ö�Ô

Ý�Û Þ.Ö�Ô�Ú5Ô�ÖVÞ.Ö�ÕèÓ#å�ÔñÙ ü ×�Ö>ö�Þ�Ù�Ô
(f1, . . . , fn)

Ù�Ô�Ó#å�ö>Ù#Ø�æ5àAÛ[×�Ö>öVÞ.Ù�Ô ( f1ÑÑÑ
fn

) Ñ �ZÖ ü Ý�Ø3Ø�å�ß�Ù ü
Þ.ß�ÓÃÞ!Þ�ß5Ö>ÔñÖlö�Ó#Û�Û5Ù#Þ;Ó+Ú5ÚrÖ�Ó#Ô!Ó#Û�óFÓ#à÷ï5Ý3Ü�æ5Ù�æ5åÄå�Ý3Þ�æ�Ó+Þ.Ý3Ù�Û5å8Ý3ÛFÞ.ß�Ölå�Ö>þ�æ5Ö�Ø<Ñ,�Ù�Ô8Þ�ß5Ö�×�Ö�ö�Þ.Ù#Ôà÷æ5Ø3Þ�Ý3Ú5Ø3Ý�ö�Ó+Þ�Ý3Ù#ÛòÙ+á=Þ.ß5ÖC×�Ö>öVÞ.Ù�Ôñå

f
Ó#Û5Õ

g = (g1, . . . , gn)
Þ�ß5Ö>ÔñÖ÷ö�Ó+Û5Û5Ù#Þ½ïrÖ÷ö�Ù�Û�áãæ5åñÝ�Ù�Û>~

∑n
i=1 fi gi = f g =

(
f1YYY
fn

) (
g1YYY
gn

)

= (f1, . . . , fn)

(
g1YYY
gn

)

=

(
f1YYY
fn

)

(g1, . . . , gn)
Ñ � ß5Ö�Ô�Ö�Ó+åAÓ

×�Ö>öVÞ.Ù�Ô`Ý3å`Ó#Ø ü Ó�ó®å
Õ5Ö>Û�Ù#Þ.Ö�Õ÷ï�óQÓ�å�àFÓ#Ø�Ø�Ø�ÖVÞ�Þ�Ö>Ô>ì�à¯ÓÃÞ.Ô�Ý3ö>Ö�å`Ó+Ô�Ö8Õ5Ö�Û5Ù#Þ.Ö�Õ÷ï óQö�Ó+Ú5Ý3Þ.Ó#Ø Ø�ÖVÞ�Þ.Ö�Ô�å�ì
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Ø�Ý (#Ö
A :=

( a11 ... a1nÑÑÑ ÑÑÑ ÑÑÑ
am1 ... amn

)

∈ Fm×n
Ó+Û5Õ

B :=

( b11 ... b1mÑÑÑ ÑÑÑ ÑÑÑ
bn1 ... bnm

)

∈ Fn×m
Ñ��E�RC�J 4 �*C��q4�<��EK

�{K5J09\4 �
A

h4�J�mJ��17 �57?=:J�FG9

f
�\9;F ��J�17�9:4 � ��J®Ó+Ø ü Ó�ó)å
àAÖ�Ó#Û�å
Þ.ß5Ó+Þ
Þ.ß5ÖÄ×�Ö>ö�Þ�Ù�Ô

f
Ý�å�Ý�Û�Þ�Ö>Ô ûÚ5Ô�ÖVÞ.Ö�Õ÷Ó#å`ÓXö>Ù�Ø3æ5àFÛ'×�Ö>öVÞ.Ù�Ô�ì ü ß�Ö>Ô�Ö>Ó#å �t��C�J 4 �*C��q4�<��TK �{KcJ 9\4 � B


h4�J�mJ�17 �57?=:J�FG9
f
�\9?F �

J��17�CQ7��\J�àFÖ>Ó#Û5åOÓ+Ø ü Ó�ó®å
Þ.ß�ÓÃÞ`Þ�ß5Ö8×�Ö>öVÞ.Ù�Ô f
Ý�å
Ý�Û Þ.Ö�Ô�Ú5ÔñÖ�Þ.Ö�Õ÷Ó#åOÓ�ÔñÙ ü ×�Ö�ö�Þ.Ù#Ô>ì�áãÙ�Ô
Ý�Û5å/Þ�Ó#Û�ö>Ö

f · B = (
∑n

i=0 bi1 fi, . . . ,
∑n

i=0 bim fi)
Ó+Û5Õ

A · f =

( ∑n
i=0 a1i f1iÁÁÁ

∑n
i=0 ami fmi

) Á ,�æ5ÔñÞ.ß�Ö>Ô�àAÙ�ÔñÖ½Þ.ß5Ö
à÷æ5Ø3Þ�Ý3Ú5Ø3Ý�ö�Ó+Þ�Ý3Ù#Û Ù#á!ÓIàFÓ+Þ.ÔñÝ . ü Ý3Þ�ß ÓI×�Ö�ö�Þ�Ù�ÔNÝ�å'Õ�Ö>Û5Ù#Þ�Ö>Õ ï�óèÞ�ß5Ö¬Ù�ÚrÖ�Ô.Ó+Þ�Ý�Ù�Û åñó®à÷ïrÙ�Ø

·
Ñÿ;ß5ÖCæ5åñæ�Ó#Ø
àFÓ+Þ�Ô�Ý .Ià÷æ5Ø3Þ�Ý3Ú5Ø3Ý�ö�Ó+Þ�Ý3Ù�Û[Ý3åXÕ5Ö>Û5Ù+Þ.Ö>Õòï ó

AB
ÑõÐ±Ù#Ô�Ö�Ù�×�Ö>Ô�Þ�ß5ÖCö�Ù�Û5å/Þ.Ô�æ�ö�Þ.Ý3Ù�Û

f∧g = (f1, . . . , fn, g) ∈ Fn+1 åñÞ.Ó#Û5Õ5åÄáãÙ�Ô=Þ.ß5Ö�=?FG<>=�K5J�7:<*K5J 4LFG<CÙ+á
f ü Ý3Þ�ß g ∈ F

Ñ#
)Ý3àFÝ û
ØÂÓ+Ô�Ø3ó#ì)Ù�Û5Ö'æ5å�Ö�å�Þ�ß5ÖNö�Ù�Û5å/Þ.Ô�æ5öVÞ.Ý3Ù�Û

B∧f =

( b11 ... b1mÑÑÑ ÑÑÑ ÑÑÑ
bn1 ... bnm

)

∧

(
f1ÑÑÑ
fn

)

=

(
b11 ... b1m f1ÑÑÑ ÑÑÑ ÑÑÑ
bn1 ... bnm fn

) Ñ
,�Ù�Ô

h ∈ F ü Ö ü Ô�Ý�Þ.Ö hf = (h f1, . . . , h fd) ∈ Fd
Ñ�,�æ5ÔñÞ�ß5Ö>ÔñàFÙ�ÔñÖiÝ�á

σ : F → F
Ý�åÓòáãæ�Û5ö�Þ�Ý�Ù�Û�ì ü Ö ü Ô�Ý�Þ.Ö σ(f) = (σ(f1), . . . , σ(fn)) ∈ Fn

Ñ�*�Û Þ.ß5Ö�åñÖ>þ�æ5Ö�Ø ü Ö�Õ5Ö�Û5Ù#Þ�Ö
0n := (0, . . . , 0) ∈ Kn

Ó#å�Þ.ß5Ö8ý>Ö�Ô�Ù û ×�Ö>öVÞ.Ù�Ô
Ù#á5Ø3Ö>Û5Ü+Þ.ß n �
Ý�á)Þ.ß5Ö8Ø3Ö>Û5Ü+Þ.ßQÝ�å�ö>Ø3Ö�Ó#Ô�áãÔ�Ù#à Þ.ß5Öö>Ù#Û�Þ.Ö/.®Þ�ì ü Ö �ñæ�åñÞ ü ÔñÝ3Þ.Ö 0

Ñ�Ð±Ù�ÔñÖ>Ù�×�Ö�Ô ü Ö;Õ�Ö>Û5Ù#Þ�ÖTï�ó 0m×n ∈ Km×n
Þ.ß5Ö

m×n û àFÓ+Þ.ÔñÝ .
ü Ý3Þ�ßiÙ#Û5Ø3ó�ý�Ö>ÔñÙ û Ö�Û�Þ�Ô�Ý�Ö�å>Ñ
�}O�N1O��	�*Wb]�d�
p^}Z:YQdRU�]�>arxyW{a#U�V S�Z\j���W���iwWGj:WqUIZ\acZ:YQdRU
,OÝ3Û�Ó#Ø3Ø�óFÝ3Þ;Ý3å;Õ5Ö�å�ö>ÔñÝ�ïrÖ�Õ±ß5Ù ü Þ�ß5ÖNåñÙ�Ø�æ�Þ�Ý�Ù�Û�å�Ú�Ó+ö>ÖQÝ3å;Ô�Ö�Ú5Ô�Ö�å�Ö�Û�Þ.Ö�ÕòÝ�ÛIà¯ÓÃÞ.Ô�Ý .¯Û5Ù#Þ.Ó+Þ.Ý3Ù�ÛðÑ
"�Ö�Þ

(F, σ)
ïrÖCÓ¬Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNä�Ö>Ø3Õ ü Ý�Þ.ßiö�Ù�Û5åñÞ.Ó#Û�ÞXä�Ö>Ø3Õ

K
ì
V

ïrÖCÓ¬åñæ5ï5å�Ú5Ó#ö>ÖCÙ#á
F
Ù�×�Ö>Ô

K
ì
0 6= a = (a1, . . . , am) ∈ Fm

ì�Ó#Û5Õ
f ∈ Fn

Ñ ,�Ù�Ô
g ∈ F

Þ�ß5ÖIÛ�Ù#Þ�Ó+Þ�Ý�Ù�Û
σag :=

a1 σm−1(g) + · · ·+ am g
Ñ�Ý3åTÝ3Û�Þ.ÔñÙ®Õ5æ5ö�Ö>ÕðÑ5ú�Ö>Û5ö�ÖNÙ#Û5Ö'Ù#ï�Þ�Ó#Ý3Û5åTÓ÷ö�Ù�àAÚ�Ó#ö�ÞTÕ5Ö�å�ö>ÔñÝ�Ú�Þ�Ý�Ù�ÛÙ#á=Þ�ß5Ö÷åñÙ�Ø�æ)Þ.Ý�Ù#ÛòåñÚ�Ó#ö>Ö+ì�Û�Ó#àAÖ>Ø�ó

V(a,f , V) = {c∧g ∈ Kn × V |σag = c f}
Ñ!�=Ø�Ö>Ó#åñÖÛ5Ù#Þ�Ö¯Þ�ß�Ó+ÞCÞ.ß5Ö¯å�Ù�Ø3æ�Þ.Ý3Ù�ÛZå�Ú�Ó#ö�Ö

V(a,f , V)
Ý3å÷Ó±ä5Û5Ý3Þ�Ö¯Õ5Ý3àFÖ�Û5å�Ý3Ù�Û�Ó#Ø=×#Ö>ö�Þ�Ù�Ô÷å�Ú5Ó#ö>Ö�Ù#á

Kn × F
Ù�×�Ö>Ô

K
Ñ�*%Û_Þ�ß5Ö¬å�Ö�þ®æ�Ö>Ø8Ý�ÞNÝ3å'ö>Ù�Û ×�Ö>Û5Ý3Ö>Û ÞQÞ.Ù[Õ5Ö>åñö>ÔñÝ�ïrÖFÓIï�Ó#å�Ý3åNÙ+á

V(a,f , V)ï�ó¯ÓCàFÓ+Þ.ÔñÝ .õÑ "�ÖVÞ
B = {b1, . . . , bd} ⊆ Kn ×F

ïrÖ'ÓQá�Ó#àAÝ�Ø�ó´Ù#á�Ø�Ý�Û�Ö�Ó#ÔñØ�ó¬Ý3Û5Õ5Ö�ÚrÖ>Û5Õ5Ö�Û�Þ×�Ö>öVÞ.Ù�Ôñå�Ù�×�Ö�Ô
K ü Ý�Þ.ß bi = (ci1, . . . , cin, gi) ∈ Kn × F

åñæ5ö�ßiÞ.ß�Ó+Þ
V(a,f , V) = {k1 b1 + · · · + kd bd | ki ∈ K}.

� á�Þ.Ö>Û[Þ�ß5ÖNï�Ó#åñÝ�å
B

Ù#á
V(a,f , V) ü Ý3Ø�Ø�ïrÖNÔ�Ö�Ú5Ô�Ö�å�Ö>Û Þ.Ö�Õèï ó�Þ.ß5Ö �?KGH:4QH �{K5J 9\4 �

MB :=

( b1ÑÑÑ
bd

)

=

( c11 ... c1n g1ÑÑÑ ÑÑÑ ÑÑÑ ÑÑÑ
cd1 ... cdn gn

)

,

Ý<ÑéÖ#Ñ�Ù#Û5ÖQß�Ó+å
V(a,f , V) =

{
k · MB |k ∈ Kd

} Ñ�*�Û±Ú�Ó#Ô/Þ.Ý�ö�æ5Ø�Ó#ÔTáãÙ#Ô;Þ.ß�ÖQå�ÚrÖ>ö�ÝÂÓ#Ø�å�Ý�Þ.æ�Ó ûÞ.Ý3Ù�Û
V(a,f , V) = {0n+1}

ü Ö½Õ5Ö�ä�Û�Ö'Þ�ß5Ö½ï�Ó#å�Ý3åTàFÓ+Þ.ÔñÝ .FÓ#å
MB := 01×(n+1)

Ñ#*1á�Þ.ß5ÖÖ>Ø3Ö>àAÖ>Û Þ.å;Ý�Û
B

Ó+Ô�Ö'Û5Ù#ÞXÛ5Ö>ö�Ö>åñå.Ó#Ô�Ý3Ø3ó�Ý�Û5Õ5Ö�ÚrÖ>Û5Õ�Ö>Û Þ�Ù�×�Ö�Ô
K
ì ü ÖQå.Ó�ó�Þ.ß5Ó+Þ

B
Ý�åXÓ´å�ÖVÞ�Ù#áÜ�Ö�Û5Ö>Ô�Ó+Þ.Ù�Ôñå�Ù+á

V(a,f , V)
Ñ�*�ÛiÞ�ß5Ý�å;åñÝ3Þ.æ5Ó+Þ.Ý3Ù�Û

MB

Ý�å �ñæ5å/Þ�ö�Ó#Ø3Ø�Ö�Õ ��7:<>7:9�K5J�FG9 �{K5J 9:4 ��Ñ
��� ��� � M  ��-[+.- $;ö>ö>Ù#Ô�Õ5Ý3Û5Ü � .5Ó+àFÚ�Ø�Ö $�Ñ3ë

( 0 1
1 t2 )

Ý�åQÓiï�Ó#åñÝ�åQàFÓ+Þ.ÔñÝ . Ù+á!Þ.ß5ÖAå�Ù#Ø�æ�Þ�Ý�Ù�Ûå�Ú�Ó+ö>Ö
V((1,−1), (t1 t2) , Q(t1)(t2))

ì ( 0 0 0 1
c1 c2 c3 g

) Ý3å´Óèï�Ó#åñÝ�å÷àFÓ+Þ�Ô�Ý . Ù#áXÞ.ß5Ö�å�Ù�Ø3æ�Þ.Ý3Ù�Û
å�Ú�Ó+ö>Ö

V((1,−1), (f ′
1, f

′
2, f

′
3) , Q(t1)(t2)(t3))

Ó#Û5Õ ( −1 t2 t4
0 t2 t3
0 t2

) Ý�å8ÓQï�Ó#å�Ý3å8àFÓ+Þ.ÔñÝ .´Ù#áõÞ.ß5Ö
å�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú5Ó#ö>Ö

V((a1, a2, a3), (1) , Q(t1)(t2)(t3)(t4))
Ñ
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ΠΣ �

�¯Ï���
%Ì� �ÄÈlÌ �TËA�����èÊ5Ë&��ðÊ®É�Ï����
$lå8àFÖ�Û�Þ�Ý�Ù�Û5Ö�ÕFÝ3ÛAÚ5Ô�ÖV×)Ý3Ù�æ5å8å�Ö�ö�Þ.Ý3Ù�Û5å�ì�Þ.ß�Ý�å ü Ù�Ô)(¬ÔñÖ>åñÞ�Ô�Ý3ö�Þ.åÄÞ.ÙQå�ÙCö�Ó#Ø3Ø�Ö�Õ

ΠΣ û ä�Ö�Ø�Õ�åÄÞ.ß�ÓÃÞÓ#Ô�Ö!Ý�Û Þ.Ô�Ù®Õ�æ5ö>Ö�Õ´Ý�ÛIçéÒNÓ#Ô.ê�ë+ì�ÒNÓ#Ô�ê í�î5Ó#Û5Õ÷áãæ5Ô/Þ.ß5Ö�Ô=Ó#Û�Ó#Ø�ó®ý>Ö>Õ´Ý3ÛIç���Ô�Ù	���)ì�
)ö�ß���ë�ì	
®ö�ß����#Ó+î|Ñ
*�Û[Þ.ß5Ö'áãÙ�Ø3Ø�Ù ü Ý3Û5Ü¾Þ.ß5ÖNï5Ó#å�Ý3öNÕ5ÖVä�Û5Ý�Þ.Ý�Ù#ÛiÓ#Û5ÕiÚ�Ô�Ù�ÚrÖ�ÔñÞ.Ý3Ö>å�Ó+Ô�ÖNÝ3Û�Þ.ÔñÙ®Õ5æ5ö�Ö>ÕðÑ
�*OQPRO

ΠΣ �
z��1Z\W5U*jkY[dIU*j

*�ÛiÙ�Ô�Õ5Ö�Ô;Þ.Ù¬Õ5ÖVä�Û5Ö
ΠΣ û ä�Ö�Ø�Õ5å�ì�Þ.ß5ÖNÛ5Ù#Þ�Ý�Ù�ÛIÙ#á`Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNä�Ö�Ø�Õ[Ö8.®Þ.Ö�Û5å�Ý3Ù�Û5å�Ý�å;Û5Ö�Ö>Õ�Ö>ÕðÑ

�! #"%$'& � &)(*$
	 - /1-"�Ö�Þ
(E, σE)

ì
(F, σF)

ïrÖ´Õ5Ý�ôõÖ>Ô�Ö�Û5ö>Ö÷ä5Ö>Ø3Õ5å>Ñ
(E, σE)

Ý�å½ö>Ó#Ø3Ø�Ö>Õ Ó�254 ���
��7:9;7:<>=?7h@B7:CD2b7 �cJ�7:<IH:4LFG<AÙ#á

(F, σF)
ì�Ý�á

F ⊆ E
Ó#Û�Õ

σF(f) = σE(f)
áãÙ�ÔXÓ+Ø�Ø

f ∈ F
Ñ

*1á
(E, σ̃)

Ý�åTÓ´Õ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö½ä5Ö>Ø�ÕIÖ8.®Þ�Ö>Û5åñÝ�Ù�Û[Ù#á
(F, σ)

ì ü Ö ü Ý�Ø3ØõÛ5Ù#Þ;Õ5Ý3åñÞ�Ý�Û5Ü�æ�Ý�å�ß�Ó#Û�ó®àAÙ�Ô�ÖÞ.ß�ÓÃÞ
σ : F → F

Ó#Û5Õ
σ̃ : E → E

Ó+Ô�ÖQÓ+ö�Þ.æ5Ó#Ø�Ø�ó¯Õ5Ý�ô�Ö�Ô�Ö>Û Þ�Ó+æ�Þ.Ù�àAÙ�ÔñÚ5ß5Ý3å�àAå>Ñ
"�Ó+Þ.Ö�Ô;Þ.ß�Ö'áãÙ�Ø�Ø3Ù ü Ý3Û5Ü´Õ�Ö�ä�Û5Ý�Þ.Ý3Ù�Û5åXÓ#ÔñÖNÛ5Ö�Ö>Õ5Ö�ÕðÑ
�! #"%$'& � &)(*$�	 -[+.-�"�Ö�Þ

F[t]
ïrÖXÓ'ÚrÙ�Ø�ó®Û5Ù�àAÝÂÓ+Ø®Ô�Ý�Û�Ü ü Ý3Þ�ß¬ö�Ù®Ö�Aö�Ý�Ö>Û Þ.åÄÝ3Û÷Þ.ß5ÖTä�Ö�Ø�Õ

F
ì#Ý<ÑéÖ#Ñ

t
Ý3å`Þ�Ô.Ó#Û5åñö>Ö�Û5Õ5Ö>Û Þ�Ó#Ø�Ù�×�Ö�Ô

F
ì#Ó#Û5Õ÷Ø�ÖVÞ

F(t)
ïrÖ!Þ�ß5Ö!ä5Ö>Ø�Õ÷Ù+á F��B9�K5J 4LFG<*K5C �\��<>=:J 4LFG<IH
Ù�×�Ö�Ô

F
ìÞ.ß5Ý3å!àAÖ�Ó#Û5å

F(t)
Ý3å�Þ.ß5Ölþ�æ5Ù#Þ.Ý3Ö>Û ÞTä5Ö>Ø�Õ�Ù#á

F[t]
Ñ p

q
∈ F(t)

Ý�å�Ý�Û 9;7�25�1=?7�2t9?7 �*9;7?H 7:<1JLK5J04LFG<
Ý3á

p, q ∈ F[t]
ì
gcd(p, q) = 1

Ó+Û5Õ
q
Ý�å;àAÙ�Û5Ý3ö#Ñ

*�Û 
)Ö�ö�Þ�Ý�Ù�Û �´Ó#Ø�Ø�Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNä�Ö�Ø�ÕiÖ/.)Þ�Ö>Û5åñÝ�Ù�Û�å
(F(t), σ)

Ù#á
(F, σ)

Ó#ÔñÖNÙ#á`Þ.ß�ÖNáãÙ#Ø�Ø3Ù ü Ý3Û�ÜÞ%ó®ÚrÖq~
F(t)

Ý3å�Ó¬ä5Ö>Ø�ÕiÙ#áOÔ.Ó+Þ�Ý�Ù�Û5Ó#Ø�áãæ�Û5ö�Þ�Ý�Ù�Û5å�Ó#Û5Õ[Þ.ß5ÖCÓ#æ)Þ.Ù�àAÙ�Ô�Ú�ß5Ý�åñà
σ : F(t) → F(t)Ý�åÄö�Ó#Û�Ù�Û5Ý3ö�Ó#Ø3Ø3ó¾Õ5Ö�ä�Û�Ö>Õ�ï ó

σ(t) = α t+β ü ß5Ö�Ô�Ö α ∈ F∗ Ó#Û5Õ
β ∈ F

Ñ�*�ÛAÞ.ß5Ý3å ü Ù#Ô=(¬Ó#Ø�ØÕ5Ý3ôõÖ�Ô�Ö>Û�ö>Ö�ä5Ö>Ø�Õ�åOÓ#Ô�Ö�ö�Ù�Û5å/Þ.Ô�æ�ö�Þ.Ö�Õ´ï óCÖ/.�Ó#ö�Þ�Ø3óNÞ�ß5Ý�å�Þ�ó®ÚõÖ�Ù#á�Õ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö8ä�Ö�Ø�Õ¾Ö/.®Þ.Ö>Û�å�Ý�Ù#Û5å>Ñ
��� ��� � M  �	 - /1- "�Ö�Þ

Q(t)
ïrÖ¾Þ.ß�Ö¾ä5Ö>Ø�ÕòÙ#áÄÔ.ÓÃÞ.Ý�Ù#Û�Ó#Ø�áãæ�Û5ö�Þ�Ý�Ù�Û5ålÓ#Û5Õèö>Ù�Û�å�Ý�Õ�Ö>Ô�Þ.ß5Ö÷Ó#æ ûÞ.Ù�àAÙ�ÔñÚ5ß5Ý3å�à

σ : Q(t) → Q(t)
ö>Ó#Û5Ù�Û�Ý�ö�Ó+Ø�Ø�óIÕ5Ö�ä5Û5Ö>Õ ï�ó

σ(t) = t + 1
Ñ���Ù ü ö>Ù�Û5åñÝ�Õ5Ö�ÔÞ.ß5Ö¬ä�Ö�Ø�ÕZÙ+áTÔ.Ó+Þ�Ý�Ù�Û5Ó#ØOáãæ5Û5öVÞ.Ý3Ù�Û5å

Q(t)(k)
Ó#Û5ÕZö>Ù�Û�åñÞ.Ôñæ5ö�ÞCÞ�ß5ÖFÕ�Ý3ôõÖ>Ô�Ö�Û5ö�ÖAä�Ö�Ø�ÕZÖ/.)Þ�Ö>Û ûå�Ý3Ù�Û

(Q(t)(k), σ)
Ù#á

(Q(t), σ)
ö�Ó#Û�Ù�Û5Ý�ö>Ó#Ø3Ø3óiÕ5ÖVä�Û5Ö�Õ ï�ó

σ(k) = k + t + 1
Ñ � Û5Ö´ö>Ó#Û

Ö�Ó+å�Ý�Ø�ó�ö�ß5Ö�ö/(�Þ.ß5Ó+ÞXáãÙ#Ô
g := (t+1) t

2

Ù�Û5ÖNß�Ó#å
σ(g) = g + t + 1

Ñ&
)Ý3Û5ö>Ö
σ
Ó#ö�Þ�å�Ù#Û

g
Ó+Û5Õ

t
Ý�Û Þ�ß5Ö�å.Ó+àFÖ ü Ó�ó�ì`Þ.ß�Ö�Ö8.®Þ.Ö�Û5å�Ý3Ù�Û

(F(t), σ)
Õ�Ù®Ö>å÷Û5Ù#Þ÷Ú5Ô�Ù®Õ5æ�ö>Ö[Ó+Û�ó�Þ.ß�Ý�Û5ÜèÛ5Ö ü Ñ *�ÛÚ�Ó#Ô/Þ.Ý�ö�æ5Ø�Ó#Ô=Ù�Û�Ö�ß�Ó#å

σ(g−k) = g−k
Ó+Û5ÕFß5Ö�Û5ö>Ö

g− t ∈ constσQ(t)(k)
Ñ��!æ�Þ�åñÝ�Û5ö�Ö

kÝ�åTÞ�Ô.Ó#Û5åñö>Ö�Û5Õ5Ö>Û Þ�Ó#Ø�Ù�×�Ö>Ô
Q(t)

ì
g − t /∈ Q(t)

Ó#Û5Õ[Þ�ß®æ5å
constσQ(t)(k) 6= constσQ(t)

Ñ
ÿ;ß5Ý3åTÖ8.�Ó#àAÚ5Ø�ÖlàAÙ#Þ�Ý3×+ÓÃÞ.Ö>å8Þ.Ù÷ö>Ù#Û5å�Ý3Õ5Ö>ÔTÙ#Û5Ø3ó¬Þ.ß5Ù�åñÖ'Ö/.®Þ.Ö>Û�å�Ý�Ù#Û5å;Ý�Û ü ß�Ý�ö�ß�Þ.ß5Ö½ö�Ù�Û5åñÞ.Ó#Û�Þä�Ö>Ø3ÕiÔñÖ>àFÓ#Ý�Û�åTÞ.ß�ÖQå�Ó#àAÖ#Ñ5ÿ;ß5Ý�åXÔñÖ>å/Þ.Ô�Ý3ö�Þ�Ý�Ù�ÛIØ�Ö>Ó#Õ5å;Þ�Ù

ΠΣ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û5å�Ó#Û5Õ ΠΣ û ä5Ö>Ø3Õ5å>Ñ
�! #"%$'& � &)(*$�	 - �.-

(F(t), σ)
Ý�å�Ó

Π
��7 �cJ�7:<IH:4LFG<FÙ#á

(F, σ)
Ý3á

σ(t) = α t ü Ý3Þ.ß α ∈ F∗ ì tÝ�åTÞ�Ô.Ó#Û5åñö>Ö�Û5Õ5Ö>Û Þ�Ó#Ø�Ù�×�Ö>Ô
F
Ó#Û5Õ

constσF(t) = constσF
Ñ

$;ö>ö>Ù#Ô�Õ5Ý3Û5ÜAÞ.ÙòçéÒNÓ#Ô.ê�ëVî ü ÖCÝ�Û Þ.Ô�Ù®Õ�æ5ö>ÖNÞ.ß�ÖCÛ5Ù#Þ�Ý�Ù�ÛiÙ#áOÞ�ß5ÖCß�Ù�àFÙ#Ü�Ö>Û�Ö>Ù�æ5å�Ü�ÔñÙ�æ5Ú ü ß5Ý3ö�ßÚ5ØÂÓ�ó®å�Ó#Û[Ö>å�åñÖ>Û Þ.ÝÂÓ+Ø�ÔñÙ�Ø�Ö½Ý�ÛIÞ�ß5Ö'Þ.ß5Ö�Ù�ÔñóIÙ+á
ΠΣ û ä5Ö>Ø3Õ5å>Ñ

�! #"%$'& � &)(*$�	 -�	 -!ÿ;ß5Ö �1F ��F ��7:<>7\Fy�#H �59?FG� ��Ù#á
(F, σ)

Ý�å
H(F,σ) := {σ(g)

g
| g ∈ F∗}

Ñ
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� Û5ÖQö�Ó#Û±Ö�Ó+å�Ý�Ø�óIö�ß5Ö�ö/(IÞ.ß5Ó+Þ

H(F,σ)

áãÙ�ÔñàFåXÓAà÷æ5Ø�Þ.Ý3Ú5Ø3Ý�ö�ÓÃÞ.Ý�×�Ö'Ü�ÔñÙ�æ5ÚðÑ�� Ý3Þ�ßiÞ�ß5Ý�åXÛ5Ù+Þ.Ý�Ù#ÛÙ�Û5Ö�Ù�ï�Þ.Ó#Ý�Û5å�Ó#Û¯Ö>þ�æ5Ý�×+Ó#Ø3Ö>Û�Þ!Õ5Ö�å�ö�Ô�Ý3Ú�Þ.Ý3Ù�Û¯Ù#á�Ó
Π û Ö8.®Þ.Ö�Û5å�Ý3Ù�ÛðÑ®ÿ;ß5Ý�å�Ô�Ö�å�æ5Ø�ÞTö>Ó#Û�ïrÖ�áãÙ�æ5Û5ÕÝ�Û çéÒNÓ#Ô.ê�í®ì�ÿ;ß5Ö�Ù�ÔñÖ>à �)Ñ �Ãî�Ù�ÔNç�
)ö�ß���ë�ì�ÿ;ß5Ö�Ù�Ô�Ö�à �)Ñ �)Ñ �Ãî<Ñ

���  #( �  � 	 -0/1- � 7:J
(F(t), σ)

�:7 K�254 687:9;7:<>=?7%@B7:CD2�7 �cJ�7:<IH:4LFG<�F��
(F, σ)


h4�J�
σ(t) =

α t

 �17:9;7

α ∈ F∗ K5<*2 t 6= 0 � �
�17:<

(F(t), σ)
4QHnK

Π û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û�F�� (F, σ)
4 �8K5<*2�FG<1C��

4 �TJ�17:9;7m2�F 7?HT<>FGJ 7 �c4QH:J�K5<
n > 0

H:�1= �`J�IK5J
αn ∈ H(F,σ)

�

��Ö/.®Þ ü ÖQÕ�Ö�ä�Û�Ö
Σ û Ö/.®Þ.Ö>Û�å�Ý�Ù#Û5å�Ó#ö�ö>Ù#Ô�Õ5Ý3Û5Ü´Þ.ÙAÒQÓ+Ô�ÔA�éåXÛ�Ù#Þ.Ý3Ù�Û5å>Ñ

�! #"%$'& � &)(*$�	 -��.-
(F(t), σ)

Ý3åXÓ
Σ
��7 �cJ�7:<IH:4LFG<¬Ù#á

(F, σ)
Ý�á

ë�Ñ
σ(t) = α t + β ü Ý�Þ.ß α, β ∈ F∗ Ó#Û5Õ

t /∈ F
ì

�)Ñ;Þ�ß5Ö>ÔñÖQÕ5Ù®Ö�å�Û5Ù+Þ�Ö/.�Ý3åñÞ�å�Ó
g ∈ F(t) \ F ü Ý�Þ.ß σ(g)

g
∈ F

ìxÓ+Û5Õ
$�Ñ;áãÙ#ÔXÓ#Ø�Ø

n ∈ Z∗ ü ÖNß�Ó�×�Ö'Þ.ß�ÓÃÞ
αn ∈ H(F,σ) ⇒ α ∈ H(F,σ)

Ñ
�� � �5�
	 	 - /}-
ÿ`Ù#Ü�Ö�Þ�ß5Ö>Ô ü Ý�Þ.ß �XÖ>àFÓ#Ô=( !�ÑV� ü ÖTÖ8.)Ú5Ø�Ó#Ý�Û÷Ó#Û5Õ÷àAÙ#Þ.Ý�×+Ó+Þ.ÖÄÞ.ß�ÖTÚ5ÔñÙ�ÚrÖ>Ô/Þ.Ý�Ö�åÜ�Ý�×�Ö>ÛIÝ3Û¯Þ.ß5Ö½Õ5ÖVä�Û5Ý3Þ�Ý�Ù#Û�Ù#á

Σ û Ö/.®Þ.Ö�Û5å�Ý3Ù�Û5å>Ñ$;ö�Þ.æ5Ó#Ø�Ø�ó ü ÖNÓ#ÔñÖ½Ý3Û�Þ.Ö�Ô�Ö�åñÞ.Ö�Õ[Ý�Û�Ö/.®Þ.Ö>Û�å�Ý�Ù#Û5å>ìå�Ý3àFÝ3Ø�Ó+Ô�Ø�óAÞ.Ù
Π û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û5å�ì ü ß�Ö>Ô�Ö σ(t) = α t + β ü Ý�Þ.ß α, β /∈ F∗ ì t Þ�Ô.Ó#Û5åñö>Ö�Û5Õ5Ö�Û�Þ�Ó+ØÓ#Û5Õ

constσF(t) = constσF
Ñ ��Û5Õ�Ö>Ô�Þ.ß5Ö�å�Ö÷Ó+å�ÚrÖ>öVÞ.ålÚ5ÔñÙ�ÚrÖ>Ô/Þ%ó � ë�Ñ � ä5Þ.å�Þ�ÙAÞ.ß5ÖCÕ�Ö>å�Ý3Ô�Ö�ÕÜ�Ù Ó+Ø<Ñ ��Û�áãÙ�Ô/Þ.æ5Û5Ó+Þ.Ö�Ø3ó ö�Ù�Û5Õ�Ý3Þ.Ý3Ù�Û � $)Ñ � åñÖ>Ö�àFåFÞ.Ù ïrÖòþ�æ5Ý3Þ�Ö±Þ�Ö>ö�ß5Û5Ý3ö�Ó#Ø|ì�Ó+Û5ÕtÝ�Û�Õ5Ö>Ö�ÕtÝ�åÛ5Ö>Ö�Õ5Ö�Õ áãÙ�Ô'ö>Ù#àFÚ5æ)Þ�Ó+Þ�Ý�Ù�Û�Ó+Ø�Ó#å�ÚrÖ�ö�Þ.åQÝ�Û ç 
)ö�ß����#Ó�ì 
)ö�ß��	�+ï�î=Þ.ß�ÓÃÞCÓ#Ô�Ö¬Û5Ö�Ö>Õ5Ö�Õ Ý�Û_ÿ;ß5Ö ûÙ�Ô�Ö�à �)Ñ !5Ñ��!æ�ÞFå�Ý�Û�ö>Ö±Ý�Û àAÙ�å/ÞFö�Ó#åñÖ>å ü ÖèÓ#ÔñÖ.�ñæ5å/Þ¯Ý�Û Þ.Ö>ÔñÖ>åñÞ�Ö>Õ Ý�Û å�Ý�Þ.æ�ÓÃÞ.Ý�Ù#Û

α = 1
ìÚ5Ô�Ù#ÚrÖ>ÔñÞ�ó � $�Ñ � Ý3å;Ù�ï5åñÙ�Ø�ÖVÞ.Ö'ï ó 1 ∈ H(F,σ)

ÑxÐ±Ù�Ô�Ö�Ù�×�Ö�Ô;Þ.ß5Ö'Û5Ö8.®Þ�Ô�Ö�å�æ5Ø�ÞXåñÞ.Ó+Þ.Ö�åXÞ�ß�Ó+ÞXÝ3Û[Ó
Σ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û t

Ý�åTÞ.Ô�Ó#Û5åñö>Ö>Û�Õ5Ö>Û Þ�Ó#Ø
Ó#Û5Õ
constσF(t) = constσF

Ñ
ÿ;ß5Ö÷Û5Ö8.®Þ½Þ.ß5Ö�Ù�Ô�Ö�à]Ý�å½Ó¯Õ5Ý3Ô�Ö�ö�Þ½ö>Ù#Û5å�Ö�þ®æ�Ö>Û5ö>Ö¬Ù#á�ç 
)ö�ß��)ë ìõÿ;ß5Ö�Ù�Ô�Ö�à �®ÑV�)Ñ $+î ü ß5Ý�ö�ß Ý�ålÓö>Ù#Ô�Ô�Ö�ö�Þ.Ö�Õi×�Ö>Ôñå�Ý�Ù#Û±Ù+áTçéÒNÓ#Ô.ê�ë+ì�ÿ;ß5Ö�Ù�Ô�Ö�à $+î�Ù�ÔNç�ÒNÓ#Ô�ê í®ì5ÿ;ß5Ö>Ù#Ô�Ö>à �)Ñ $Ãî<Ñ
���  #( �  � 	 -[+.-�� 7:J

(F(t), σ)
�:78K

Σ
��7 �cJ�7:<IH:4LFG<EF��

(F, σ) ���
�17:<

(F(t), σ)
4QHT=�K5<>FG< �

4L=�K5C�C���2�7)@�<>7�2 � �
σ(t) = α t + β

��FG9mH F ��7
α, β ∈ F∗ � t

4QHtJ 9�K5<IH =?7:<*2�7:<1JLK5C F �57:9
FK5<*2

constσF(t) = constσF �


)Ý�àAÝ3Ø�Ó+Ô�Ø�ó�Þ.Ù
Π û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û5å`Ó#ÛCÓ+Ø3Þ.Ö�Ô�Û�ÓÃÞ.Ý3×#Ö=Õ5Ö�å�ö>ÔñÝ�Ú�Þ�Ý�Ù�ÛNÙ#á

Σ û Ö/.)Þ�Ö>Û5åñÝ�Ù#Û5å
Ý�å�Ü�Ý�×�Ö>ÛðÑ�ÿTß5Ý�åÔ�Ö�å�æ5Ø�Þ;áãÙ�Ø3Ø�Ù ü å�áãÔ�Ù�à çéÒNÓ#Ô.ê)ë#ì5ÿ;ß�Ö>Ù�ÔñÖ>à ë>îðÙ�Ô'çéÒQÓ+Ô.ê í�ì5ÿ;ß5Ö�Ù�Ô�Ö�à $+î�Ó#Û5Õ[Ý3åTÖ>å�åñÖ>Û Þ.ÝÂÓ+Ø�Ø3óÞ.ß5ÖNå�Ó#àFÖNÓ#åQç�
)ö�ß���ë�ìxø!Ù�Ô�Ù�Ø3ØÂÓ+Ôñó+�)ÑV�®Ñ $+î|Ñ
���  #( �  � 	 - �.- � 7:J

(F(t), σ)
�:7 K�254 687:9;7:<>=?7%@B7:CD2�7 �cJ�7:<IH:4LFG<�F��

(F, σ)

h4�J�

σ(t) =
α t + β


 �17:9;7
α, β ∈ F∗ � � �17:< (F(t), σ)

4QH!K
Σ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û�F��

(F, σ)
4 ��K5<*2 FG<1C��

4 �bJ��17:9;7E2�F 7?H`<>FGJt7 �c4QH:JmK
g ∈ F


h4�J��
σ(g) − α g = β � K5<*2 �*9;F��}7:9\J ���� ��� �\9;F �

� 7)@�<14�J 4LFG<�� ��� �1FGCD2GH �
�� � �5�
	 	 -[+�-W,OÝ3Û�Ó#Ø3Ø�ó * ü Ó#Û Þ¯Ô�Ö>àFÓ#Ô)( Þ.ß�ÓÃÞ¯ö�Ù�Û5Õ5Ý�Þ.Ý3Ù�Û � �)Ñ � Õ5Ù®Ö>åFÛ5Ù#ÞFÔ�Ö�åñÞ.ÔñÝ�öVÞFÞ�ÙÓ#Û óiå�æ�ïrö>ØÂÓ+å�å�Ù#á�Ö8.®Þ.Ö�Û5å�Ý3Ù�Û5å�Þ.ß5Ó+Þ�ÚrÙ�å�åñÖ>å�å�Þ.ß5ÖCÚ�Ô�Ù�ÚrÖ�ÔñÞ.Ý3Ö>å�Ü�Ý3×�Ö�ÛòÝ3Û±ÿ;ß5Ö�Ù�Ô�Ö�à !5Ñ �)Ñ *�ÛÙ�Ô�Õ�Ö>Ô¾Þ.Ù å�ß�Ù ü Þ�ß5Ý�å�ì�Ó#åñå�æ5àAÖ�Þ.ß5Ó+Þ ü ÖIß�Ó�×�Ö[Ó+Û¦Ö/.)Þ�Ö>Û5åñÝ�Ù�Û

(F(t), σ)
Ù+á

(F, σ) ü Ý3Þ�ßÚ5Ô�Ù#ÚrÖ>ÔñÞ�Ý�Ö�å � ë�Ñ � Ó#Û5Õ � $)Ñ � ì t
Þ�Ô.Ó#Û5åñö>Ö�Û5Õ5Ö>Û Þ�Ó#Ø8Ù�×�Ö>Ô

F
Ó#Û5Õ

constσF(t) = constσF
ÑQ*�ÛÓ#Õ5Õ5Ý�Þ.Ý3Ù�Û´åñæ5Ú5ÚrÙ�åñÖ�Þ.ß5Ó+ÞÄö>Ù�Û5Õ�Ý3Þ.Ý3Ù�Û � �®Ñ � Õ5Ù®Ö�å8Û5Ù#ÞÄß5Ù�Ø3Õðì�Ý|Ñ�Ö+Ñ#Þ.ß5Ö�Ô�ÖXÖ8.)Ý�å/Þ.å8Ó g ∈ F(t)\F



� Á��#¡/� ��.£�� �.¢����#©�§-¼#£- ¨��ð¥>¢/¥>«N�.ª%�.¢�£-·V���	��£-���¥>¢�
�£�¸��.¢%�.�¡���
¹Ã³®¥>ª�£�©�� 8£-
ΠΣ

¿��õ£��.§��   � �

ü Ý3Þ�ß σ(g)
g

/∈ F
Ñ
ÿ;ß�Ö>Û ï�ó_ÿ;ß5Ö>Ù#Ô�Ö>à !5Ñ $±Ý�ÞNáãÙ�Ø�Ø3Ù ü å'Þ.ß�Ó+ÞQÞ�ß5Ö>ÔñÖ¯Ö/.)Ý�åñÞ�å÷Ó

g ∈ F
åñæ5ö�ß

Þ.ß�ÓÃÞ
σ(g) − α g = β

Ñ �!æ�Þ[Þ�ß5Ö>Û ü Ö ß�Ó�×�Ö
σ(t − g) = α (t − g)

Ñ ,�æ�ÔñÞ.ß�Ö>Ô�àAÙ�ÔñÖ
t− g

Ý�å8Þ.Ô.Ó#Û�å�ö>Ö�Û5Õ5Ö�Û�Þ.Ó#ØðÙ�×�Ö�Ô
F
Ó#Û5Õ

constσF(t − g) = constσF
Ñ�ú�Ö�Û5ö>Ö'ï ó�Ó¾ö�ß�Ó#Û5Ü#ÖÙ#áXï�Ó#å�Ý3å ü Ö�ö�Ó+Û ü Ù�Ô=(ZÝ3Û Þ.ß5Ö

Π û Ö/.)Þ�Ö>Û5åñÝ�Ù�Û (F(t − g), σ)
Ù#á

(F, σ)
Ñ0*�Û²å�Ù#àFÖ¯å�Ö�Û5å�ÖÚ5Ô�Ù#ÚrÖ>ÔñÞ�ó � �®Ñ � �ñæ5å/Þ�Ó�×�Ù�Ý3Õ5å!Þ.ß�ÓÃÞ Σ û Ó#Û5Õ Π û Ö/.)Þ�Ö>Û5åñÝ�Ù�Û�åXß�Ó�×�ÖQÓ÷ö>Ù#àFàAÙ�Û�Ý�Û Þ.Ö�Ô�å�Ö�ö�Þ�Ý�Ù�ÛðÑ

� ÛIÞ.ß5Ö'Ù#Þ�ß5Ö>Ô;åñÝ�Õ5Ö'ö�Ù�Û5Õ5Ý�Þ.Ý3Ù�Û � �)Ñ � Ý3å;Ó#Û[Ö>åñå�Ö>Û Þ.Ý�Ó#Ø�Ú�Ô�Ù�ÚrÖ�ÔñÞ�ó ü ß�Ý�ö�ßiÝ3åTÛ5Ö>Ö�Õ5Ö>ÕiÞ�Ù´ä�Û�ÕÕ5Ö>Ü#Ô�Ö�ÖQÓ#Û5ÕIÕ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�Ô!ïrÙ�æ�Û5Õ5åNç 
)ö�ß��	�+Ó�ì 
®ö�ß����+ï�î�Ù#á`Ó÷Ü�Ý�×�Ö>ÛIå�Ù�Ø3æ�Þ.Ý3Ù�Û�åñÚ�Ó#ö>Ö½Þ.ß�Ó+Þ
ü Ý�Ø3Ø�ïrÖNÝ�Û�Þ�Ô�Ù®Õ5æ�ö>Ö>ÕiÝ3Û 
)Ö>öVÞ.Ý3Ù�Û5å�í)Ñ �¬Ó+Û5Õòí)Ñ $�Ñ
��Ù ü ü ÖCÓ#ÔñÖNÔ�Ö>Ó#Õ�ó�Þ�ÙAÕ5ÖVä�Û5Ö

ΠΣ û Ö/.®Þ.Ö>Û�å�Ý�Ù#Û5å>Ñ
�! #"%$'& � &)(*$ 	'- � -

(F(t), σ)
Ý�å�ö�Ó#Ø3Ø�Ö�ÕèÓ

ΠΣ û Ö/.)Þ�Ö>Û5åñÝ�Ù�ÛèÙ#á
(F, σ)

ìrÝ3á
(F(t), σ)

Ý�ålÓ
Π ûÙ�ÔXÓ

Σ û Ö/.®Þ.Ö>Û�å�Ý�Ù#Û±Ù#á
(F, σ)

Ñ
�*O�N1O

ΠΣ �
z��1Z\W5U*jkY[dIU*jTa#U*V�Z ��W�fhYQW 
QV d  ��acZ:YQdIU*a 
 f}^>U�x Z:YQdRU�j

ÿ;ß5Ö½Û5Ö8.®Þ;Ø�Ö�àFàFÓ ü Ý3Ø�ØrïrÖ½æ�å�Ö>ÕIÙ�×�Ö�Ô;Ó#Û5Õ�Ù�×�Ö�Ô;Ó#Ü Ó#Ý3Û
�
Ý�Þ!Ü�Ý3×�Ö�å!Þ�ß5Ö½Ø3Ý�Û�(´ïrÖ�Þ ü Ö�Ö>Û ΠΣ ûÖ8.®Þ.Ö�Û5å�Ý3Ù�Û5å�Ó#Û�ÕiÝ3Þ.å;Õ�Ù�à¯Ó+Ý�ÛIÙ#á`Ô.ÓÃÞ.Ý�Ù#Û�Ó#Øõáãæ�Û5ö�Þ�Ý�Ù�Û5å�Ñ�ÿ;ß�ÖQÚ5Ô�Ù®Ù+áOÝ3åXå/Þ.Ô�Ó#Ý�Ü�ß Þ�áãÙ#Ô ü Ó#ÔñÕðÑ

�  � � � 	 - /}- �'7:J
(F(t), σ)

�:7tK
ΠΣ

��7 �cJ�7:<IH:4LFG< F��
(F, σ) � �

�17:<
F(t)

4QHtKT@B7:CD2eF��
9�K5J04LFG<*K5C �\��<>=:J 4LFq<RH8F �57:9

K ���
��9\J��17:9 ��FG9;7 � σ 4QHK5<bK5��J�F ��FG9 � ��4QH�� F�� J�17 �1FGC��q<>F ��4 K5C

9\4�<��
F[t] � 4 � 7 � (F[t], σ)

4QH�Ke254 687:9;7:<>=?7�9\4�<���7 �cJ�7:<IH:4LFG< F��
(F, σ) ���

2r254�J04LFG<*K5CpC�� � 
�7
�IK��57 ��FG9�K5C�C

f ∈ F[t]
J��IK5J

deg(σ(f)) = deg(f) �*�Û Þ�ß5Ý�å ü Ù�Ô)( ü Ö´Û5Ö�Ö>Õ Þ.ß5Ö¾áãÙ�Ø3Ø�Ù ü Ý3Û5ÜFÛ5Ù#Þ.Ý3Ù�Û5å�áãÙ�Ôlå�æ�ö�ß Ó�ÚrÙ�Ø�ó)Û�Ù�àFÝ�Ó#Ø�Ô�Ý3Û5Ü
F[t]

Ó#Û5ÕÝ3Þ�å8þ�æ5Ù+Þ.Ý�Ö�Û�Þ8ä5Ö>Ø�Õ
F(t)

Ñ�,xÙ#Ô
f =

∑n

i=0 fi ti ∈ F[t]
Þ�ß5Ö

i û Þ.ß�=?F 7���=:4L7:<1J
fi

Ù#á
f ü Ý�Ø3Ø�ïrÖÕ5Ö>Û�Ù#Þ.Ö�Õèï�ó

[f ]i
ìrÝ<ÑéÖ#Ñ

[f ]i = fi �
Ý�á

i > n
ì ü ÖCß�Ó�×�Ö

[f ]i = 0
Ñ&,�æ5ÔñÞ.ß�Ö>Ô�àAÙ�ÔñÖ ü Ö¾Õ�Ö�ä�Û5ÖÞ.ß5ÖNÔ�Ó#Û�(¯áãæ�Û5ö�Þ�Ý�Ù�Û

|| ||
Ù#á

F[t]
ï�ó

||f || :=

{
−1

Ý3á
f = 0

deg(f)
Ù#Þ�ß5Ö>Ô ü Ý�åñÖ#Ñ

Ð±Ù�ÔñÖ>Ù�×�Ö>Ô;áãÙ#Ô
f = (f1, . . . , fn) ∈ F[t]n ü Ö'Ý�Û Þ.Ô�Ù®Õ5æ�ö>Ö ||f || := maxi ||fi||

Ñ�� Ý�Þ.ß�Þ.ß�Ö>å�ÖÛ5Ù#Þ.Ó+Þ.Ý3Ù�Û5å;Ó¬å�Ý3àFÚ�Ø�Ö½ï5æ)Þ�Ý�àAÚrÙ�ÔñÞ.Ó#Û�Þ!á�Ó#öVÞ�Ý3åTáãÙ�Ô�à÷æ5Ø�Ó+Þ�Ö>ÕðÑ
�  � � � 	 -[+�- � 7:J

(F(t), σ)
�:7eK

ΠΣ
��7 �cJ�7:<IH:4LFG<�F��

(F, σ) � 0 6= a ∈ F[t]m
K5<*2

f, g ∈ F[t]
H:�1= �`J�IK5J

σag = f � �
�17:<

||f || ≤ ||a|| + ||g||.�=Ô�Ù®Ù#á�~�*�á
g = 0

ì ü ÖQß�Ó�×�Ö
f = σag = 0

Ó#Û5Õiß5Ö>Û�ö>Ö
−1 = ||f || ≤ ||a|| + ||g||

ß5Ù#Ø�Õ5åXï ó
||g|| = −1

Ó#Û5Õ
||a|| ≥ 0

Ñ � Þ.ß5Ö�Ô ü Ý3å�ÖQÓ#å�åñæ5àFÖ'Þ�ß�Ó+Þ
g 6= 0

ì5Ý<ÑéÖ#Ñ
||g|| ≥ 0

Ñ�ÿ;ß5Ö�Û
||f || = ||σag|| = ||a1 σm−1(g) + · · · + am g|| ≤ max(||a1 σm−1(g)||, . . . , ||am g||).�=Ø�Ö>Ó#å�Ö´Û5Ù#Þ.Ö÷Þ�ß�Ó+Þ ü Ö´ß�Ó�×�Ö

||ai σ
m−i(g)|| ≤ ||ai|| + ||σm−i(g)||

ìðÝ3á
ai = 0 �

Ù+Þ.ß5Ö�Ô ü Ý3å�Ö#ìÝ3á
ai 6= 0

ì ü Ö[ÖV×�Ö>Û ß�Ó�×�ÖiÖ�þ�æ�Ó#Ø�Ý�Þ%ó#Ñ=Ð±Ù�Ô�Ö�Ù�×�Ö�ÔAÝ�á
ai = 0

Ó#Û5Õ
aj 6= 0

Þ�ß5Ö>Û
||ai|| +

||σm−i(g)|| < ||aj||+ ||σm−j(g)||
Ñ
®Ý�Û5ö�Ö�Þ.ß5Ö�Ô�Ö�Ö8.)Ý�å/Þ.å!Ó#Û

j ü Ý3Þ�ß aj 6= 0
ì®Ý�Þ8áãÙ�Ø3Ø�Ù ü å=Þ.ß�ÓÃÞ

max(||a1 σm−1(g)||, . . . , ||am g||) = max(||a1|| + ||σm−1(g)||, . . . , ||am|| + ||g||).��ó%"�Ö>àAàFÓ�!�Ñ3ë ü ÖNß�Ó�×�Ö
||σi(g)|| = ||g||

áãÙ�ÔXÓ#Ø3Ø
i ∈ Z

Ó#Û5Õ[Þ�ß®æ5å
max(||a1|| + ||σm−1(g)||, . . . , ||am|| + ||g||) = max(||a1||, . . . , ||am||) + ||g|| = ||a|| + ||g||ü ß5Ý3ö�ßiÚ5ÔñÙ�×�Ö>å;Þ.ß5ÖNØ�Ö�àFàFÓ�Ñ



� Á��#¡/� ��.£�� �.¢����#©�§-¼#£- ¨��ð¥>¢/¥>«N�.ª%�.¢�£-·V���	��£-���¥>¢�
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¹Ã³®¥>ª�£�©�� 8£-
ΠΣ

¿��õ£��.§��   ���

�*O �}O
ΠΣ �

fhYQW�
QV�jTa#U*V ]1dR_`Wt� ikd � WGikZ:Y[Wqj
,�Ù�ÔTÞ�ß5ÖNÕ5Ö�ä�Û�Ý3Þ.Ý3Ù�Û[Ù+á

ΠΣ û ä�Ö>Ø3Õ5åXÚ�Ô�Ù�ÚrÖ�ÔñÞ.Ý3Ö>åXÙ#Û[Þ.ß5ÖNö�Ù�Û5åñÞ.Ó#Û Þ�ä�Ö�Ø�ÕiÓ#Ô�Ö'Ô�Ö>þ�æ5Ý3Ô�Ö�ÕðÑ
�! #"%$'& � &)(*$�	 -���- $ ä�Ö>Ø3Õ

K
Ý�å;ö>Ó#Ø�Ø3Ö>Õg=?F � �*�RJLK	�wCQ7Vì�Ý3á

•
áãÙ#ÔXÓ#Û�ó

k ∈ K
Ù�Û5ÖNÝ3åXÓ#ï5Ø�Ö½Þ�ÙAÕ�Ö>ö�Ý�Õ5Ö+ìxÝ�á

k ∈ Z
ì

•
ÚrÙ#Ø3ó®Û5Ù�àAÝÂÓ+Ø3åOÝ�Û÷Þ.ß5Ö;ÚrÙ�Ø3ó®Û5Ù#àFÝ�Ó#Ø®Ô�Ý�Û�Ü

K[t1, . . . , tn]
ö>Ó#ÛAïrÖTá�Ó#ö�Þ�Ù�Ô�Ö�ÕAÙ�×�Ö>Ô

K
Ó#Û5Õ

•
Ù#Û5Ö (�Û5Ù ü å8ß5Ù ü Þ�ÙQö�Ù�àAÚ5æ�Þ.ÖTáãÙ�ÔÄÓ#Û�ó

(c1, . . . , cn) ∈ Kn
Ó'ï�Ó#åñÝ�åÄÙ+áõÞ�ß5ÖXå�æ5ï5àAÙ®Õ ûæ5Ø3Ö {

(n1, . . . , nk) ∈ Zk | cn1
1 · · · cnk

k = 1
} Ù#á

Zk
Ù�×�Ö>Ô

Z
Ñ

�=Ø�Ö>Ó#å�Ö±Û�Ù#Þ.Ö[Þ.ß�Ó+ÞFï ó¦Þ�ß5ÖiáãÙ�Ø3Ø�Ù ü Ý3Û5Ü_Ø3Ö>àAàFÓèÞ.ß5Ö±ö�Ù�Û5å/Þ�Ó#Û ÞFä�Ö>Ø3Õ5åAÙ#álÞ.ß5Ö±Õ�Ý3ôõÖ>ÔñÖ>Û5ö�Öä�Ö>Ø3Õ5åXÜ�Ý�×�Ö>Û[Ý�Û 
)Ö�ö�Þ.Ý3Ù�Û �´Ó#Ô�ÖNÓ#Ø�Ø�ö�Ù�àAÚ5æ�Þ�Ó+ï5Ø�Ö+Ñ
�  � � � 	 - �.- � <� @B7:CD2bF��n9�K5J 4LFG<*K5C �\��<>=:J04LFG<IH Q(x1, . . . , xr)

4QH =?F � ����JLK	�wCQ7 �
,OÝ3Û�Ó#Ø3Ø�ó

ΠΣ û ä�Ö>Ø3Õ5åTÓ#Ô�ÖlÖ>å�åñÖ>Û Þ.ÝÂÓ+Ø�Ø3óAÕ5ÖVä�Û5Ö>Õ[ï�ó
ΠΣ û Ö/.®Þ.Ö�Û5å�Ý3Ù�Û5å>Ñ ��Û5Ø3Ý (#Ö½ÒNÓ#ÔñÔA�éåTÕ5ÖVä�Û5Ý ûÞ.Ý3Ù�Û[Ý3ÛIÞ.ß5Ý3å ü Ù�Ô=( ü ÖNáãÙ�Ôñö>Ö�Kr2r254�J 4LFG<*K5C�C���Þ.ß�ÓÃÞXÞ.ß�ÖNö>Ù�Û5å/Þ�Ó#Û ÞXä�Ö>Ø3Õ5å�Ó#Ô�Ö'ö>Ù�àAÚ5æ�Þ.Ó#ï5Ø3Ö#Ñ

�! #"%$'& � &)(*$ 	 -���- "�Ö�Þ
(F, σ)

ïrÖ´Ó¯Õ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö¾ä�Ö>Ø3Õ ü Ý3Þ.ßèö�Ù�Û5å/Þ�Ó#Û Þ½ä�Ö>Ø3Õ
K
Ñ
(F, σ)

Ý�åö�Ó+Ø�Ø�Ö�Õ_Ó
ΠΣ

� @B7:CD2´Ù�×�Ö>Ô
K
ìðÝ3á

K
Ý�å½ö>Ù�àAÚ5æ)Þ�Ó#ï5Ø3Ö#ì

F := K(t1) . . . (tn)
áãÙ�Ô

n ≥ 0
Ó#Û5Õ

(F(t1, . . . , ti−1)(ti), σ)
Ý�åXÓ

ΠΣ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û ‡ Ù#á (F(t1, . . . , ti−1), σ)
áãÙ�ÔXÓ+Ø�Ø

1 ≤ i ≤ n
Ñ

��� ��� � M  	 -[+�- $lØ3ØðÕ5Ý�ô�Ö�Ô�Ö�Û5ö>Ö'ä�Ö>Ø3Õ5åXÝ�Û 
)Ö>öVÞ.Ý�Ù#Û �¬Ó+Ô�Ö
ΠΣ û ä�Ö>Ø3Õ5å>Ñ

*�Û�ç 
®ö�ß����+ö�ì ÿ;ß5Ö�Ù�Ô�Ö�à $�Ñ�ë î)Ý�Þ
Ý�å
åñß5Ù ü Û¾Þ�ß�Ó+Þ
áãÙ�Ô
Ö>Ó#ö�ß÷ï5Ó#å�Ý3å`àFÓ+Þ.ÔñÝ .'Ù#á
V(a,f , F)

Ù�Û�Öö�Ó+Û[Õ5Ö�ä5Û5ÖQÓ÷ö�Ó+Û5Ù�Û5Ý3ö�Ó#ØõÔ�Ö�Ú5Ô�Ö�å�Ö>Û Þ�Ó+Þ�Ý�Ù�Û[Ó#àFÙ#Û5Ü´Ó#Ø3ØõÝ�åTï5Ó#å�Ý3åTà¯Ó+Þ�Ô�Ý3ö>Ö�å>Ñ)ÿ;ß5Ý�åTÚ5ÔñÙ�ÚrÖ>Ô/Þ%ó
ü Ý�Ø3Ø�Ú5ØÂÓ�óIÓ#Û[Ý�àAÚrÙ�ÔñÞ.Ó#Û�ÞTÔ�Ù#Ø�Ö'Ý3Û 
)æ5ï�å�Ö>öVÞ.Ý3Ù�Û �)Ñ $�ì5àAÙ�Ô�Ö'Ú�Ô�Ö>ö�Ý�åñÖ>Ø�óIÝ�Û[ÿ;ß�Ö>Ù�ÔñÖ>à �)Ñ�ê�Ñ
���  #( �  � 	'-�	 - � 7:J

(F, σ)
�:7mK

ΠΣ
� @B7:CD2`F �57:9

K � 0 6= a ∈ Fn
K5<*2

f ∈ Fn �	� �17:<
J��17:9;7T4QHmK5<�K5C ��FG9\4�J��� �?KGH 7�2bFG<

gcd
��=?F � �*�RJLK5J04LFG<IH K5<*2���K5�rH?H:4 K5< 7:C�4���4�<*K5J04LFG<EJ�IK5J

J09�K5<IH���FG9 �mH�K �?KGH:4QH �{K5J09\4 �`F��
V(a,f , F)

J�F�K���<14 �w�17:C���2�7:J�7:9 ��4�<>7�2 �?KGH:4QH �{K5J 9\4 � �
�! #"%$'& � &)(*$ 	 -��.-�"�ÖVÞ

(F, σ)
ïrÖ'Ó

ΠΣ û ä�Ö>Ø3Õ�Ù�×�Ö>Ô
K
ì
0 6= a ∈ Fn

Ó#Û�Õ
f ∈ Fn

Ñ)ÿ;ß5Ö>ÛÞ.ß5Ö'æ�Û5Ý�þ�æ5Ö�Ø3ó¯Õ5ÖVä�Û5Ö>Õiï�Ó+å�Ý�åTàFÓ+Þ.Ô�Ý .FÙ#á
V(a,f , F)

Ù�ï�Þ.Ó#Ý�Û�Ö>ÕIï�óFÞ.ß5ÖNÓ#Ø3Ü�Ù�ÔñÝ�Þ.ß5à Ü#Ý3×�Ö>ÛÝ�Û[ÿ;ß�Ö>Ù�ÔñÖ>à !5Ñ !¬Ý�å;ö�Ó+Ø�Ø�Ö�Õ�<>FG9 �{K5C�4��G7�2#Ñ
*�Û çéÒQÓ+Ô.ê�ëVî`Ó+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAå;Ó#Ô�ÖNÕ5ÖV×�Ö>Ø3Ù�ÚrÖ>ÕiÞ.ß�Ó+Þ;ä�Û5ÕiáãÙ�ÔXÓ¬Ü�Ý3×�Ö�Û

α ∈ F∗ Ó#Ø�Ø
n ∈ Z ü Ý3Þ�ß

αn ∈ H(F,σ)

Ñ5Ð±Ù#Ô�Ö>Ù�×�Ö>ÔTï óFÔ�Ö>åñæ5Ø3Þ�å!áãÔñÙ�à ç�ÒNÓ#Ô�ê�ë�î�Ù#Ô!ÿ;ß5Ö�Ù�Ô�Ö�à �)Ñ !�ì)Ù#Û5Ölö�Ó#Û�ö>Ù�àAÚ5æ�Þ�ÖÓ ï�Ó+å�Ý�å¯Ù#áNÞ�ß5Öèå�Ù�Ø3æ�Þ.Ý3Ù�Û å�Ú�Ó#ö�Ö
V(a,f , F)

áãÙ�Ô¯å�Ù�àAÖ
0 6= a ∈ F2 Ó#Û5Õ

f ∈ Fn
Ñú�Ö�Û5ö>Ö�ï�óZÿ;ß�Ö>Ù�ÔñÖ>àAå !5Ñ�ë�Ó#Û5Õ !5Ñ $±Ù�Û5Ö¯ö>Ó#Û Õ5Ö>ö�Ý�Õ5Ö�Ó#Ø3Ü�Ù�Ô�Ý�Þ.ß5àAÝ�ö�Ó+Ø3Ø�ó#ì�Ý�áXÓòÕ�Ý3ôõÖ>ÔñÖ>Û5ö�Öä�Ö>Ø3ÕIÖ/.®Þ.Ö>Û�å�Ý�Ù#Û

(F(t), σ)
Ù#á

(F, σ)
Ý�åTÓ

ΠΣ û Ö/.)Þ�Ö>Û5åñÝ�Ù�Û�Ñ�
®Þ�Ó+ÔñÞ.Ý3Û5ÜCáãÔ�Ù�à Ó¾ö�Ù�àFÚ�æ�Þ�Ó#ï�Ø�Öä�Ö>Ø3Õ
K
ì#Þ.ß5Ý3å=Ù�ï5å�Ö�Ôñ×+ÓÃÞ.Ý�Ù#ÛFÓ#Ø3Ø�Ù ü åOÞ.ÙQö�Ù�Û5å/Þ.Ô�æ�ö�Þ!Ó#Ø3Ü�Ù�ÔñÝ�Þ.ß5à¬Ý3ö>Ó#Ø3Ø�ó

ΠΣ û ä�Ö>Ø3Õ5å=áãÙ#ÔÄÓNÜ�Ý�×�Ö>Ûå�æ5àAàFÓ+Þ.Ý3Ù�Û�Ú5Ô�Ù�ï�Ø�Ö>à Ó+åXÝ3Þ;Ý�å;ö�Ó+Ô�Ö�áãæ�Ø�Ø3ó¯Ý3Û�Þ�Ô�Ù®Õ5æ5ö�Ö>ÕiÝ3Û ç 
)ö�ß��)ë ìxø!ß�Ó#Ú�Þ�Ö>Ô?�)ÑV�®Ñ�í�î<Ñ
‡ CS687�9GO5; #�F8R:; i = 0 9:O5UVR!� ;)F/HSR�9:OSF/9 (F(t1), σ) UVRIF ΠΣ � ;/6A9G;�HSR:U 68H?68N (F, σ) Y



� Á��#¡/� ��.£�� �.¢����#©�§-¼#£- ¨��ð¥>¢/¥>«N�.ª%�.¢�£-·V���	��£-���¥>¢�
�£�¸��.¢%�.�¡���
¹Ã³®¥>ª�£�©�� 8£-
ΠΣ

¿��õ£��.§��   �\�
�TÆ�� ��ÌlÍlÎxÉ)Ï%Ë8È �!É®Ê���ÉR���ÄÏ ���¦Ï%È

ΠΣ ��� ��
%Ì�*�Û²Þ�ß5Ý�å¾å�Ö>öVÞ.Ý3Ù�Û Þ.ß5Ö�à¯Ó+Ý�Û Ý�Õ5Ö>Ó#å´Ó#ÔñÖ�å=(#ÖVÞ.ö�ß5Ö>Õ Þ�ß�Ó+Þ÷Ö>Û�Ó#ï�Ø�Ö¯Þ.Ùèå�Ö�Ó+Ô�ö�ß¦áãÙ#Ô÷Ú�Ó+Ô.Ó#àAÖ ûÞ.Ö�Ô�Ý�ý�Ö>ÕèØ3Ý�Û5Ö>Ó#Ô�Õ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö¾Ö>þ�æ�ÓÃÞ.Ý�Ù#Û5ålÝ3ÛèÓ
ΠΣ û ä�Ö>Ø3Õ (F(t), σ)

Ñ��'Ý3×�Ö�Û
0 6= a ∈ F(t)mÓ#Û5Õ

f ∈ F(t)n
Ù#Û5Ö¾ö�Ó#Û Ó#Ú�Ú5Ø3ó[Þ�ß5ÖCáãÙ�Ø3Ø�Ù ü Ý3Û5ÜAÔ�Ö�Õ5æ5ö�Þ�Ý�Ù�Û±Þ.Ö�ö�ß5Û�Ý�þ�æ5Ö>ålÞ.ÙFä�Û5Õ Ó¯ï5Ó#å�Ý3åà¯ÓÃÞ.Ô�Ý .¯Ù#á

V(a,f , F(t))
Ñ

V(a,f , F(t))H56�7 ��F���U��)F/9:U 68H >A@?R:U�� 4$��U�* #�F/9:U 68H
V(a′,f ′, F(t))

?
6

<3;�H56 � U�HSF/9:6�7�;/� U�� U HSF/9:U 68H >A@?<5;�H56 � U HSF/9:687I>�6825HS<5U�H5E
V(a′′,f ′′, F[t])

?
6

<3;)E87G;�;0;/� U�� U�HSF/9:U 68H >A@�U H$#�7:;,� ;)H�9 F��	7G;)<32$# 9:U 68H
V(a′′′,f ′′′, {0})

?
6

� ê �

*�Û_Þ.ß5Ö¬Û�Ö8.®ÞCåñæ5ï5å�Ö�ö�Þ.Ý3Ù�Û5å-*�Ö/.�Ú�ØÂÓ#Ý3Û_Ý�Û àFÙ�ÔñÖ´Õ5ÖVÞ�Ó#Ý3Ø�ålÞ.ß�Ö¬àFÖVÞ.ß5Ù®Õ5å½áãÙ�Ô½Þ.ß�Ö¬Õ5Ý3ôõÖ>ÔñÖ>Û ÞÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#ÛiåñÞ.Ö�Ú5å>Ñ
�1OQPRO ]}Yp_ � 
pYDX.xyacZ:YQdRU�j8a#U�V ]�dI_bW!] � WqxGYQa 
 � arj:WGj
"�Ö�Þ

(F(t), σ)
ïrÖ[Ó

ΠΣ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û¦Ù#á
(F, σ)

ì
0 6= a = (a1, . . . , am) ∈ F(t)m

Ó#Û5Õ
f ∈ F(t)n

Ñxú�Ö>ÔñÖ-*�Ö8.)Ú5Ø�Ó#Ý�ÛIÞ�ß5ÖNÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û
V(a,f , F(t))H56�7 ��F�� U��)F�9GU�6�H > @?RTU�� 49��U�* #)F�9:U 68H

V(a′,f ′, F(t)),
?

6
� � �

Ý<ÑéÖ#Ñ�ß5Ù ü Ù�Û5ÖAÔ�Ö>Õ�æ5ö>Ö�å¾Þ�ß5ÖFÚ�Ô�Ù�ï5Ø3Ö>à
V(a,f , F(t))

Þ.Ù
V(a′,f ′, F(t))

áãÙ�ÔQåñÙ�àAÖAÛ5Ù�Ô ûà¯Ó+Ø�Ý3ý�Ö>Õ
a′ = (a′

1, . . . , a
′
m′) ∈ F[t]m

Ó#Û5Õ
f ′ ∈ F[t]n

åñæ5ö�ßiÞ.ß�Ó+Þ
m′ ≤ m

Ó#Û5Õ
a′

1 6= 0 6= a′
m′ .

� ë3� �ÿ;ß5Ö�Û Þ.ß5ÖFå�æ5ï5Ü#Ù Ó#Ø8Ý�åNÞ.Ù±ä�Û5Õ²Ó±ï5Ó#å�Ý3å¾Ù+á
V(a′,f ′, F(t))

áãÙ�ÔCåñæ5ö�ß¦Ó±Û5Ù�Ôñà¯Ó+Ø�Ý�ý>Ö>Õ
a′Ó#Û5Õ

f ′
Ó#Û�Õ[Þ.Ù¬Ô�Ö>ö�Ù�Û5å/Þ.Ô�æ�ö�ÞlÓ¬ï�Ó+å�Ý�å;Ù#á
Þ.ß5ÖNÙ�ÔñÝ�Ü�Ý3Û�Ó+Ø�åñÙ�Ø�æ)Þ.Ý�Ù#ÛIå�Ú�Ó#ö�Ö

V(a,f , F(t))
Ñ

*1á
a1 6= 0

ì!åñÖ�Þ
l := 1

ì!Ù#Þ.ß�Ö>Ô ü Ý3å�Ö Õ�Ö�ä�Û5Ö
l ü Ý3Þ�ß 1 ≤ l ≤ m

åñæ5ö�ß Þ.ß�ÓÃÞ
0 =

a1 = · · · = al−1 6= al

ÑI
)Ý3àFÝ3Ø3Ó#ÔñØ�ó#ìõÝ�á
am 6= 0

ì�å�ÖVÞ
k := m

ì�Ù#Þ�ß5Ö>Ô ü Ý�å�Ö´Õ�Ö�ä�Û�Ö
k ü Ý�Þ.ß

1 ≤ k ≤ m
å�æ5ö�ßiÞ.ß�Ó+Þ

ak 6= ak+1 = · · · = am = 0
Ñ5ÿ;ß5Ö>Û ü ÖNß�Ó�×�Ö

c f = σaf = al σ
m−l(g) + · · · + ak σm−k(g) = c f

⇔ σk−m(al) σk−l(g) + · · · + σk−m(ak) g = c σk−m(f)

ü ß5Ö�Ô�Ö σk−m(al) 6= 0 6= σk−m(ak)
Ñ5ÿ;ß5Ö�Ô�Ö�áãÙ#Ô�ÖQÕ5ÖVä�Û5Ö

a′ :=
(
σk−m(al), . . . , σ

k−m(ak)
) Ó#Û5Õ

f ′ := σk−m(f)
� ë�ë �

ü Ý3Þ�ß a′ ∈ F(t)k−l+1 Ó#Û�Õ
f ′ ∈ F(t)n

ì�Ó#Û5Õ�ä�Û�ÕiÓ¾ï�Ó+å�Ý�å!Ù#á
V(a′,f ′, F(t))

Ñ)ÿ;ß5Ö>Û[Ù�Û�Öö�Ó+Û±ö�Ù�àAÚ5æ�Þ.ÖNÓ¬ï�Ó+å�Ý�å;Ù#á
V(a,f , F(t))

ï�ó�Þ.ß�ÖQÔñÖ>Ø�Ó+Þ.Ý3Ù�Û
V(a,f , F(t)) =

{
c∧σm−k(g) | c∧g ∈ V(a′,f ′, F(t))

}
.

� ë5� �ú�Ö�Ô�Ö'Þ.ß5ÖNÚ5ÔñÖ�×®Ý�Ù�æ�å�ö�Ù�Û5åñÝ�Õ5Ö�Ô.Ó+Þ�Ý�Ù�Û�å�Ó+Ô�ÖNåñæ5àAà¯Ó#ÔñÝ�ý�Ö>ÕðÑ
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���  #( �  � �.- /1- � 7:J

(F, σ)
�:7�Kb254 687:9?7:<>=?7�@B7:CD2 � a ∈ Fm

K5<*2
f ∈ Fn � K5<*2b2�7)@�<>7

l
K5<*2

k
KGH�K	�:F �57 � � 7)@�<>7 a′ = (a′

1, . . . , a
′
m) ∈ Fm

K5<*2
f ′ ∈ Fn

KGHm4�<����� � �	� �17:<
a′

1 a′
m 6= 0 ���

�
C∧g

4QH{K �?KGH:4QH �{K5J09\4 ��F��
V(a′,f ′, F)

J�}7:<
C∧σm−k(g)

4QH{K �?KGH:4QH
�{K5J09\4 �`F��

V(a,f , F) �

ÿ;ß5Ö�Ô�Ö�áãÙ#Ô�Ö ü Ý3Þ�ß5Ù�æ�ÞIØ�Ù#å�åIÙ+áCÜ�Ö>Û�Ö>Ô.Ó+Ø�Ý�Þ%ó Ù�Û5Ö àFÓ�ótÓ+å�å�æ�àFÖ
a ü Ý3Þ�ß a1 am 6= 0

Ñ���óÿ;ß5Ö�Ù�Ô�Ö�à í)ÑV�[Ù�Û�ÖAä�Û�Ó#Ø3Ø3ó_Ó#ö�ß5Ý3Ö�×�Ö�åCÞ.ß5ÖFÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û Ó#åCÝ�ÞCÝ3åCå/Þ�Ó+Þ�Ö>Õ Ý�Û � � � Ñ
ú�Ö�Ô�ÖAÞ.ß5ÖÖ>åñå�Ö>Û Þ.Ý�Ó#Ø�Ú5Ô�Ù�ÚrÖ�ÔñÞ�ó � "�Ö>àAàFÓ !5Ñ3ë � Ý3å;æ5å�Ö�ÕiÞ.ß�Ó+Þ
F[t]

Ý�åXÓ´ÚrÙ�Ø3ó®Û5Ù#àFÝ�Ó#ØõÔ�Ý3Û5Ü5Ñ
���  #( �  � �.-[+.- � 7:J

(F(t), σ)
�:7bK

ΠΣ
��7 �cJ�7:<IH:4LFG< F��

(F, σ) � a = (a1, . . . , am) ∈
F(t)m

K5<*2
f = (f1, . . . , fn) ∈ F(t)n


 �17:9?7
ai = ai1

ai2

K5<*2
fi = fi1

fi2

K59?7�4�<�9;7�25�}=?7�2
9;7 �*9?7?H 7:<1JLK5J04LFG< � � 7:J d := lcm(a1,2, . . . , a1m, f2,1, . . . , f2n) ∈ F[t]∗

K5<*2g2�7)@�<>7bJ�17
�57?=:J�FG9;H

a′ := (a1 d, . . . , am d) ∈ F[t]m
K5<*2

f ′ := (f1 d, . . . , fn d) ∈ F[t]n � �
�17:< 
�7

�IK��57
V(a,f , F(t)) = V(a′,f ′, F(t)) �

ú�Ö�Û5ö>ÖIï�ó Ó#Ú5Ú5Ø�ó)Ý3Û5Üèÿ;ß5Ö�Ù�ÔñÖ>àAåAí)Ñ3ëIÓ#Û5Õ í®ÑV�®ìOÙ�Û5Ö�ö�Ó+Û¦ö>Ù#àFÚ�æ�Þ.ÖIÓèï�Ó#åñÝ�å÷àFÓ+Þ.ÔñÝ .ZÙ+á
V(a,f , F(t))

ï�ó ö>Ù�àAÚ5æ�Þ�Ý�Û5ÜòÓiï�Ó#å�Ý3åCà¯ÓÃÞ.Ô�Ý ._Ù#á
V(a′,f ′, F(t)) ü ß5Ö>ÔñÖ a′ ∈ F[t]m

′Ó#Û5Õ
f ′ ∈ F[t]n

ß5Ó�×�ÖQÚ�Ô�Ù�ÚrÖ�ÔñÞ.Ý3Ö>å�Ó+åXåñÞ.Ó+Þ.Ö�Õ±Ý�Û � ë3� �
� � �h � & ��M �� �� �
�#� &)(�$ 
�*�ÛèÚ�Ó#Ô/Þ.Ý�ö�æ5ØÂÓ+ÔXÝ3á

ai = 0
áãÙ�Ô�Ó#Ø�Ø

1 < i < m
Ù�Û�Ö¾Ý3ålÓ#ï�Ø�ÖNÞ.ÙÔ�Ö�Õ5æ5ö>ÖNÞ�ß5ÖNÚ5Ô�Ù�ï�Ø�Ö>à áãæ5ÔñÞ.ß�Ö>Ô;Þ�ÙFÓ÷ä�Ô�å/Þ�Ù#Ô�Õ5Ö�ÔXØ�Ý3Û5Ö�Ó+ÔTÕ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�ÛiÚ�Ô�Ù�ï5Ø3Ö>àiÑ

���  #( �  � �.- �.- �'7:J
(F(t), σ)

�:7 K
ΠΣ

� @B7:CD2 � f ∈ F(t)n
K5<*2

a = (a1, . . . , am) ∈ Fm


h4�J��
m > 1 � a1 am 6= 0

K5<*2
ai = 0

��FG9�K5CpC
1 < i < m � �

�17:<
(F(t), σm−1)

4QH�K

ΠΣ
� @B7:CD2�K5<*2 
�7 �IK �57

V(a,f , (F(t), σ)) = V((a1, am),f , (F(t), σm−1)) �

�=Ô�Ù®Ù#á�~���óèÿ;ß5Ö�Ù�Ô�Ö�à ![Ý3Û çéÒNÓ#Ô.ê�í�î=Ý�Þ½áãÙ�Ø3Ø�Ù ü ålÞ�ß�Ó+Þ (F(t), σm−1)
Ý�å'Ó

ΠΣ û ä�Ö>Ø3ÕðÑ�ÿ;ß5ÖÖ>þ�æ�Ó+Ø�Ý3Þ�ó�Ù+á`Þ�ß5Ö'Þ ü ÙAå�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú�Ó+ö>Ö>åXáãÙ�Ø3Ø�Ù ü åTÝ�àAàAÖ>Õ5Ý�ÓÃÞ.Ö�Ø�ó�Ñ
��� ( � � ( �����	����� 
õÐ±Ù�ÔñÖ>Ù�×#Ö>ÔTÝ3á

(0) 6= a ∈ F1 ì)Ù�Û�Ö½Ù�ï)Þ�Ó#Ý3Û5å!Ó¾ï�Ó#åñÝ�å!Ù#á
V(a,f , F(t))

Ñ
���  #( �  � ��-�	 -	� 7:J

(F(t), σ)
�:7{K 254 687:9;7:<>=?7�@B7:CD2 
h4�J��=?FG<IH:JLK5<1J�@B7:CD2

K � a ∈ F∗

K5<*2
f = (f1, . . . , fn) ∈ Fn � � �17:< Idn∧

f

a

4QH K �?KGH:4QH �{K5J 9:4 ��F��
V((a),f , F(t))


 �17:9?7

Idn

4QH J�17 4 2�7:<1J 4�J � �{K5J 9:4 �`F��nCQ7:<��5J��
n �

�=Ô�Ù®Ù#á�~ "�ÖVÞ
ei ∈ Kn

ïrÖ±Þ�ß5Ö
i û Þ�ß æ5Û5Ý�ÞF×�Ö�ö�Þ�Ù�Ô>ì�Ý<ÑéÖ#Ñ

ei∧fi

Ý�åAÞ�ß5Ö
i û Þ.ß Ô�Ù ü ×�Ö�ö�Þ.Ù#ÔÝ�Û

Idn∧f
Ñ
ø!Ø3Ö�Ó#ÔñØ3ó±Þ.ß5Ö¬Ö>Ø3Ö>àAÖ>Û Þ.åNÝ3Û

B := {e1∧
f1

a
, . . . , en∧

fn

a
}
Ó#ÔñÖ¬Ø3Ý�Û5Ö>Ó#Ô�Ø�ó±Ý�Û5Õ�Ö ûÚrÖ>Û5Õ�Ö>Û Þ´×�Ö>öVÞ.Ù�Ôñå´Ù�×�Ö�Ô

K ü Ý�Þ.ß a fi

a
= ei f

ÑOú�Ö>Û5ö�Ö
B

Ý3å÷Óòï�Ó#åñÝ�å¾Ù#á�Óòå�æ�ï5å�Ú�Ó+ö>Ö
VÙ#á

V((a),f , F(t))
Ù�×�Ö>Ô

K
Ñ'��Ù ü Ó+å�å�æ5àAÖAÞ�ß�Ó+ÞQÞ�ß5Ö>ÔñÖFÝ�åQÓ

c∧g := (c1, . . . , cn)∧g ∈
V((a),f , F(t)) \ V

Ñ�ÿ;ß5Ö>Û
a g = c f = (

∑n

i=1 ci ei)f =
∑n

i=1 ci(ei f) =
∑n

i=1 ci giÓ#Û5Õiß5Ö�Û5ö�Ö
c∧g ∈ V

ìxÓ´ö>Ù�Û Þ.Ô.Ó+Õ5Ý�öVÞ.Ý3Ù�ÛðÑÐ±Ù�ÔñÖ>Ù�×�Ö>Ô�ï�ó¯ç�ÒNÓ#Ô�ê�ë#ì��=Ô�Ù�ÚrÙ#å�Ý3Þ�Ý�Ù#Û¯ë3�+î®Þ.ß5Ö�Ô�ÖTÝ3å�Ólå�ß�Ù�ÔñÞ.ö�æ�Þ�Þ�ß�Ó+Þ�ö>Ó#Û´ïrÖTß5Ö>Ó�×®Ý�Ø�óQæ5å�Ö�ÕðÑ
�  � � � �.- /}- � 7:J

(F, σ)
�:7�K�254 687:9;7:<>=?7 @B7:CD2 
h4�J� =?FG<IH:J K5<1J'@B7:CD2

K
K5<*2

V
�:7�K

H:���:H ��K�=?7!F��
F
F �57:9

K ���
�

V ∩ K = K
J�17:< J��17�4 2�7:<1J 4�J � �{KcJ 9\4 �

Idn+1

F��{CQ7:<��5J��

n + 1 � FGJ��17:9 
h4QH 7 Idn∧0n

4QH�K �?KGH:4QH �{K5J 9:4 �`F��
V((1,−1),0n, V) �
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�=Ô�Ù®Ù#á�~��ZÖNß�Ó�×�Ö

V(a,0n, V) = {(c1, . . . , cn, g) ∈ Kn × V |σ(g) − g = c1 0 + · · · + cn 0}.

*1á
V ∩ K = K

Þ�ß5Ö>Û
{g ∈ V |σ(g) − g = 0} = K

Ó#Û5Õ Þ�ß5Ö>ÔñÖ�áãÙ�ÔñÖ±Ý3Þ¬áãÙ�Ø�Ø3Ù ü å¬Þ�ß�Ó+Þ
V((1,−1),0n, V) = Kn × K

Ñ'ú�Ö�Û5ö>Ö
Idn∧0n

Ý3å Ó ï5Ó#å�Ý3å_à¯ÓÃÞ.Ô�Ý . Ù#áFÙ�æ5Ô_åñÙ�Ø�æ ûÞ.Ý3Ù�Û å�Ú�Ó+ö>Ö#Ñ � Þ.ß�Ö>Ô ü Ý3å�Ö+ì ü Ö à÷æ5å/Þiß�Ó�×�Ö
V = {0}

Ó#Û5Õ Þ.ß5Ö�Ô�Ö�áãÙ#Ô�Ö Ý�ÞIáãÙ�Ø�Ø3Ù ü å�Þ.ß5Ó+Þ
V((1,−1),0n, V) = Kn × {0}

Ñ�ÿ;ß5Ö�Û ö>Ø3Ö�Ó#ÔñØ3ó
Idn∧0n

Ý�å¯ÓZï�Ó+å�Ý�åFàFÓ+Þ.Ô�Ý .¦Ù#á½Þ.ß5Öå�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú5Ó#ö>Ö+Ñ
�1O�N1O��	�*W�s�WqU�dR_�YQU�acZ\d�i��dI^�U�V $ WGZ �*d1V  dRi s�W5U*dR_�YpU*acZ\dRi z 
pYp_`YpU�acZ:YQdRU�j
ÿ;ß5ÖèÕ5Ö�Û5Ù�àAÝ�Û�Ó+Þ�Ù�ÔAïrÙ�æ5Û5ÕtàFÖVÞ.ß5Ù®Õ ü Ó#å�Ý3Û�Þ.ÔñÙ®Õ5æ5ö�Ö>Õtï�ó 
õÑ $lï�Ô.Ó#àAÙ�× Ý3Û ç $lï�Ô.ê��#ï�ì
$lï5Ô=� íÃî�áãÙ�Ô8Ù�Û�Ö�Ù#á�Þ�ß5Ö�àAÙ�åñÞ8å�Ý3àFÚ�Ø�Ö>å/Þ

ΠΣ û ä5Ö>Ø�Õ�å (K(t), σ)
Ù�×�Ö>Ô

K ü Ý�Þ.ß σ(t) = t+1
Ñ

�TÓ#åñÖ>Õ�Ù�Û¯ÓCÜ�Ö�Û5Ö>Ô�Ó#Ø�Ý3ý�ÓÃÞ.Ý3Ù�ÛAï ó¯ÐZÑ#�!ÔñÙ�Û5åñÞ�Ö>Ý3Û¯Ý�Ûòç��!ÔñÙ	���ÃîrÞ�ß5Ö�áãÙ�Ø3Ø�Ù ü Ý3Û5ÜNÕ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�ÔÖ>Ø3Ý�àAÝ3Û5Ó+Þ.Ý�Ù�ÛQÞ.Ö>ö�ß5Û5Ý3þ�æ5ÖTÞ.æ5ÔñÛ5å�Ù�æ�ÞOÞ.Ù'ïrÖTÖ�å�å�Ö�Û�Þ�ÝÂÓ#Ø)Þ.Ù½å�Ö>Ó#Ô�ö�ß´áãÙ�Ô�Ó#Ø3Ø)åñÙ�Ø�æ)Þ.Ý�Ù#Û5åOÙ+árØ3Ý�Û5Ö>Ó#ÔÕ5Ý3ôõÖ�Ô�Ö>Û�ö>ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�Û5åXÝ3ÛIÞ.ß5ÖNÜ#Ö>Û5Ö�Ô.Ó#Ø�åñÖ�Þ�Þ�Ý�Û5Ü¬Ù#á
ΠΣ û ä�Ö�Ø�Õ5å�Ñ

"�Ö�Þ
(F(t), σ)

ïrÖ�Ó
ΠΣ û Ö/.)Þ�Ö>Û5åñÝ�Ù�Û Ù+á

(F, σ)
ì
0 6= a = (a1, . . . , am) ∈ F(t)m ü Ý3Þ.ß

a1 am 6= 0
Ó#Û5Õ

f ∈ F(t)n
Ñ)ú�Ö�Ô�ÖB* ü Ý�Ø3ØxÜ�Ý�×�Ö�Þ�ß5Ö�à¯Ó#Ý3ÛAÝ�Õ5Ö>ÓCß5Ù ü Ù�Û5Ö�ö>Ó#ÛIÓ+ö�ß5Ý3Ö�×�Ö�Þ.ß5ÖÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û

V(a,f , F(t))<5;�H56�� U HSF�9G687I;/� U�� U HSF�9GU�6�H > @?<3;�H56 � U HSF/9:6�7�>�6825HS<5U�H5E
V(a′,f ′, F[t])

?
6

� ë $ �
áãÙ�ÔOå�Ù�àAÖ

a′ ∈ F[t]m
Ó#Û5Õ

f ′ ∈ F[t]n
Ñ � Ý3Þ�ß÷Þ.ß�Ý�å�å/Þ.Ô.ÓÃÞ.Ö�Ü#ó÷Ù#Û5Ö;ß5Ó#å�Þ�Ù'ö>Ù#àFÚ5æ)Þ.ÖTÙ�Û5Ø�ó¾Óï�Ó#åñÝ�å�Ù+á

V(a′,f ′, F[t])
Ý3Û¾Þ.ß5ÖTÚrÙ�Ø�ó)Û�Ù�àAÝÂÓ+Ø®ÔñÝ�Û5Ü

F[t] ü ß�Ý�ö�ß´Þ�ß5Ö>Û´Ü�Ý3×�Ö�åOÞ.ß5ÖTÚrÙ�åñå�Ý�ï�Ý�Ø�Ý�Þ%óÞ.Ù¾Ô�Ö�ö>Ù#Û5åñÞ.Ôñæ5ö�Þ;Ó¾ï�Ó+å�Ý3å!Ù#á
V(a,f , F(t))

Ý3Û¯Ý�Þ.å�þ�æ5Ù+Þ.Ý�Ö�Û�Þ�ä�Ö�Ø�Õ
F(t)

Ñ#*�Û¯Þ�ß5Ý�å8Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�ÛÞ.ß5ÖNåñÝ�àAÚ5Ø�Ö "�Ö�àFàFÓ¬í)Ñ �´Ü�Ý�×�Ö>åTÞ.ß5ÖNàFÓ#Ý�ÛIÝ3Õ5Ö�Ó)Ñ
�  � � � �.-[+�- � 7:J

(F, σ)
�:7nK�254 687:9;7:<>=?7v@B7:C�2 � a = (a1, . . . , am) ∈ Fm

Kc<}2
d ∈ F∗ �

� �17:< ��FG9 a′ := (
a1

σm−1(d)
,...,

am−1
σ(d)

, am
d ) ∈ Fm

K5<*2
g ∈ F


�7 ��K��57
σag = σa′(g d) �

�=Ô�Ù®Ù#á�~��ZÖNß�Ó�×�Ö
σag = a1 σm−1(g) + · · · + am−1 σ(g) + am g

= a1
σm−1(d)

σm−1(d)
σm−1(g) + · · · + am−1

σ(d)

σ(d)
σ(g) +

d

d
am g

=
a1

σm−1(d)
σm−1(g d) + · · · +

am−1

σ(d)
σ(g d) +

am

d
d g = σa′(g d).

ÿ;ß5Ö áãÙ#Ø�Ø3Ù ü Ý�Û�Ü¦Ú�Ô�Ù�ÚrÙ�åñÝ3Þ�Ý�Ù�Û ü Ý�Ø�ØlØ�Ö>Ó#Õ Þ.Ù ÿ;ß5Ö>Ù#Ô�Ö>à í)Ñ$í ü ß�Ý�ö�ß Õ5Ö>Ø3Ý3×�Ö�Ô�åIÞ.ß5Ö ï�Ó+å�Ý�öÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û Ù#á�Þ�ß5Ö[Õ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�Ô÷ïrÙ�æ�Û5Õ àAÖ�Þ�ß5Ù®ÕðÑ ,�æ5ÔñÞ�ß5Ö>ÔñàFÙ#Ô�Ö�Þ.ß�Ý�å´Ú5Ô�Ù#ÚrÙ�å�Ý�Þ.Ý�Ù#Û²Ý�åÛ5Ö>Ö�Õ5Ö�ÕòÝ�Û 
)Ö�ö�Þ�Ý�Ù�Û �)Ñ $)ì5ÿ;ß5Ö>Ù�ÔñÖ>à �®ÑV�)ì�Þ�ÙAÚ�Ô�Ù�×�ÖNö>Ù#Ô�Ô�Ö�ö�Þ�Û5Ö>åñålÙ+á0$�Ø�Ü�Ù�ÔñÝ�Þ.ß5à �)Ñ $�Ñ
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(F, σ)
�:7nK{254 687:9?7:<>=?7 @B7:CD2 
h4�J�`=?FG<IH:J K5<1JR@B7:CD2

K � 0 6= a =
(a1, . . . , am) ∈ Fm

K5<*2
f ∈ Fn � � 7:J d ∈ F(t)∗

K5<*2�H 7:J
a′ := (

a1
σm−1(d)

,...,
am−1
σ(d)

, am
d ) ∈

Fm � � � C∧g
4QH K��?KGH:4QH �{K5J 9\4 �bF��TKtH\� �:H �IK�=?7�F��

V(a′,f , F)
F �57:9

K
J��17:<

C∧
g

d

4QH K
�?KGH:4QH �{K5J09\4 �`F�� K{H:���:H ��K�=?7mF��

V(a,f , F)
F �57:9

K �

�=Ô�Ù®Ù#á�~ "�ÖVÞ
C∧g

ïrÖ÷ÓAï�Ó#åñÝ�å�à¯ÓÃÞ.Ô�Ý .[Ù+áÄÓAå�æ5ï�å�Ú�Ó#ö�Ö÷Ù#á
V(a′,f , F)

Ù�×�Ö>Ô
K

áãÙ#Ô�å�Ù�àAÖ
C ∈ Kλ×n

Ó+Û5Õ
g ∈ Fλ

ÑI
)Ý3Û5ö�Ö¾Þ.ß5Ö÷Ô�Ù ü ×�Ö>öVÞ.Ù�ÔñåNÙ+á
C∧g

Ó#ÔñÖ÷Ø�Ý3Û5Ö�Ó+Ô�Ø�óiÝ3Û5Õ5Ö�ÚrÖ>Û5Õ�Ö>Û�ÞÙ�×�Ö�Ô
K
ì�Þ�ß5ÖQÔ�Ù ü ×�Ö�ö�Þ�Ù�Ô�å�Ù#á

C∧
g

d

Ó#Ô�ÖCÓ+Ø�åñÙAØ�Ý3Û5Ö�Ó+Ô�Ø�ó¯Ý�Û5Õ5Ö�ÚrÖ>Û5Õ�Ö>Û�ÞlÙ�×�Ö>Ô
K
ÑrÐ±Ù�ÔñÖ>Ù�×�Ö�ÔáãÙ�ÔXÓ#Û ó

k ∈ Kλ ü ÖQß�Ó�×�Ö
k ·
(
C∧

g

d

)
∈ V(a,f , F)

ï ó "�Ö�àFàFÓ¬í)ÑV�®Ñxú�Ö>Û5ö�Ö
C∧

g

d

Ý3åXÓï�Ó#åñÝ�åXàFÓ+Þ�Ô�Ý .�Ù#áOÓ¬åñæ5ï5å�Ú5Ó#ö>ÖCÙ+á
V(a,f , F)

Ù�×�Ö>Ô
K
Ñ

��Ö/.®Þ ü ÖQÝ3Û�Þ�Ô�Ù®Õ5æ5ö�Ö'Þ�ß5ÖNå�æ5ï�å�Ö�Þ
F(t)(frac) Ù#á

F(t)
Ó#å

F(t)(frac) := {
p

q
∈ F(t) | p

q

Ý�å;Ý�ÛIÔ�Ö>Õ�æ5ö>Ö�ÕòÔ�Ö�Ú5Ô�Ö�å�Ö�Û�Þ�ÓÃÞ.Ý�Ù#ÛòÓ+Û5Õ
deg(p) < deg(q)}.

ø!Ø�Ö>Ó#Ô�Ø�ó
F[t]

Ó#Û5Õ
F(t)(frac) Ó#Ô�ÖQåñæ5ï5å�Ú5Ó#ö>Ö�å½Ù#á

F(t)
Ù�×�Ö>Ô

K
Ñ&��ó[ÚrÙ�Ø3ó®Û5Ù�àAÝ�Ó#Ø�Õ5Ý3×®Ý�åñÝ�Ù�Û

ü Ý3Þ�ßiÔñÖ>àFÓ#Ý�Û�Õ5Ö>Ô!Þ.ß5Ö'áãÙ�Ø3Ø�Ù ü Ý3Û5Ü÷Õ5Ý3Ô�Ö>öVÞ�åñæ5à Ù#á`×�Ö�ö�Þ�Ù�Ô�åñÚ�Ó#ö>Ö�å�ß�Ù�Ø�Õ5åk~
F(t) = F[t] ⊕ F(t)(frac).

*�Û Þ�ß5ÖiÔ�Ö>Õ�æ5ö�Þ�Ý�Ù�Û Ý3Û5Õ5Ý�ö>Ó+Þ.Ö�Õ ï�ó � ë $ � ì�Þ�ß5Ö±ï5Ó#å�Ý3öiÝ�Õ�Ö�Ó_Ý�å´Þ.ÙZö�Ù�àAÚ5æ�Þ.Ö±Ó_Ú�Ó#ÔñÞ�Ý�ö�æ5ØÂÓ+Ô
d ∈ F[t]∗

åñæ5ö�ßiÞ�ß�Ó+Þ
∀c∧g ∈ V(a,f , F[t] ⊕ F(t)(frac)) : d g ∈ F[t].

� ë ! �
*1Þ�Ý�å;Ý3àFàAÖ�Õ5Ý�Ó+Þ�ÖlÞ�ß�Ó+ÞXå�æ5ö�ßòÓ¬åñÚõÖ�ö>Ý�ä�ö

d ∈ F[t]∗
ïrÙ#æ5Û5Õ5å;Þ.ß5ÖNÕ5Ö�Û5Ù�àAÝ�Û�Ó+Þ�Ù�Ô>Ñ

�! #"%$'& � &)(*$ ��- /1-"�ÖVÞ
(F(t), σ)

ïrÖAÓ
ΠΣ û Ö8.®Þ�Ö>Û5åñÝ�Ù�Û Ù#á

(F, σ)
ì
0 6= a ∈ F[t]m

Ó#Û5Õ
f ∈ F[t]n

Ñ®ÿ;ß5Ö>Û
d ∈ F[t]∗

áãæ5Ø�ä�Ø�Ø�Ý3Û5ÜQö�Ù�Û5Õ5Ý�Þ.Ý�Ù#Û � ë ! � Ý�å8ö�Ó#Ø3Ø�Ö�Õ 2�7:<>F �t4�<}KcJ�FG9 �:FG�R<*2�Ù+á
V(a,f , F(t))

Ñ
���  #( �  � �.- �.- � 7:J

(F(t), σ)
�:7�K

ΠΣ
��7 �cJ�7:<IH:4LFG<�F��

(F, σ)

h4�J���=?FG<IH:JLK5<1J�@B7:CD2

K �
0 6= a = (a1, . . . , am) ∈ F[t]m

K5<*2
f ∈ F[t]n �

�'7:J
d ∈ F[t]∗

�:7!K�2�7:<>F ��4�<*K5J�FG9
�:FG�R<*2 F��

V(a,f , F(t))
K5<*2�2�7)@�<>7

a′ := (
a1

σm−1(d)
,...,

am−1
σ(d)

, am
d ) ∈ F(t)m � � � C∧g

4QH
K �?KGH:4QH �{K5J 9\4 ��F��

V(a′,f , F[t])
J�}7:<

C∧
g

d

4QH�K �?KGH:4QH �{K5J 9:4 �`F��
V(a,f , F(t)) �

�=Ô�Ù®Ù#á�~���ó%"�Ö�àFàFÓ¬í)Ñ �´Ý�Þ;áãÙ�Ø3Ø3Ù ü å!Þ.ß�ÓÃÞ
c∧g ∈ V(a,f , F(t)) ⇔ σag = c f ⇔ σa′(d g) = c f .


)Ý�Û�ö>Ö
d g ∈ F[t]

ï óIÚ5Ô�Ù�ÚrÖ�ÔñÞ�ó � ë ! � ì ü ÖNß�Ó�×�Ö
c∧g ∈ V(a,f , F(t)) ⇔ c∧(d g) ∈ V(a,f , F[t]).

� ë�í �
"�Ö�Þ

C∧g
ïrÖ[Óòï�Ó#å�Ý3å÷àFÓ+Þ.ÔñÝ .ZÙ+á

V(a′,f , F[t])
ÑOÿ;ß5Ö�Û ï ó �ÄÔñÙ�ÚrÙ�åñÝ3Þ.Ý3Ù�Û²í)Ñ3ë

C∧
g

d

Ý�åÓ¯ï�Ó#åñÝ�ålàFÓ+Þ�Ô�Ý .[Ù#á8Ó¯åñæ5ï5åñÚ�Ó#ö>Ö´Ù#á
V(a,f , F(t))

Ñõÿ;ß5Ö�Ô�Ö�áãÙ#Ô�Ö÷ï�ó � ë�í � C∧
g

d

Ý3å½Ó¯ï5Ó#å�Ý3åà¯ÓÃÞ.Ô�Ý .¯Ù#á
V(a,f , F(t))

Ñú�Ö�Û5ö>Ö�ï�ó¬Ó#Ú5Ú5Ø�ó)Ý3Û5ÜNÿ;ß�Ö>Ù�ÔñÖ>à í)Ñ$í'Ù�Û5ÖXÙ�ï�Þ.Ó#Ý�Û5å
a′ ∈ F(t)m

å�æ5ö�ßFÞ�ß�Ó+Þ
C∧

g

d

Ý�å8ÓNï5Ó#å�Ý3å
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¿��õ£��.§��   � �
à¯ÓÃÞ.Ô�Ý .AÙ#á

V(a,f , F(t))
ì)Ý�á

C∧g
Ý3åTÓ¾ï�Ó#åñÝ�å!àFÓ+Þ.ÔñÝ .AÙ+á

V(a′,f , F[t])
Ñ�
®Ù´ï ó¯ö�Ø�Ö>Ó#Ô�Ý3Û5ÜÕ5Ö>Û�Ù�àAÝ�Û�Ó+Þ�Ù�Ô�å�Ý�Û

a′
� ÿ;ß5Ö�Ù�Ô�Ö�à í®ÑV� � Ù�Û5Ö8å�æ�ö>ö�Ö>Ö>Õ5å�Ý3ÛQÞ�ß5Ö�ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�Û¾Ó#å
åñÞ.Ó+Þ.Ö�Õ¾Ý�Û � ë $ � Ñ

�� � �5�
	�� (*$ � �  �  �$'( � & $ �)� ( �²� ( � $�� � � ( �%M  � &0$
ΠΣ �

"v M � � 
 ��å�Ý3Û5ÜZÔ�Ö ûå�æ5Ø�Þ.åláãÔ�Ù#à ç 
)ö�ß��	�+Ó+î<ì ü ß�Ý�ö�ß Ó#ÔñÖ÷ï�Ó#åñÖ>Õ_Ù�Û¦çéÒQÓ+Ô.ê�ë#ì�ÒQÓ+Ô.ê í�ì��!Ô�Ù	���Ãî<ìõÞ�ß5Ö>ÔñÖ´Ö/.�Ý3åñÞ.å'Ó#ÛÓ#Ø3Ü�Ù�Ô�Ý�Þ�ß5à ü Ý3Þ�ß 
®ÚõÖ�ö>Ý�ä�ö�ÓÃÞ.Ý�Ù#Û �®Ñ $²Þ.ß5Ó+Þiå�Ù�Ø�×�Ö>å[Þ.ß5Ö_áãÙ#Ø�Ø3Ù ü Ý3Û�Ü¦Ú5ÔñÙ�ï5Ø3Ö>à Ý3Û Ó
ΠΣ ûä�Ö>Ø3Õ

(F(t), σ)
Ñ!*1á

(F(t), σ)
Ý�å'Ó

Σ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û_Ù#á
(F, σ)

ìðÓ�Õ5Ö�Û5Ù�àAÝ�Û5Ó+Þ.Ù�Ô�ïrÙ�æ5Û�Õ
d
Ù+á

V(a,f , F(t))
ö�Ó+ÛIïrÖlö>Ù#àFÚ5æ)Þ.Ö>Õ�Ñ � Þ.ß5Ö�Ô ü Ý�åñÖ#ì)Ý3á (F(t), σ)

Ý�å!Ó
Π û Ö8.®Þ�Ö>Û5åñÝ�Ù�Û�Ù#á

(F, σ)
ìÙ�Û5Ö!Ý�åOÓ#ï5Ø3Ö�Þ�Ù½ö�Ù�àFÚ�æ�Þ.ÖTÓ

u ∈ F[t]∗
åñæ5ö�ß´Þ.ß5Ó+Þ

tx u
Ý3å�ÓlÕ�Ö>Û5Ù�àAÝ�Û5Ó+Þ.Ù#Ô`ïrÙ#æ5Û5Õ÷áãÙ�ÔOÓlï5Ý3ÜÖ>Û5Ù#æ5Ü�ßIö�ß5Ù�åñÖ>Û

x ∈ N0
Ñ#*1á�Ý�Û�Ó#Õ�Õ5Ý3Þ�Ý�Ù�Û

a ∈ F[t]2
ì)å�æ5ö�ßiÓ+Û

x ∈ N0
ö�Ó#Û�ïrÖ'Ó#Ø3å�Ù¾ö�Ù�à ûÚ5æ�Þ�Ö>ÕðÑ5ø!Ù�Û5åñÖ>þ�æ5Ö>Û�Þ�Ø3óFÞ�ß5Ö>ÔñÖ½Ö/.)Ý�åñÞ�å;Ó+ÛIÓ#Ø3Ü�Ù�ÔñÝ�Þ.ß5à ü Ý�Þ.ß 
)ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û �)Ñ�ëlÞ�ß�Ó+Þ!å�Ù#Ø3×�Ö>åÞ.ß5ÖNÕ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�Ô;ïrÙ#æ5Û5Õ±Ú5ÔñÙ�ï5Ø�Ö�àfáãÙ#Ô;ä�ÔñåñÞ�Ù�ÔñÕ5Ö>ÔXØ�Ý3Û5Ö>Ó#Ô;Õ�Ý3ôõÖ>Ô�Ö�Û5ö>ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�Û5å�Ñxÿ;ß5Ý3å

ü Ý�Ø3Ø=ÔñÖ>åñæ5Ø3ÞCÝ3Û 
)Ö�ö�Þ�Ý�Ù�Û �)Ñ �IÞ.Ù±Ó#Û Ó#Ø�Ü�Ù#Ô�Ý�Þ�ß5à]Þ.ß�ÓÃÞCå�Ù�Ø�×�Ö>åCÚ5Ó#Ô.Ó+àFÖVÞ.Ö>ÔñÝ�ý�Ö>Õ ä5Ô�åñÞCÙ�Ô�Õ5Ö�ÔØ�Ý3Û5Ö�Ó+Ô'Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖFÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5åQÝ�Û
ΠΣ û ä�Ö>Ø3Õ5åQÝ3Û_áãæ5Ø�Ø�Ü�Ö>Û5Ö�Ô.Ó+Ø�Ý3Þ�ó#Ñ
Ð±Ù#Ô�Ö>Ù�×�Ö>ÔCÝ3Û ç 
)ö�ß����#Ó+îÞ.ß5Ö�Ô�ÖAÓ+Ô�Ö´å�Ö�×#Ö>Ô.Ó+ØÄÝ�Û ×�Ö>å/Þ.Ý�Ü�Ó+Þ.Ý3Ù�Û5å�Þ.Ù[åñÙ�Ø3×�Ö÷Þ.ß�Ö¬Õ5Ö�Û5Ù�àAÝ�Û�ÓÃÞ.Ù�ÔlïrÙ�æ5Û5Õ Ú�Ô�Ù�ï5Ø3Ö>à]Ý�Û

Π ûÖ8.®Þ.Ö�Û5å�Ý3Ù�Û5å
�
ß5Ö�Ô�ÖNÙ�Û5ÖNÝ3å;ö�Ó+Ú�Ó#ï5Ø3Ö'Ù#á`Õ5Ö�Þ�Ö>ÔñàFÝ3Û5Ý�Û�Ü¬Ó#Û

x ∈ N0

Ó#åXÕ�Ö>å�ö�Ô�Ý3ïrÖ>ÕòÓ#ïrÙ�×�Ö'áãÙ�Ôáãæ5ÔñÞ�ß5Ö>ÔXåñæ5ïrö>Ø�Ó#å�åñÖ>å�Ù+áOØ3Ý�Û5Ö>Ó#ÔTÕ5Ý�ô�Ö�Ô�Ö�Û5ö>ÖNÖ>þ�æ�Ó+Þ�Ý�Ù�Û�å>Ñ
�1O �}O��	�*W�S?U*xyiwWq_`WqUIZ\a 
 ��WqV>^�x Z:YQdRU  dRi ��d 
 � U*dI_`YQa 
's�W���iwWGW{z 
pYp_`YpU�acZ:Y[dIU*j
� ß5Ö�Ô�Ö�Ó+å�Ý�Û´Þ.ß5Ý3åÄå�æ5ï5åñÖ>ö�Þ�Ý�Ù#Û�Ó#Û��%Ù�×�Ö>Ô�åñÝ�àAÚ5Ø3Ý�ä�Ö>Õ��Tå=(#ÖVÞ.ö�ß�Ý�å=Ü�Ý3×�Ö�ÛFß�Ù ü Þ.ß�Ö�Ý�Û5ö�Ô�Ö�àFÖ�Û ûÞ�Ó#Ø�Ô�Ö�Õ5æ5öVÞ.Ý3Ù�Û±àFÖVÞ.ß5Ù®Õ[áãÙ�Ô;Þ.ß5ÖQÚrÙ�Ø3ó®Û5Ù#àFÝ�Ó#Ø�Õ5Ö>Ü#Ô�Ö�ÖCÖ>Ø�Ý3àAÝ3Û�ÓÃÞ.Ý�Ù�Û ü Ù#Ô=(�å>ìrÝ3Û 
®Ö>öVÞ.Ý�Ù#ÛòùÞ.ß5Ý3å;Ý�Û5ö�Ô�Ö>àAÖ�Û�Þ�Ó+ØðÔ�Ö>Õ�æ5ö�Þ�Ý�Ù�Û[àFÖVÞ.ß5Ù®Õ ü Ý�Ø3Ø�ïrÖNáãæ�ÔñÞ.ß5Ö�Ô�Ó#Û�Ó+Ø3ó®ý>Ö�Õ±Ó#Û5ÕiÖ8.)Ú5Ø�Ó#Ý3Û5Ö>ÕðÑ
"�Ö�Þ

(F(t), σ)
ïrÖÄÓ

ΠΣ û Ö8.®Þ.Ö�Û5å�Ý3Ù�ÛNÙ#á
(F, σ)

ì
a = (a1, . . . , am) ∈ F[t]m ü Ý3Þ�ß a1 am 6= 0Ó#Û5Õ

f ∈ F[t]n
Ñ#*�Û�Þ.ß�Ö½Õ5Ö>Ü#Ô�Ö>Ö½Ö>Ø3Ý�àAÝ3Û5Ó+Þ.Ý�Ù�ÛFåñÞ�Ô.Ó+Þ�Ö>Ü#óAÞ.ß5Ö½Ü�Ù�Ó#ØõÝ3å�Þ.Ù÷Ô�Ö�Õ5æ5ö�Ö½Þ.ß5Ö½Ú5ÔñÙ�ï ûØ�Ö�à áãÔ�Ù�à ö�Ù�àFÚ�æ�Þ.Ý3Û5ÜNÓ½ï�Ó#å�Ý3å=Ù#á

V(a,f , F[t])
Þ�ÙNö�Ù�àFÚ�æ�Þ.Ý3Û5ÜNÓ½ï�Ó#å�Ý3å=Ù#á

V(a,f ′, {0})

V(a,f , F[t])<3;)E87G;�;0;,��U�� U�HSF/9:U 68H >A@�U H$#�7:;/� ;)H�9GF��	7G;)<32$# 9:U 68H
V(a,f ′, {0})

?
6

áãÙ�Ô'åñÙ�àAÖ
f ′ ∈ F[t]λ

Ñðÿ;ß5Ö�ÛZÝ�Û ÓIåñÖ>ö>Ù#Û5ÕZåñÞ�Ö>Ú Ù�Û5Ö¬ß�Ó+å'Þ.Ù[Ô�Ö�ö>Ù#Û5åñÞ�Ô�æ5öVÞQÞ.ß5Ö¬ï5Ó#å�Ý3åNÙ+á
V(a,f , F[t])

ï�ó[Ó´Ø�Ý�á�Þ.Ý�Û5Ü´Ú�Ô�Ù®ö>Ö�å�å�Ñ
�! �  � � & $ ��� &)(*$ (	� � �  �� �  # � ( � $ � 
Q*�ÛèÓAä5Ô�åñÞlå/Þ.Ö�ÚèÙ�Û5ÖQÞ�Ô�Ý3Ö>åXÞ.ÙAä�Û5ÕèÓAïrÙ�æ5Û�Õ
b ∈ N0 ∪ {−1}

å�æ�ö�ß Þ.ß5Ó+Þ¬áãÙ�ÔAÓ#Ø�Ø
c∧g ∈ V(a,f , F[t])

Ù�Û�Öiß�Ó#å
deg(g) ≤ b

Ñ � áö>Ù#æ5Ô�å�Ö+ì�áãÙ�ÔXÓ#Û ó
d ∈ N0 ∪ {−1}

ì
F[t]d := {f ∈ F[t] | deg(f) ≤ d}

Ý�ålÓAä�Û5Ý3Þ�ÖCå�æ5ï5åñÚ�Ó#ö�Ö¬Ù+á
F[t]

Ù�×�Ö>Ô
K
Ñ%*�ÛèÚ�Ó#Ô/Þ.Ý3ö>æ5Ø�Ó#Ô ü Ö÷ß�Ó�×�Ö

F[t]−1 = {0}
Ñ%*�ÛèÙ#Þ�ß5Ö>Ô

ü Ù�ÔñÕ5å>ì ü ÖNÞ�Ôñó¯Þ.Ù´ä�Û5Õ±Ó
b ∈ N0 ∪ {−1}

å�æ�ö�ßiÞ�ß�Ó+Þ
V(a,f , F[t]) = V(a,f , F[t]b).

� ë�ù �
$;Õ5Õ5Ý3Þ�Ý�Ù�Û5Ó#Ø3Ø�ó ü Ö ü Ý�Ø3ØðÓ#å�åñæ5àFÖ'Þ�ß�Ó+Þ

b ≥ max(−1, ||f || − ||a||)
� ë5� �
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ü ß5Ý3ö�ßFÜ#æ�Ó#Ô.Ó+Û�Þ.Ö�Ö>åÄÞ.ß�ÓÃÞ
f ∈ F[t]||a||+b

ï�ó "�Ö>àAàFÓ !5Ñ �)Ñ	$lå8Ý�Þ ü Ý�Ø�Ø�ïrÖ�å�ß5Ù ü Û¯Ø�Ó+Þ.Ö�Ô=Þ�ß5Ý�åÝ�å!Ó¾Û5Ö�ö>Ö�å�å.Ó#Ô/ó�ö>Ù�Û�Õ5Ý3Þ�Ý�Ù�ÛFÝ�Û¯Ù�ÔñÕ5Ö>Ô�Þ�Ù÷Ú5ÔñÙ®ö>Ö>Ö�ÕIÝ�ÛFÞ.ß5ÖlÕ5Ö�Ü�Ô�Ö�Ö½Ö>Ø�Ý3àAÝ3Û�ÓÃÞ.Ý�Ù�ÛAÞ�Ö>ö�ß5Û5Ý3þ®æ�Ö#Ñ
�! #"%$'& � &)(*$ ��-[+.-"�ÖVÞ

(F(t), σ)
ïrÖAÓ

ΠΣ û Ö8.®Þ�Ö>Û5åñÝ�Ù�Û Ù#á
(F, σ)

ì
0 6= a ∈ F[t]m

Ó#Û5Õ
f ∈ F[t]n

Ñ
b ∈ Z

Ý�å;ö>Ó#Ø�Ø3Ö>Õ�2�7 �59?7?7 �:FG�R<*2'Ù#á
V(a,f , F[t])

Ý3á � ë�ù � Ó+Û5Õ � ë5� � ß5Ù�Ø�Õ�Ñ
*�Û ç�
)ö�ß��	�+ï�î
Ù�Û5ÖCÝ3åXáãÙ®ö�æ5å�Ö�ÕòÞ.ÙFÕ�Ö�Þ.Ö�Ô�àAÝ�Û5ÖNÕ5Ö>Ü�ÔñÖ>ÖCïrÙ�æ5Û5Õ�å�áãÙ#ÔX×+Ó#ÔñÝ�Ù�æ�å�å�æ5ïrö�ØÂÓ+å�å�Ö�å½Ù+áØ�Ý3Û5Ö�Ó+Ô�Õ5Ý�ô�Ö�Ô�Ö�Û5ö>Ö÷Ö�þ�æ�Ó+Þ.Ý3Ù�Û5å�Ñ!*�ÛèÚ�Ó#ÔñÞ�Ý�ö�æ5ØÂÓ#ÔXÞ�ß5Ý�å ü Ù�Ô)(±Ö�Û�Ó#ï5Ø3Ö>ålÞ�Ù�Õ5Ö�Þ�Ö>ÔñàFÝ3Û5Ö¾Õ5Ö�Ü�Ô�Ö�ÖïrÙ�æ5Û5Õ�åCÙ#á

V(a,f , F[t])
ì�Ý�á

(F(t), σ)
Ý�åQÓ

ΠΣ û ä�Ö�Ø�ÕZÓ#Û5Õ
a ∈ F[t]2 �

àAÙ�ÔñÖ¬Ú5Ô�Ö�ö>Ý�åñÖ>Ø�óÞ.ß5Ö�Ô�Ö!Ö8.)Ý�å/Þ.å�Ó#Û´Ó#Ø3Ü�Ù�Ô�Ý�Þ�ß5à Þ.ß�ÓÃÞOáãæ5Ø�ä�Ø�Ø3å�
)ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û �®ÑV�®Ñ+ÿ
Ù�Ü#Ö�Þ.ß�Ö>Ô ü Ý3Þ.ßCÞ.ß5Ö!Õ5Ö�Û5Ù�à ûÝ�Û�ÓÃÞ.Ù�Ô;Ö>Ø3Ý�àAÝ�Û�Ó+Þ�Ý3Ù�ÛIàFÖVÞ.ß5Ù®ÕiÝ�Û�Þ�Ô�Ù®Õ5æ�ö>Ö>Õ±Ý3ÛiÞ�ß5ÖQÚ5Ô�ÖV×)Ý3Ù�æ5å�å�æ5ï�å�Ö>öVÞ.Ý3Ù�ÛèÓ#Û5ÕiÞ.ß5ÖQÝ3Û5ö>ÔñÖ ûàFÖ�Û�Þ.Ó#Ø ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛNÞ.Ö>ö�ß5Û5Ý3þ�æ5Ö8Þ�ß�Ó+Þ ü Ý3Ø�Ø�ïrÖÄÖ8.)Ú5ØÂÓ+Ý�Û5Ö�ÕNáãæ5ÔñÞ�ß5Ö>Ô�Þ.ß5Ý3å�Ø�Ö>Ó#Õ5å�Ý�Û 
)Ö>öVÞ.Ý3Ù�Û �)ÑV�Þ.ÙAÓ#Ø�Ü#Ù�Ô�Ý�Þ�ß5àAå�Þ.ß�Ó+ÞXå�Ù�Ø�×�Ö'ä�ÔñåñÞ�Ù�ÔñÕ5Ö>ÔXØ3Ý�Û5Ö>Ó#ÔTÕ�Ý3ôõÖ>Ô�Ö�Û5ö>ÖNÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5åXÝ�Û
ΠΣ û ä�Ö>Ø3Õ5å>Ñ

�! �� �  #  M & � & $ ��� &�(*$ 
�*1á�Ù�Û�Ö�ä�Û5Õ5å´å�æ5ö�ß Ó 2�7 �59;7?7 �:FG��<*2
b
Ù#á

V(a,f , F[t])
ìOÙ�Û5ÖÞ.ÔñÝ�Ö>åTÞ.Ù¬Ö>Ø3Ý�àAÝ�Û�Ó+Þ�ÖlÞ.ß�ÖQÕ�Ö>Ü�ÔñÖ>Ö>å�ï ó[Ó#ÛiÝ�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#ØðÔ�Ö�Õ5æ5öVÞ.Ý3Ù�Û[Þ.Ö�ö�ß�Û5Ý�þ�æ5Ö+Ñ

V(a,f , F[t]b)

V(a,fb−1, F[t]b−1)
? 6 � - . . .

� - V(a,f0, F[t]0)

V(a,f−1, F[t]−1)
? 6

� ë�ê �

ü ß5Ö�Ô�Ö fd ∈ F[t]λd

||a||+d

áãÙ�Ô
−1 ≤ d ≤ b ü Ý3Þ�ß λd ∈ N

Ñ®ÿ;ß5Ý�å�ß�Ó#å8Þ.Ù¾ïrÖ�Ô�Ö�Ó+ÕIÓ#å8áãÙ�Ø3Ø�Ù ü åk~,OÝ3Ô�åñÞ�ß�Ó#å�Þ�Ù¯ö�Ù�àAÚ5æ�Þ.ÖCÓAï�Ó#å�Ý3å�àFÓ+Þ�Ô�Ý .IÙ#á
V(a,fd−1, F[t]d−1)

áãÙ�Ô�ÓAå�ÚrÖ�ö>Ý�ä�ö
fd−1 ∈

F[t]
λd−1

||a||+d−1
ü ß5Ý3ö�ß Þ.ß5Ö�Û Ó#Ø3Ø�Ù ü å¬Þ.Ù ö>Ù#Û5åñÞ�Ô�æ5öVÞ�Þ.ß5Öòï5Ó#å�Ý3å¯àFÓ+Þ.ÔñÝ .¦Ù#á

V(a,fd, F[t]d)
Ñú�Ù ü Þ�ß5Ý�å;Ô�Ö�Õ5æ5öVÞ.Ý3Ù�Û ü Ù�Ô)(�å�Ý�Û[Õ5ÖVÞ�Ó#Ý3Ø�å ü Ý�Ø3Ø�ïrÖNÖ8.)Ú5ØÂÓ+Ý�Û5Ö�ÕiÝ3Û 
)Ö>öVÞ.Ý3Ù�Û±ù�Ñ

��� ��� � M  �.- /1-lø!Ù�Û5åñÝ�Õ5Ö�ÔCÞ�ß5Ö
ΠΣ û ä�Ö>Ø3Õ (Q(t1, t2), σ)

Ù�×�Ö�Ô
Q

ö�Ó+Û5Ù�Û5Ý3ö�Ó#Ø3Ø3óèÕ5Ö�ä�Û�Ö>Õï�ó
σ(t1) = t1 + 1

Ó#Û5Õ
σ(t2) = t2 + 1

t1+1

Ó#Û5Õ åñÖ�Þ
F := Q(t1)

ÑI*�Û Ù�ÔñÕ5Ö>Ô½Þ.ÙIä�Û5ÕZÓï�Ó#åñÝ�å�àFÓ+Þ.ÔñÝ .[Ù#á
V((1,−1), (t2) , F(t2))

ìrÙ�Û�ÖCä�ÔñåñÞ½ö�Ù�àAÚ5æ�Þ�Ö>å½ÓFÕ5Ö�Û5Ù�àAÝ�Û5Ó+Þ.Ù�ÔXïrÙ�æ�Û5ÕÙ#á
V(a,f , F(t))

ì�Ý�Û_Þ�ß5Ý�å'ö�Ó#åñÖ
1
Ñ
ú�Ö>Û5ö�Ö

V(a,f , F(t)) = V(a,f , F[t])
Ñ�ÿ;ß5Ö>Û ÓÃá�Þ.Ö>Ôö>Ù#àFÚ5æ)Þ.Ý�Û�Ü¾ÓQÕ5Ö>Ü#Ô�Ö>Ö�ïrÙ�æ5Û5Õ

b = 2
Ù#á

V(a,f , F[t])
ï�óFÓ+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAåÄÜ�Ý�×�Ö>ÛFÝ�Ûòç�
)ö�ß��	�+ï�îÙ�Û5ÖQÓ+Ú5Ú5Ø�Ý3Ö>å!Þ.ß5ÖNÝ�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#ØðÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û[Þ.Ö�ö�ß�Û5Ý�þ�æ5Ö+Ñ

V((1,−1), (t2) , F(t2))

||

V((1,−1), (t2) , F[t2]2)
�����������	��
�����

b=2
= V((1,−1), (t2) , F[t2])

V(( 1,−1 ), (
−1−2t2−2t1t2

(1+t1)2
,t2 ), F[t2]1)

?6 � - V(( 1,−1 ), (− 1
t1+1 ,−1 ), F[t2]0)

V((1,−1), (0, 0) , F[t2]−1)
?6

*�ÛiÚ�Ó#ÔñÞ�Ý�ö�æ5ØÂÓ#Ô�áãÙ�ÔTÞ�ß5ÖNï�Ó#å�ÖNö�Ó+å�ÖQÝ�Þ;áãÙ�Ø3Ø�Ù ü å!Þ.ß�ÓÃÞ
V((1,−1), (0, 0) , F[t2]−1) =

{
(c1, c2, g) ∈ Q2 × {0} |σ(g) − g = c1 0 + c2 0

}

= {c1 (1, 0, 0) + c2 (0, 1, 0) | c1, c2 ∈ Q}

Ó#Û5Õ Ù�Û�Ö´Ù#ï�Þ�Ó#Ý3Û5å�Þ.ß�Ö´ï5Ó#å�Ý3å½à¯ÓÃÞ.Ô�Ý .
( 1 0 0

0 1 0 )
Ù#á

V((1,−1), (0, 0) , F[t2]−1)
Ñ "
ÓÃÞ.Ö>Ô�Þ.ß5ÖÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#ÛQåñÞ�Ö>Úðì ü ß5Ý3ö�ßNÔ�Ö>Õ�æ5ö>Ö�å
Þ.ß�ÖÄÚ5Ô�Ù#ï5Ø�Ö�à áãÔ�Ù#à Þ.ß�ÖÄå�Ù�Ø3æ�Þ.Ý3Ù�Û'Ô�Ó#Û5Ü�Ö

F[t2]1
Þ�Ù

F[t2]0
ì
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ü Ý�Ø3Ø�ïrÖCö>Ù�Û�å�Ý�Õ�Ö>Ô�Ö�ÕèÝ3Û±àFÙ#Ô�ÖQÕ�Ö�Þ�Ó+Ý�Ø�åXÝ3Û � .5Ó+àFÚ�Ø�ÖCù�Ñ !5Ñ&,OÝ3Û�Ó#Ø3Ø�ó ü Ý�Þ.ßiÞ.ß5Ö�å�Ö¾ÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛÞ.Ö�ö�ß�Û5Ý�þ�æ5Ö�å!Ù�Û5Ö�Õ5Ö�Þ�Ö>ÔñàFÝ3Û5Ö>åÄÞ.ß�Ö�ï�Ó+å�Ý�å8àFÓ+Þ�Ô�Ý . ( 0 1
1 t1 (t2−1)

) Ù#á
V((1,−1), (t2) , F(t2))

Ñ
��� ��� � M  �.-[+.-lø!Ù�Û5åñÝ�Õ5Ö�ÔCÞ�ß5Ö

ΠΣ û ä�Ö>Ø3Õ (Q(t1, t2), σ)
Ù�×�Ö�Ô

Q
ö�Ó+Û5Ù�Û5Ý3ö�Ó#Ø3Ø3óèÕ5Ö�ä�Û�Ö>Õï�ó

σ(t1) = t1 + 1
Ó#Û5Õ

σ(t2) = (t1 + 1) t2
ÑI*�ÛZÙ�ÔñÕ5Ö>Ô'Þ�Ù[ä�Û5Õ Þ�ß5ÖAåñÙ�Ø�æ�Þ�Ý�Ù�Û

g := t2Ù#á
σ(g) − g = t1 t2

Ý3Û 
)Ö>öVÞ.Ý3Ù�Û �)Ñ�ë�ì5Þ�ß5Ö'áãÙ�Ø�Ø3Ù ü Ý3Û5Ü´Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØðÔ�Ö�Õ5æ5öVÞ.Ý3Ù�ÛiÚ5Ô�Ù®ö�Ö>å�å�Ý�åÝ�Û ×�Ù�Ø3×�Ö�ÕðÑ
V((1,−1), (t1 t2) , Q(t1)(t2))

||

V((1,−1), (t1 t2) , Q(t1)[t2]1)
�����������	��
�����

b=1
= V((1,−1), (t1t2) , Q(t1)[t2])

V((1,−1), (0) , Q(t1)[t2]0)
?6 � - V((1,−1), (0) , Q(t1)[t2]−1)ÿ;ß5ÖQö�Ù�àAÚ5Ø�ÖVÞ.Ö'Ô�Ö�Õ5æ5öVÞ.Ý3Ù�ÛiÚ5ÔñÙ®ö>Ö>åñå�áãÙ#ÔXÓ#Ø�Ø�å�æ�ï5Ú5Ô�Ù#ï5Ø�Ö�àFåXÝ3å;Ü�Ý3×�Ö�ÛiÝ3Û � .�Ó+àFÚ5Ø3Ö-�)Ñ�ë�Ñ

�1O �*O��	�*W�fhYQikj?Z �8arj\W � arj\W
$lå�ö�Ó#ÛQïrÖÄå�Ö>Ö�Û¾Ý3Û 
)Ö>öVÞ.Ý�Ù#Û¾í)Ñ $�ì�Ù�Û5ÖÄß�Ó#å�Þ�Ù�ö>Ù#àFÚ�æ�Þ.Ö8Ó;ï�Ó#å�Ý3å�àFÓ+Þ.ÔñÝ .lÙ#á

V(a,f−1, {0})Ý�Û_Þ.ß5ÖFÖ�Û5Õ Ù#á!Þ.ß5ÖFÝ3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#Ø=Ô�Ö�Õ5æ5ö�Þ�Ý�Ù�Û�Ñ
ÿ;ß�Ö>Ù�ÔñÖ>à í)Ñ$ù±Ó+Ø�Ø�Ù ü åNæ5åQÞ�Ù±Ô�Ö>Õ�æ5ö>ÖFÞ�ß5Ý�åÚ5Ô�Ù#ï5Ø�Ö�à Þ.ÙAÓ¬Û�æ5Ø�Ø3å�Ú�Ó#ö�Ö'Ú5Ô�Ù�ï�Ø�Ö>àfÙ+á
F
Ó#å�Ó÷×�Ö>öVÞ.Ù�ÔXå�Ú�Ó+ö>ÖQÙ�×�Ö>Ô

K
Ñ

�! #"%$'& � &)(*$ ��- �.- "�ÖVÞ
F

ïrÖ[Óò×�Ö�ö�Þ�Ù�Ô´åñÚ�Ó#ö�Ö[Ù�×�Ö>Ô
K

Ó#Û5Õ²ö�Ù�Û5å�Ý3Õ5Ö>Ô
Fn

Ó#å´Óò×�Ö�ö�Þ.Ù#Ôå�Ú�Ó+ö>Ö�Ù�×�Ö>Ô
K
Ñ "�ÖVÞ

f ∈ Fn
Ñ
ÿ;ß5Ö>Û

NullspaceK(f) = {c ∈ Kn | c f = 0}
Ý3åCö>Ó#Ø�Ø3Ö>ÕÞ.ß5Öt<1��C�C H �IK�=?7!Ù#á

f
Ù�×�Ö�Ô

K
Ñ

*1áOÙ#Û5Ö'ö>Ù�Û�å�Ý�Õ�Ö>Ô�å
F
Ó#åXÓ÷×�Ö�ö�Þ.Ù#ÔXå�Ú�Ó+ö>ÖNÙ�×�Ö�Ô

K
ì
NullspaceK(f)

Ý3å;ö�Ø�Ö>Ó#Ô�Ø�ó�Ó´åñæ5ï5å�Ú5Ó#ö>ÖÙ#á
Fn

Ù�×�Ö>Ô
K
Ñ�ÿ;ß�ÖQÛ5Ö8.®Þ�åñÝ�àAÚ5Ø3Ö½Ô�Ö�å�æ5Ø�Þ�Ô�Ö�ØÂÓ+Þ�Ö>å

V(a,f , {0}) ü Ý3Þ�ß NullspaceK(f)
Ñ

���  #( �  � ��- � - � 7:J
(F, σ)

�:7 K�254 687:9;7:<>=?7%@B7:CD2 
h4�J��E=?FG<IH:JLK5<1J�@B7:CD2
K
K5<*2�KGH?H:����7

0 6= a ∈ Fm
Kc<}2

f ∈ Fn � � �17:< V(a,f , {0}) = NullspaceK(f) × {0} �

�=Ô�Ù®Ù#á�~��ZÖNß�Ó�×�Ö
c∧g ∈ V(a,f , {0}) ⇔ σag = c f & g = 0

⇔ c f = 0& g = 0

⇔ c ∈ NullspaceK(f) & g = 0

⇔ c∧g ∈ NullspaceK(f) × {0}.

,OÝ3Û�Ó#Ø3Ø�ó¯Ó¬ï�Ó#åñÝ�å;à¯ÓÃÞ.Ô�Ý .�Ù+á
NullspaceK(f)

ö�Ó#ÛiïrÖNö>Ù�àAÚ5æ�Þ�Ö>Õiï�óIØ3Ý�Û�Ö�Ó#Ô;Ó+Ø�Ü�Ö�ï5Ô.Ó)Ñ
�  � � � ��- �.- �'7:J

(F, σ)
�:7 K

ΠΣ
� @B7:CD2�F �57:9

K
K5<*2

f ∈ Fn � � �17:< NullspaceK(f)
4QH

Kv@�<14�J�7�254���7:<IH:4LFG<*K5CyH:� �:H �IK�=?7BF��
Kn


 �1F H 7 �?KGH:4QHB=�K5< �:7B=?F � �*�RJ�7�2 � ��C�4�<>7�K59 K5C ��7 �w9�K �
�=Ô�Ù®Ù#á�~ "�ÖVÞ

f = (f1, . . . , fn) ∈ Fn
Ñ�
)Ý3Û5ö>Ö

F
Ý�å´Ó

ΠΣ û ä�Ö>Ø3Õðì�Ý�Þ÷áãÙ�Ø�Ø3Ù ü å¾Þ.ß�Ó+Þ
F :=

K(t1, . . . , te)
ö�Ó#ÛQïrÖ ü Ô�Ý�Þ�Þ�Ö>ÛQÓ#å�Þ.ß�ÖÄþ®æ�Ù#Þ.Ý3Ö>Û�Þ�ä�Ö�Ø�ÕNÙ#á5Ó;ÚrÙ�Ø�ó)Û�Ù�àFÝ�Ó+Ø#ÔñÝ�Û5Ü

K[t1, . . . , te]
Ñ

�ZÖQö>Ó#Û[ä�Û5Õ±Ó
d ∈ K[t1, . . . , te]

∗ åñæ5ö�ßiÞ.ß�Ó+Þ
g = (g1, . . . , gn) := (f1 d, . . . , fn d) ∈ K[t1, . . . , te].
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c ∈ Kn ü ÖQß�Ó�×�Ö
c f = 0

Ý3á`Ó#Û5ÕiÙ�Û�Ø3ó�Ý�á
c g = 0

Ó+Û5Õ[Þ.ß5Ö�Ô�ÖVáãÙ�Ô�Ö
NullspaceK(f) = NullspaceK(g).

"�Ö�Þ
c1, . . . , cn

ïõÖNÝ3Û5Õ5Ö�Þ�Ö>ÔñàFÝ3Û�Ó+Þ�Ö>åXÓ+Û5Õià¯Ó (#Ö'Þ�ß5ÖQÓ#Û5å.ÓÃÞ.ý
c1 g1 + · · · + cn gn = 0.

ÿ;ß5Ö�Û´Þ.ß�ÖTö�Ù®Ö�Aö>Ý3Ö>Û Þ.å�Ù#áxÖ�Ó+ö�ß÷àFÙ�Û�Ù�àFÝ3Ó#Ø
td1
1 . . . tde

e

Ý�Û
c1 g1+· · ·+cn gn

à÷æ5å/ÞO×+Ó+Û5Ý�åñßðÑÿ;ß5Ö�Ô�Ö�áãÙ#Ô�Ö ü ÖNÜ�Ö�Þ�Ó¬Ø3Ý�Û5Ö>Ó#ÔTåñó®å/Þ.Ö>à Ù#á`Ö>þ�æ�Ó+Þ�Ý�Ù�Û5å
c1 p11+ ... +cn p1n =0ÑÑÑ
cr pr1+ ... +cn prn =0

� ë � �
ü ß5Ö�Ô�ÖZÖ>Ó#ö�ß Ö>þ�æ�ÓÃÞ.Ý�Ù#ÛLö>Ù�ÔñÔ�Ö�å�ÚrÙ�Û5Õ�åiÞ.Ù Ó¦ö>Ù®Ö �Fö�Ý�Ö�Û�Þ±Ù+á÷Ó¦àAÙ�Û5Ù�àAÝ�Ó+Ø ü ß5Ý3ö�ß à÷æ5åñÞ×+Ó#Û�Ý�å�ß�ÑI
)Ý3Û5ö>Ö

pij ∈ K
ìõä5Û5Õ5Ý�Û�ÜIÓ#Ø�Ø

(c1, . . . , cn) ∈ Kn ü ß�Ý�ö�ß_Ó#Ô�Ö÷Ó¯å�Ù�Ø3æ�Þ.Ý3Ù�ÛòÙ#á � ë � �Ý�å�ÓFå�Ý3àFÚ�Ø�ÖNØ�Ý3Û5Ö�Ó#Ô�Ó+Ø�Ü�Ö�ï5Ô.ÓAÚ5ÔñÙ�ï5Ø3Ö>àiÑ *�ÛòÚ�Ó#ÔñÞ�Ý�ö�æ5ØÂÓ+Ô�Ó#Ú5Ú5Ø�ó)Ý3Û5Ü+�NÓ#æ5åñå�ÝÂÓ+ÛòÖ�Ø�Ý3àFÝ�Û�Ó+Þ�Ý3Ù#Û
ü ÖNÜ�Ö�Þ�Ý3àAàAÖ>Õ5Ý�ÓÃÞ.Ö>Ø�ó¯Ó´ï�Ó#å�Ý3å;áãÙ�ÔTÞ�ß5Ö'×�Ö>öVÞ.Ù�ÔXå�Ú�Ó#ö�Ö

{c ∈ Kn | c
Ý3åXÓ¬åñÙ�Ø�æ�Þ�Ý�Ù�ÛIÙ+á � ë � � },

Þ.ß�æ5åXáãÙ#Ô
NullspaceK(g)

Ó#Û5Õiö>Ù#Û5å�Ö�þ®æ�Ö>Û�Þ.Ø�óiÓ#Ø3å�Ù´áãÙ�Ô
NullspaceK(f)

Ñ
�XÆ
	���� Ç�ÈlÎrÊ�� ����È�ÉR��
 � ��Ì�ÍlÎrÉ)Ï%ËÄÈ
*�Û Þ.ß5Ý3åCå�Ö�ö�Þ�Ý�Ù�Û Þ�ß5Ö¯Ý�Û�ö>Ô�Ö�àAÖ>Û�Þ.Ó#Ø8ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�Û àFÖVÞ.ß5Ù®Õ ü Ý�Ø3ØÄïrÖ¯ö�Ù�Û5å�Ý3Õ5Ö>ÔñÖ>Õ Ý�Û Õ5ÖVÞ�Ó+Ý�Ø�å
ü ß5Ý3ö�ß Ö�Û�Ó#ï5Ø3Ö>åQÞ�Ù±Ö>Ø3Ý�àAÝ3Û5Ó+Þ.Ö÷Þ.ß5ÖAÚrÙ�Ø3ó®Û5Ù�àAÝ�Ó#Ø�Õ5Ö�Ü�ÔñÖ>Ö>å¾Ù+áTÞ�ß5ÖFÚrÙ�åñå�Ý3ï5Ø�ÖAåñÙ�Ø�æ)Þ.Ý�Ù#Û5åQÓ#åÝ3Þ ü Ó#å±Ó#Ø3Ô�Ö>Ó#Õ�ó Ý3Ø�Ø�æ5åñÞ�Ô.Ó+Þ�Ö>Õ Ý�Û 
®Ö>ö�Þ�Ý�Ù�Û í)Ñ $�Ñ�Ð±Ù�ÔñÖ Ú5Ô�Ö�ö>Ý3å�Ö�Ø3ó Ù#Û5Ö Ý3å[ö>Ù�Û5ö�Ö>ÔñÛ5Ö>Õ Ý�Ûö>Ù#àFÚ5æ)Þ.Ý�Û�ÜèÓèï5Ó#å�Ý3å÷Ù#á

V(a,f , F[t]d)
áãÙ#Ô

0 6= a ∈ F[t]m ü Ý3Þ�ß l := ||a||
Ó+Û5Õ

f ∈
F[t]nd+l

áãÙ�ÔAå�Ù#àFÖ
d ∈ N0 ∪ {−1}

Ñ�*�ÛtÚ5Ó#ÔñÞ�Ý�ö>æ�ØÂÓ#Ô´Ý3á
d = −1

ìÄÙ�Û5Ö (�Û5Ù ü å¯ß5Ù ü Þ.Ùö>Ù#àFÚ5æ)Þ.Ö½Ó¾ï�Ó#å�Ý3å!à¯ÓÃÞ.Ô�Ý .Aï�óFØ�Ý3Û5Ö�Ó+Ô!Ó+Ø�Ü�Ö�ï5Ô.Ó¾Ó+åTÝ�Þ!Ý�å!Õ�Ö>å�ö�Ô�Ý3ïrÖ>Õ[Ý3Û 
®æ5ï5å�Ö�ö�Þ�Ý�Ù�Ûií)Ñ !5Ñ
)ÙÝ�ÛIÞ�ß5ÖNå�Ö�þ®æ�Ö>Ø ü ÖCÓ#å�åñæ5àAÖ'Þ.ß�Ó+Þ
d ∈ N0

Ñ
�}OQPRO�� fhYQikj\Z �	
Qd�j:WGimo d1d��
*�Û[Þ.ß5ÖNå�Ö�þ�æ5Ö>Ø�ö>Ù�Û5åñÝ�Õ5Ö�Ô

F[t]d−1

Ó#å�Ó¬åñæ5ï5åñÚ�Ó#ö>ÖCÙ+á
F[t]d

Ù�×�Ö>Ô
K

Ó#Û5Õ
td F :=

{
f td | f ∈ F

}

Ó#å�Ó´å�æ5ï5åñÚ�Ó#ö�ÖCÙ#á
F[t]d

Ù�×�Ö>Ô
K
Ñ5ÿ;ß5Ö>ÛiÞ.ß�Ö'áãÙ�Ø�Ø3Ù ü Ý3Û5Ü´Õ�Ý�Ô�Ö�ö�ÞXå�æ5à
F[t]d = F[t]d−1 ⊕ td F

� � � �
áãÙ�Ø3Ø�Ù ü å�Ý�àAàAÖ>Õ�ÝÂÓÃÞ.Ö�Ø�ó�Ñ *�Û Õ5ÝÂÓ+Ü�Ô.Ó#à � ë�ê � Ù#á 
)Ö�ö�Þ.Ý3Ù�Û_í)Ñ $¯Ý�Þ ü Ó#å'Ó#Ø�ÔñÖ�Ó#Õ)ó±Ý�Û�Õ5Ý�ö>Ó+Þ.Ö�ÕòÞ�ÙÓ#ö�ß5Ý�ÖV×�Ö'Þ.ß5ÖNÕ5Ö�Ü�Ô�Ö�ÖQÖ>Ø3Ý�àAÝ3Û5Ó+Þ.Ý�Ù�Û

V(a, f , F[t]d)

V(a, f̃d−1, F[t]d−1)

? 6
� � ���
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áãÙ�Ô�å�Ù#àFÖ

f̃ ∈ F[t]λd+l−1
ü Ý�Þ.ß λ ≥ 1

Ñ3$�å ü Ý3Ø�Ø#ïrÖÄÖ8.)Ú5Ø�Ó#Ý�Û�Ö>ÕQÝ3Û'Þ.ß5ÖÄåñÖ>þ�æ5Ö>Ø�Ù�Û5Ö=ä�ÔñåñÞ�Þ.ÔñÝ�Ö�åÞ.ÙCå�Ù#Ø3×�Ö�å�Ù�àAÖ�(®Ý3Û5ÕFÙ#áðÕ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö�Ö>þ�æ�Ó+Þ�Ý�Ù�ÛFÚ5ÔñÙ�ï5Ø�Ö�àâÝ3Û
td F

ì�å.Ó�ó
I(a,f , td F)

ì ü ß5Ý3ö�ßü Ý�Ø3Ø�ïrÖXÝ3Û�Þ�Ô�Ù®Õ5æ5ö�Ö>Õ¬Ý�Û��lÖ�ä5Û5Ý3Þ�Ý�Ù�Û¬ù�Ñ�ë�Ñ ú�Ó�×®Ý�Û5Ü½Þ.ß5Ý3å=å�Ù#Ø�æ�Þ�Ý�Ù�Û÷Ý�Û´ß�Ó#Û5Õ�å>ì Ù�Û5Ö;ö>Ù#àFÚ5æ)Þ.Ö>åÓ#Û
f̃ ∈ F[t]λd+l−1

áãÙ#Ô�åñÙ�àFÖ
λ ≥ 1

Ó+Û5Õ±Þ�Ô�Ý3Ö>åXÞ�ÙFå�Ù�Ø�×�ÖNÞ.ß5ÖQÚ5Ô�Ù#ï5Ø�Ö�à
V(a, f̃ , F[t]d−1)

Ñÿ;ß5Ö�Û ä5Û�Ó#Ø�Ø�ó¦Ù�Û�Öòö�Ó#ÛtÕ�Ö>Ô�Ý�×�ÖèÓZå�Ù�Ø3æ�Þ.Ý3Ù�Û áãÙ�ÔAÞ�ß5ÖòÙ�Ô�Ý3Ü�Ý3Û�Ó#Ø;Ú�Ô�Ù�ï5Ø3Ö>à
V(a,f , F[t]d)ï�ó æ5å�Ý3Û5Ü Þ.ß5ÖIå�Ù�Ø3æ�Þ.Ý3Ù�Û5å÷Ù#á

V(a, f̃ , F[t]d−1)
Ó#Û5Õ

I(a,f , td F)
Ñ *�Û Ù#Þ�ß5Ö>Ô ü Ù�ÔñÕ5å´Þ.ß5Öå�Ù�Ø3æ�Þ.Ý3Ù�ÛtÝ�Û

F[t]d
Ý3å�Ù�ï�Þ.Ó#Ý�Û5Ö�Õ ï�ótö>Ù#à÷ï5Ý�Û5Ý3Û5Ü å�Ù�Ø3æ�Þ.Ý3Ù�Û5å¯Ý�Û

td F
Ó#Û�Õ

F[t]d−1

áãÔñÙ�àå�ÚrÖ�ö>Ý3ä5öQå�æ5ï�Ú5Ô�Ù�ï�Ø�Ö>àAå>Ñ5ÿ;ß5Ý�å;Ý�å;Ý�Û Þ.æ5Ý�Þ.Ý�×�Ö�Ø3óFÔ�Ö���Ö>öVÞ.Ö>Õ±ï�óIÖ>þ�æ�ÓÃÞ.Ý3Ù�Û � ��� � Ñ,OÝ3Û�Ó#Ø3Ø�óAÞ.ß5ÖNÝ3Û5ö>ÔñÖ>àAÖ>Û�Þ.Ó#ØðåñÙ�Ø�æ�Þ�Ý�Ù�ÛIåñÚ�Ó#ö�ÖQÝ�å;Ý�Û Þ.ÔñÙ®Õ5æ5ö>Ö�ÕðÑ
�! #"%$'& � &)(*$ � - /1- "�Ö�Þ

(F(t), σ)
ïrÖ�Ó

ΠΣ û Ö8.®Þ�Ö>Û5åñÝ�Ù�ÛFÙ#á
(F, σ) ü Ý�Þ.ßFö�Ù�Û5å/Þ�Ó#Û Þ�ä�Ö�Ø�Õ

K
Ñ

"�Ö�Þ
0 6= a ∈ F[t]m ü Ý�Þ.ß l := ||a||

Ó#Û5Õ±Ø�Ö�Þ
f ∈ F[t]d+l

áãÙ�ÔXå�Ù#àFÖ
d ∈ N0

Ñ �ZÖCÕ5ÖVä�Û5ÖÞ.ß5Öt4�<>=:9;7���7:<1JLK5C�H FGC���J 4LFG<EH �IK�=?7!ï ó
I(a,f , td F) := {c∧g ∈ Kn × td F |σag − cf ∈ F[t]d+l−1}.

ø!Ø�Ö>Ó#Ô�Ø�óiÞ�ß5Ö÷Ý�Û5ö�Ô�Ö�àFÖ�Û�Þ.Ó#Ø`å�Ù�Ø3æ�Þ.Ý3Ù�Ûòå�Ú5Ó#ö>Ö
I(a,f , td F)

Ý�å½Ó¯×�Ö�ö�Þ�Ù�Ô'åñÚ�Ó#ö>Ö´Ù�×�Ö>Ô
K
Ñ%*%ÛÞ.ß5Ö¯Û5Ö8.®Þ´å�æ5ï�å�Ö>öVÞ.Ý3Ù�Û²Ý3Þ¾Ý�åCå�ß5Ù ü Û²Þ�ß�Ó+Þ¾Þ�ß5Ö�Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#Ø8å�Ù�Ø3æ�Þ.Ý3Ù�ÛZå�Ú�Ó#ö�ÖIÝ3å÷Ó±ä�Û�Ý3Þ.ÖÕ5Ý�àAÖ�Û5å�Ý3Ù�Û�Ó#Øx×�Ö�ö�Þ�Ù�Ô;åñÚ�Ó#ö>Ö'Ù�×�Ö>Ô

K
ì�Ó#Û5ÕIÝ3Þ!Ý�å!Ö8.)Ú5Ø�Ó#Ý�Û�Ö>ÕIß�Ù ü Ù�Û5Ö½ö�Ó+Û[Ù#ï�Þ�Ó#Ý3ÛIÓ÷ï5Ó#å�Ý3åï�ó´åñÙ�Ø3×®Ý3Û5ÜNÚ�Ó+Ô.Ó#àAÖ�Þ�Ö>ÔñÝ�ý>Ö�Õ¬Ø�Ý�Û�Ö�Ó#Ô�Õ�Ý3ôõÖ>ÔñÖ>Û5ö�Ö�Ö>þ�æ�ÓÃÞ.Ý3Ù�Û5åÄÝ�Û´Þ�ß5ÖXÕ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö;ä�Ö>Ø3Õ

(F, σ)
ÑúlÓ�×®Ý�Û5Ü´Þ.ß�Ý�å;Ý�Û[àAÝ�Û5Õ�ì)Þ.ß5ÖNÕ5Ö�Ü�Ô�Ö�ÖQÖ>Ø3Ý�àAÝ�Û�Ó+Þ�Ý3Ù#Û � �)ë � Ý�å;Õ5Ù�Û�ÖQÓ#å;áãÙ�Ø3Ø�Ù ü åw~

V(a,f , F[t]d)
HH
1.

jYHH3.
I(a,f , td F)

���
2.V(a, f̃ , F[t]d−1)

3.6 � ��� �
ë�Ñ�,`Ý�Ô�å/ÞXÙ�Û�ÖQÓ+Þ�Þ�Ö>àAÚ�Þ.åTÞ.Ù¬ö>Ù#àFÚ5æ)Þ.ÖQÓ´ï�Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á

I(a,f , td F)
Ñ

�)Ñ � Ý�Þ.ß¬Þ.ß5Ý3å8ï�Ó+å�Ý�åÄà¯Ó+Þ�Ô�Ý .¬ÓQåñÚrÖ>ö>Ý�ä�ö
f̃ ∈ F[t]λd+l−1

ì
λ ≥ 1

ì�Ý�åÄö>Ù#àFÚ5æ)Þ.Ö>Õ ü ß5Ý3ö�ßFÝ�å
Ö/.)Ú5ØÂÓ#Ý3Û5Ö>Õ÷Ø�Ó+Þ.Ö�Ô>Ñq��Ù ü Ù#Û5Ö!Þ.ÔñÝ�Ö�åOÞ�Ù'ö�Ù�àAÚ5æ�Þ�Ö;Ólï�Ó#åñÝ�å�àFÓ+Þ�Ô�Ý .CÙ+á

V(a, f̃ , F[t]d−1)
Ñ

$�Ñ?�'Ý3×�Ö�Û¯Þ�ß5Ölï�Ó#å�Ý3å!àFÓ+Þ.ÔñÝ�ö�Ö>å�Ù#á
V(a, f̃ , F[t]d−1)

Ó+Û5Õ
I(a,f , td F)

Ù�Û5Ö�ä�Û5Ó#Ø�Ø�ó¬ö�Ó#Ûö�Ù�àAÚ5æ�Þ.ÖNÓ¬ï�Ó+å�Ý�å;à¯ÓÃÞ.Ô�Ý .�Ù+á`Þ�ß5ÖNå�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú�Ó+ö>Ö
V(a,f , F[t]d)

Ñ
,OÝ3Û�Ó#Ø3Ø�ó ü Ö Þ.Ôñó Þ.Ù¦àAÙ#Þ�Ý3×+ÓÃÞ.Öòß5Ù ü Þ�ß5Ý�å�å�ÚrÖ�ö>Ý�ä�ö

f̃
Ý3åIö�Ù�àAÚ5æ�Þ.Ö�ÕðÑ *1á

g ∈ td F
ì!ï�ó

"�Ö>àAà¯Ó !�ÑV�½Ý3Þ�áãÙ�Ø3Ø3Ù ü åOÞ�ß�Ó+Þ ||σag|| ≤ ||a||+ ||g|| = l+d
Ñ�,�æ�ÔñÞ.ß�Ö>Ô�àAÙ�ÔñÖTáãÙ�ÔÄÓ#Û ó

c ∈ Knü ÖXß5Ó�×�Ö ||c f || ≤ l+d
Ñ�*�ÛAÙ+Þ.ß5Ö�Ô ü Ù�Ô�Õ�å>ì�Þ�ß5Ö;Ý�Û5ö�Ô�Ö�àFÖ�Û�Þ�Ó+Ø�å�Ù�Ø3æ�Þ.Ý3Ù�Û÷å�Ú�Ó#ö�Ö

I(a,f , td F)Õ5Ö>Ø3Ý3×�Ö�Ô�å�æ5åTÓ#Ø3Ø
c ∈ Kn

Ó#Û5ÕIÓ+Ø�ØxÖ�Ø�Ö�àFÖ�Û�Þ.å
g ∈ td F

åñæ5ö�ß�Þ.ß�ÓÃÞ�Þ.ß5Ö
l + d û Þ�ß¯ö>Ù®Ö �Aö>Ý3Ö>Û�Þ>ìÞ.ß5Ö�ö>Ù®Ö �Fö�Ý�Ö�Û�ÞTÙ#á�ß�Ý�Ü�ß5Ö�åñÞ!ÚrÙ�åñå�Ý3ï5Ø�Ö�Õ�Ö>Ü�ÔñÖ>Ö+ì�Ù+áðÞ.ß5Ö�ÚrÙ�Ø3ó®Û5Ù�àAÝ�Ó#Ø

σag− cf ∈ F[t]l+d−1×+Ó#Û�Ý�å�ß�Ö>å>Ñ�ÿ;ß5Ý�å ü Ý3Ø�ØrïrÖ½Ö8.�Ó#öVÞ.Ø�óFÞ.ß5ÖW(#ÖVó û Ú5Ô�Ù#ÚrÖ>ÔñÞ�ó¯áãÙ�Ô�Þ.ß�Ö'ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛðÑI�lÓ+àFÖ�Ø3ó#ì)Ý3áðÞ.ß5Öå�ÖVÞ
{c1∧g1, . . . , cλ∧gλ}

Ý�åXÓ¬ï5Ó#å�Ý3åXÙ#á
I(a,f , td F)

ì5Õ5Ö�ä�Û�Ö
f̃ := (h1, . . . , hλ)

ü Ý3Þ�ß
hi := σagi − cif ∈ F[t]l+d−1.

ÿ;ß5Ö�Û¯ö>Ù#àFÚ5æ)Þ.Ý�Û�ÜQÓNï�Ó+å�Ý�å=Ù#áõÞ.ß5ÖXå�Ù#Ø�æ�Þ�Ý�Ù�Û´å�Ú5Ó#ö>Ö
V(a, f̃ , F[t]d−1)

ü Ý3Ø�Ø5Ó#Ø3Ø�Ù ü æ5å=Þ.ÙQØ3Ý3á�ÞÞ.ß5ÖNÚ5ÔñÙ�ï5Ø3Ö>à Þ.Ù
V(a,f , F[t]d)

Ó#åXÝ�Þ ü Ý3Ø�Ø�ïrÖNÕ5Ö>åñö>ÔñÝ�ïrÖ>Õiáãæ5Ô/Þ.ß5Ö�ÔXÝ�Û 
®Ö>ö�Þ�Ý�Ù�Ûiù�Ñ !�Ñ
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 ��W��>iwa#Y[x � dRUIZ\W �1Z�� fhY 
[Z\iwacZ:YQdRU�jTa#U*V�� ikarV.^*acZ:YQdIU*j
$låOÓ#Ø3Ô�Ö>Ó#Õ�ó'Õ5Ö>åñö>Ô�Ý3ïrÖ>Õ´Ó#ïrÙ�×�Ö#ì�Þ�ß5Ö�Ú5ÔñÙ�ï5Ø3Ö>à

V(a,f , F[t]d)
Ý3å
Ô�Ö�Õ5æ5ö>Ö�Õ÷Þ�Ù�å�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>àAå

I(a,f , td F)
Ó#Û�Õ

V(a, f̃ , F[t]d−1)
Ñ�ÿ;ß5Ö>Û�ö>Ù#àFÚ5æ)Þ.Ý�Û�ÜQÞ�ß5Ù�å�Ö�ï�Ó#åñÝ�å8à¯Ó+Þ�Ô�Ý3ö>Ö�å�Ó#Ø3Ø�Ù ü å8æ�åÞ.ÙIÔ�Ö�ö>Ù#Û5åñÞ.Ôñæ5ö�ÞQÓIï5Ó#å�Ý3å'àFÓ+Þ.ÔñÝ .

V(a,f , F[t]d)
Ñ#"�Ù®Ù�(®Ý3Û5Ü�ö>Ø3Ù�å�Ö�ÔNÓ+Þ � ��� � Ù�Û5Ö´Ù#ï�Þ�Ó#Ý3Û5åÞ.ß5ÖNÕ5Ý3Ô�Ö�ö�Þ�åñæ5à

F[t]d =
⊕d

i=0 ti F
Ù+á

F[t]d
ÑrÐiÙ�Ô�ÖNÜ�Ö�Û5Ö>Ô�Ó#Ø�Ø�ó¯Þ�ß5Ö>ÔñÖQÝ3å;Þ�ß5ÖNÕ5Ý�ÔñÖ>ö�ÞXå�æ5à

F[t] =
⊕

i∈N0
ti F ü ß5Ö�Ô�Ö ti F

Ý�å;Ý�Û Þ.Ö�Ô�Ú5ÔñÖ�Þ.Ö�Õ±Ó¬å�æ�ï5å�Ú�Ó+ö>ÖCÙ#á
F[t]

Ù�×�Ö�Ô
K
Ñ&
)Ý3Û5ö>Ö

(ti F)(tj F) = ti+j F.

áãÙ�Ô�Ó#Û ó
i, j ∈ N0

Þ�ß5ÖCå�Ö�þ®æ�Ö>Û5ö>Ö
〈ti F〉i∈N0

Ý3å�Ó �59�Kr25��K5J 4LFG<�Ù+á
F[t]

Ñ&,�æ5ÔñÞ.ß�Ö>Ô�àAÙ�ÔñÖ ü Öß�Ó�×�ÖNÞ.ß5Ó+Þ
∀i, j ∈ N0 F[t]i F[t]j = F[t]i+j

Ó#Û5Õ ⋃

i∈N0

F[t]i = F[t],

Ó#Û5Õ�ö>Ù#Û5å�Ö�þ®æ�Ö>Û�Þ.Ø�ó
〈F[t]i〉i∈N0

Ý3åTÓ @�C�J09�K5J04LFG<÷Ù#á
F[t]

Ñ#*1á�Ù�Û�Ö½Ü#Ù®Ö>å!Ù�Û�Ý�ÛFÞ�ß5ÖlÔ�Ö>Õ�æ5ö�Þ�Ý�Ù�Û
� ��� � ì#åñÖ>Ö�Ó#Ø3å�Ù-
)Ö�ö�Þ�Ý�Ù�Û¬ù�Ñ�í®ì�Ù#Û5ÖXÓ#öVÞ.æ�Ó#Ø3Ø3óCö�Ù�àAÚ5æ�Þ.Ö�å�Þ.ß5Ö;å�Ù#Ø�æ�Þ�Ý�Ù�Û÷åñÚ�Ó#ö>Ö

V(a,f , F[t]d)ï�óiö>Ù�àAÚ5æ�Þ�Ý�Û5ÜFÝ�Û�ö>Ô�Ö�àAÖ>Û�Þ.Ó#Ø
åñÙ�Ø�æ)Þ.Ý�Ù#Û±å�Ú�Ó+ö>Ö>å½Ý3Û±Þ.ß5ÖCä5Ø3Þ.Ô�Ó+Þ.Ý3Ù#Û
〈ti F〉i∈N0

Ù#á
F[t]

Ó#Û5ÕÙ�ï�Þ.Ó#Ý�Û�å;åñÞ.Ö�Ú±ï�óIå/Þ.Ö>Úiå�Ù�Ø3æ�Þ.Ý3Ù�ÛIå�Ú�Ó+ö>Ö�å�Ý�ÛIÞ�ß5ÖNÜ�Ô.Ó+Õ5æ�Ó+Þ�Ý�Ù�Û
〈F[t]i〉i∈N0

Ù#á
F[t]

Ñ
�}O �}O��	�*W�S?U*xyiwWq_`WqUIZ\a 
 ]�d�
p^}Z:YQdRU�]�>arxyW
*�ÛèÞ�ß5Ö÷åñÖ>þ�æ5Ö�Ø ü Ö ü Ý�Ø3Ø
Ö/.)Ú5Ø�Ù�ÔñÖ¾å�Ù�àAÖ¾Ú5ÔñÙ�ÚrÖ>Ô/Þ.Ý3Ö>ålÙ#á=Þ�ß5Ö÷Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#Ø
å�Ù#Ø�æ�Þ�Ý�Ù�Û±å�Ú�Ó+ö>Ö
I(a,f , td F)

ì Û�Ó#àAÖ>Ø�ó÷Þ�ß�Ó+Þ8Ý3ÞÄÝ�å8Ó'ä�Û5Ý�Þ.Ö;×�Ö>öVÞ.Ù�Ô8å�Ú5Ó#ö>Ö�Ù�×�Ö>ÔÄÞ�ß5Ö�ö>Ù�Û5å/Þ�Ó#Û Þ8ä�Ö>Ø3Õ
K
ì�Ó#Û5Õß5Ù ü Ù�Û5ÖNö>Ó#Û[ä�Û5Õ±Ó¬ï�Ó+å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á

I(a,f , td F)
Ñ

��� ��� � M  � - /1-lø!Ù�Û5åñÝ�Õ5Ö�ÔCÞ�ß5Ö
ΠΣ û ä�Ö>Ø3Õ (Q(t1, t2), σ)

Ù�×�Ö�Ô
Q

ö�Ó+Û5Ù�Û5Ý3ö�Ó#Ø3Ø3óèÕ5Ö�ä�Û�Ö>Õï�ó
σ(t1) = t1 + 1

Ó#Û�Õ
σ(t2) = t2 + 1

t1+1

Ñ ,�Ù�Ô
c1, c2 ∈ Q

Ó#Û5Õ
w ∈ Q(t1)

ü ÖQß�Ó�×�Ö
(c1, c2, t2 w) ∈ I(( 1,−1 ), ( −1−2 t2−2 t1 t2

(1+t1)2
, t2 ), t2 Q(t1))<�� J 0 ��� L

⇔ c1
−1 − 2 t2 − 2 t1 t2

(1 + t1)2
+ c2 t2 − ( σ(t2 w) − t2 w) ∈ Q(t1)

⇔ c1

(
−

1

(t1 + 1)2
−

2

t1 + 1
t2
)

+ c2 t2 − ( (t2 +
1

t1 + 1
)σ(w) − t2 w) ∈ Q(t1)

⇔
−2 c1

t1 + 1
+ c2 − (σ(w) − w) = 0 ⇔ (c1, c2, w) ∈ V((1,−1),

(
−2

t1 + 1
, 1

)

, Q(t1)).

ÿ;ß5Ý3åOÙ�ï5åñÖ>Ôñ×ÃÓ+Þ.Ý3Ù�Û÷Ö�Û�Ó#ï5Ø3Ö>å`Þ.Ùlö�Ù�àFÚ�æ�Þ.Ö!Ólï�Ó+å�Ý�å`àFÓ+Þ.ÔñÝ .NÙ#á
I(( 1,−1 ), ( 1

(t1+1)2
,1 ), Q(t1))

~

ë�Ñ�ø!Ù#àFÚ5æ)Þ.Ö>Õ±Ó´ï�Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .
( 0 0 1

0 1 t1 )
Ù+á

V(( 1,−1 ), ( 1
(t1+1)2

,1 ), Q(t1))
Ñ

�)ÑXÿ;ß�Ö>Û ( 0 0 t2
0 1 t2 t1

) Ý3åXÓ¬ï�Ó+å�Ý�å;à¯ÓÃÞ.Ô�Ý .�Ù+á
V(( 1,−1 ), ( 1

(t1+1)2
,1 ), Q(t1))

Ñ
��� ��� � M  � -[+�-Äø!Ù�Û5åñÝ�Õ5Ö�ÔÄÞ.ß5Ö

ΠΣ û ä�Ö>Ø3Õ (Q(t1, t2), σ)
Õ5ÖVä�Û5Ö�Õ�ï ó

σ(t1) = t1 +1
Ó#Û5Õ
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σ(t2) = (t1 + 1) t2 �
Ø�ÖVÞ

f := (1 + (3 + 3 t1 + t21) t2 + (6 + 10 t1 + 6 t21 + t31) t22) = (f)Ó#Û5Õ
a := (t2, 1,−t2, t2)

Ñ�ÿ;ß5Ö�ÛiáãÙ�Ô
c ∈ Q

Ó#Û5Õ
w ∈ Q(t1)

ü ÖNß�Ó�×�Ö
(c, t2 w) ∈ I(a,f , t2 Q(t1))

<�� J 0 � � J
⇔ c f − σa(t2 w) ∈ Q(t1)[t2]1

⇔ c f − (t2 σ3(w t2) + σ2(t2 w) − t2 σ(t2 w) + t22 w) ∈ Q(t1)[t2]1

⇔ c f − (t2 (t1 + 3)(t1 + 2)(t1 + 1) t2 σ3(w) +

(t1 + 2)(t1 + 1) t2 σ2(w) − t2 (t1 + 1) t2σ(w) + t22 w) ∈ Q(t1)[t2]1

⇔ c (6 + 10 t1 + 6 t21 + t31) −
(
(t1 + 3)(t1 + 2)(t1 + 1)σ3(w) − (t1 + 1)σ(w) + w

)
= 0

⇔ (c, w) ∈ V(ã, f̃ , Q(t1))

ü ß5Ö�Ô�Ö f̃ := (6 + 10 t1 + 6 t21 + t31)
Ó#Û5Õ

ã := ((t1 + 3)(t1 + 2)(t1 + 1), 0,−(t1 + 1), 1)
Ñ

ÿ;ß5ÖTØÂÓ#å/Þ�Ö/.�Ó#àAÚ5Ø�Ö�àFÙ#Þ�Ý3×+ÓÃÞ.Ö�åOæ�åOÞ.Ù½Õ5ÖVä�Û5Ö!Þ.ß5ÖTåñÙ'ö>Ó#Ø�Ø3Ö>Õ
σ û á�Ó#ö�Þ�Ù�Ô�Ý�Ó#Ø�ìÃÓlÜ�Ö>Û�Ö>Ô.Ó+Ø�Ý3ý�Ó+Þ�Ý�Ù#ÛÙ#á
Þ.ß5ÖNæ5åñæ�Ó#Øðá�Ó#ö�Þ�Ù�Ô�Ý�Ó#Ø3å>Ñ

�! #"%$'& � &)(*$ � -[+.- "�Ö�Þ
(F, σ)

ïõÖ¾ÓFÕ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖCä�Ö>Ø3ÕðÑrÿ;ß5Ö�Û ü Ö¾Õ5ÖVä�Û5ÖCÞ.ß5Ö
σ û á�Ó+ö�Þ.Ù#Ô�ÝÂÓ+ØÙ#á

f ∈ F
å�ß�Ý3á�Þ.Ö�Õ ü Ý�Þ.ß k ∈ N0

ï�ó
(f)k =

∏k−1
i=0 σi(f)

Ñ
��� ��� � M  � - ��- "�Ö�Þ

(F(t), σ)
ïrÖ�Ó

Π û Ö8.®Þ�Ö>Û5åñÝ�Ù�ÛFÙ#á
(F, σ) ü Ý�Þ.ß σ(t) = α t

Ñ ÿ;ß5Ö�ÛFáãÙ�Ô
k ≥ 0 ü ÖQß�Ó�×�Ö

σk(t) = (α)k t
Ñ

"�Ö>àAà¯Ólù�Ñ�ë;å�æ5àAàFÓ#Ô�Ý3ý>Ö�åOÞ�ß5ÖTÙ�ï5å�Ö�Ôñ×+ÓÃÞ.Ý�Ù#Û5å�áãÔñÙ�à Þ.ß5ÖTÚ5Ô�ÖV×®Ý�Ù�æ�å � .�Ó#àFÚ�Ø�Ö>å=ù)Ñ3ë;Ó#Û5Õ¬ù�ÑV�
�  � � � � - /1- � 7:J

(F(t), σ)
�:7`K

ΠΣ
��7 �cJ�7:<IH:4LFG< F��

(F, σ)
=�K5<>FG<14L=�K5C�C��e2�7)@�<>7�2 � �

σ(t) = α t + β
��FG9 H F ��7

α ∈ F∗ � β ∈ F �
� 7:J

0 6= a = (a1, . . . , am) ∈ F[t]m

h4�J�

l := ||a||
K5<*2

f ∈ F[t]nd+l

��FG98H F ��7
d ∈ N0

� � �17:<

c∧(w td) ∈ I(a,f , td F) ⇔ c∧w ∈ V(ã, f̃ , F)


 �17:9;7
0 6= ã :=

(
[a1]l (α)d

m−1 , . . . , [am]l (α)d
0

)
∈ Fm

K5<*2
f̃ := [f ]d+l ∈ Fn �

�=Ô�Ù®Ù#á�~��ZÖNß�Ó�×�Ö
c∧(w td) ∈ I(a,f , td F)

m

σa(w td) − c f ∈ F[t]d+l−1

m

a1 σm−1(w td) + · · · + am w td − c f ∈ F[t]d+l−1

m

a1 σm−1(w) (α)d

m−1 td + · · · + am−1 σ(w) αd td + am w td − c f ∈ F[t]d+l−1

m
[

a1 σm−1(w) (α)d

m−1 td + · · · + am−1 σ(w) αd td + am w td − c f
]

d+l
= 0
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m

[a1]l σm−1(w) (α)d

m−1 + · · · + [am−1]l σ(w) αd + [am]l w − c [f ]d+l
︸ ︷︷ ︸

f̃

= 0

m

σãw = c f̃

m

c∧w ∈ V(ã, f̃ , F)ü ß5Ö�Ô�Ö ã
Ó#Û�Õ

f̃
Ó+å;áãÔ�Ù�à Ó+ïrÙ�×�Ö+Ñÿ;ß5Ö;Û5Ö/.®Þ=Þ.ß�Ö>Ù�ÔñÖ>à Ý�å�ÓlÜ�Ö>Û�Ö>Ô.Ó+Ø�Ý�ý>Ó+Þ.Ý3Ù#Û¾Ù#áxÿ;ß5Ö>Ù#Ô�Ö>à ë�ùlÝ�ÛIçéÒQÓ+Ô.ê�ë�î ü ß5Ý3ö�ß´Ý3å�Ö/.®Þ.Ö�Û5Õ5Ö>ÕáãÔ�Ù�à Þ�ß5Ö'ä�ÔñåñÞ�Ù�Ô�Õ�Ö>ÔXö>Ó#å�ÖNÞ�Ù¬Þ�ß5ÖNß5Ý�Ü#ß5Ö>Ô;Ù�ÔñÕ5Ö>Ô;ö�Ó#åñÖQÙ#á`Ø�Ý3Û5Ö�Ó#Ô!Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖQÖ�þ®æ5Ó+Þ.Ý3Ù�Û5å>Ñ

���  #( �  � � - /}-	� 7:J
(F(t), σ)

�:7{K
ΠΣ

��7 �cJ�7:<IH:4LFG< F��
(F, σ)


h4�J���=?FG<IH:JLK5<1J�@B7:CD2
K=�K5<>FG<14L=�K5C�C��e2�7)@�<>7�2 � �

σ(t) = α t + β
��FG9{H F ��7

α ∈ F∗ � β ∈ F �
� 7:J

0 6= a =
(a1, . . . , am) ∈ F[t]m


h4�J��
l := ||a|| � f ∈ F[t]nd+l

��FG9�H F ��7
d ∈ N0

K5<*2tCQ7:J
0 6= ã :=

(
[a1]l (α)d

m−1 , . . . , [am]l (α)d
0

)
∈ Fm

K5<*2
f̃ := [f ]d+l ∈ Fn � � �17:< I(a,f , td F)

4QH{K
@�<14�J�7254���7:<IH:4LFG<*K5C �57?=:J�FG9 H �IK�=?7nF �57:9

K � K5<*2 C∧w
4QH8K �?KGH:4QH �{K5J 9\4 ��F��

V(ã, f̃ , F)4 ��K5<*2bFG<1C��{4 �
C∧(w td)

4QHmK �?KGH:4QH �{K5J09\4 �`F��
I(a,f , td F) �

�=Ô�Ù®Ù#á�~ ��ó �=Ô�Ù�ÚrÙ#å�Ý3Þ�Ý�Ù�Û $�Ñ�ë
V(ã, f̃ , F)

Ý�å´Óèä�Û5Ý�Þ.Ö�Õ5Ý�àAÖ>Û5åñÝ�Ù#Û�Ó#Ø8×�Ö�ö�Þ.Ù#Ô¬å�Ú�Ó#ö�Ö[Ù�×�Ö�Ô
K
Ñrú�Ö>Û�ö>ÖCÞ.ß5Ö�Ô�ÖCÝ�å�ÓAï�Ó+å�Ý�å

{ci∧wi | 1 ≤ i ≤ r} ⊆ Kn × F
áãÙ�Ô

V(a, f̃ , F)
Ñrÿ;ß�Ö>Ûèï�ó

"�Ö>àAà¯Ó�ù�Ñ�ë {
ci∧wi t

d | 1 ≤ i ≤ r
} å�Ú�Ó#Û�åOÞ.ß5Ö!Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#Ø�×�Ö�ö�Þ�Ù�Ô�åñÚ�Ó#ö�Ö

I(a,f , td F)Ù�×�Ö�Ô
K
ÑTú�Ö�Û5ö>Ö

I(a,f , td F)
Ý�å�Ó ä5Û5Ý3Þ�ÖèÕ5Ý�àAÖ>Û5åñÝ�Ù#Û�Ó#ØX×�Ö>öVÞ.Ù�ÔIå�Ú�Ó+ö>Ö_Ù�×�Ö>Ô

K
ÑXø!Ù#Û ûÞ.Ô�Ó#ÔñóiØ�ÖVÞ {

ci∧wi t
d | 1 ≤ i ≤ r

}
⊆ Kn × (td F)

ïrÖ÷Ó¯ï�Ó+å�Ý�å�áãÙ#Ô
I(a,f , F)

Ñõÿ;ß5Ö�Û_ï ó
"�Ö>àAà¯ÓQù�Ñ�ë�Þ�ß5ÖlåñÖ�Þ

{ci∧wi | 1 ≤ i ≤ r}
åñÚ�Ó#Û5å�Þ.ß�Ö�×�Ö�ö�Þ�Ù�Ô!å�Ú5Ó#ö>Ö

V(a, f̃ , F)
Ù�×�Ö>Ô

K
ÑÐ±Ù�ÔñÖ>Ù�×�Ö>ÔXÞ�ß5ÖNå�ÖVÞ

{ci∧wi ∈ Kn × F | 1 ≤ i ≤ r}
Ý�å;Ø3Ý�Û5Ö>Ó#Ô�Ø�óFÝ�Û�Õ5Ö>ÚrÖ�Û5Õ5Ö>Û Þ�Ù�×�Ö�Ô

K
Ý3áÓ#Û5Õ Ù#Û5Ø3óòÝ3á {

ci∧wi t
d ∈ Kn × (td F) | 1 ≤ i ≤ r

} Ý�å'Ø3Ý�Û5Ö>Ó#Ô�Ø�ó±Ý�Û5Õ�Ö>ÚrÖ>Û�Õ5Ö>Û ÞCÙ�×�Ö�Ô
K
Ñú�Ö�Û5ö>ÖNÞ.ß�ÖNÞ�ß5Ö>Ù#Ô�Ö�à Ý3å;Ú5Ô�Ù�×�Ö>ÛðÑÿ;ß5ÖQÔ�Ö>Õ�æ5ö�Þ�Ý�Ù�ÛiàFÙ+Þ.Ý3×ÃÓ+Þ.Ö�Õ[Ý�Û � .�Ó#àAÚ5Ø�ÖNù�Ñ3ëCÓ+Û5ÕiáãÙ�Ôñà¯Ó#Ø3Ý�ý>Ö�ÕiÝ3Ûiÿ;ß5Ö�Ù�Ô�Ö�à ù)Ñ3ëQÝ�å;Ô�Ö>Ú ûÔ�Ö�å�Ö>Û Þ.Ö�Õòï�ó

I(a,f , td F)

V(ã, f̃ , F).

1.? 2. 6

�}O �*O��	�*W�S?U*xyiwWq_`WqUIZ\a 
 ��WqV>^�x Z:YQdRU � ��WGdRikW5_
ÿ;ß5Ö ü ß5Ù#Ø�Ö�Ý3Û5ö�Ô�Ö>àAÖ>Û Þ�Ó#Ø�ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛFàAÖ�Þ�ß5Ù®Õ � ��� � Ý�åÄï�Ó+å�Ö>Õ¯Ù#ÛFÿ;ß5Ö>Ù#Ô�Ö>à ù)ÑV�½Þ.ß�ÓÃÞ ü Ý3Ø�ØïrÖòö>Ù#Û5å�Ý3Õ5Ö>ÔñÖ>ÕtÝ�Û Þ.ß5ÖiáãÙ�Ø3Ø�Ù ü Ý3Û5Ü�Ñ $låFÙ�Û5Ö±ö�Ó#Û å�Ö>ÖòÝ�Û � ��� � Ù#ÔFÝ�Û Þ.ß�ÖòåñÞ�Ô�æ5öVÞ.æ5ÔñÖèÙ+áÿ;ß5Ö�Ù�Ô�Ö�à ù�ÑV�®ì5Ý�ÛiÓ÷ä�Ô�åñÞ�å/Þ.Ö�Ú±Ù�Û5ÖNÝ3å;á�Ó+ö>Ö>Õ[Þ.Ù¬ö>Ù#àFÚ�æ�Þ.ÖQÓ´ï�Ó#åñÝ�åXÙ+á

I(a,f , td F)
Ñ

*1á�Ý3Þ¾Þ�æ5Ô�Û5å´Ù�æ)Þ´Þ�ß�Ó+Þ÷Þ.ß�ÖIÝ�Û5ö�Ô�Ö�àFÖ�Û�Þ�Ó+Ø!å�Ù#Ø�æ�Þ�Ý�Ù�Û åñÚ�Ó#ö�Ö[ö>Ù#Û5å�Ý3åñÞ.å´Ù�Û5Ø�ó Ù+á�Þ�ß5Ö�Þ.ÔñÝ3×®ÝÂÓ+Øå�Ù�Ø3æ�Þ.Ý3Ù�Û
I(a,f , td F) = {0n+1},

� ��$ �Þ.ß5Ö�áãÙ�Ø�Ø3Ù ü Ý3Û5ÜCÚ5Ô�Ù#ÚrÙ�å�Ý�Þ.Ý3Ù�ÛFÞ�Ö>Ø�Ø3å�æ5åTß5Ù ü Þ.Ù÷Ù�ï�Þ.Ó#Ý�Û�Ó¾ï�Ó+å�Ý�å!Ù#á
V(a,f , F[t]d)

ï ó¯ö�Ù�à ûÚ5æ�Þ�Ý�Û5ÜAÓ´ï�Ó#å�Ý3åXÙ+á
V(a, (0) , F[t]d−1)

Ñ
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� � (��h( � & � &�(*$ � - /1-	� 7:J

(F(t), σ)
�:7{K

ΠΣ
��7 �cJ�7:<IH:4LFG< F��

(F, σ)

h4�J�� =?FG<IH:J K5<1J>@B7:CD2

K � 0 6= a ∈ F[t]m

h4�J�

l := ||a||
K5<*2

f ∈ F[t]nd+l

��FG9EH�F ��7
d ∈ N0

��� �17:<

V(a,f , F[t]d) ⊇ V(a,0n, F[t]d−1) ∩ ({0n} × F[t]d−1)
��� ��Kr2r254�J04LFG<*K5C�C�� � � � � �1FGCD2GH

J��17:< 
�7 7��57:< �IK��57 7��w��K5C�4�J � �
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W := V(a,0n, F[t]d−1) ∩ (0n × F[t]d−1)
Ó#Û�Õ Ø�Ö�Þ

c∧g ∈ W
Ñ`ÿ;ß5Ö�Û

c = 0n

Ó#Û5Õ
g ∈ F[t]d−1

ü Ý�Þ.ß σag = c f = 0
ì`Ó#Û5Õ ß5Ö�Û5ö>Ö

c∧g ∈ V(a,f , F[t]d)
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c∧g ∈ V(a,f , F[t]d)\W
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c∧g 6= 0n+1
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g ∈ F[t]d−1
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||σag|| < d + l
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0 = [σag]d+l = [c f ]d+l = c [f ]d+l
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c∧0 ∈ I(a,f , td F)
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c = 0n
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Ó#Û�Õ ü ÔñÝ3Þ�Ö g = w td + r ü Ý3Þ�ß r ∈ F[t]d−1
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σa(w td)+σar
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c f−σa(w td) ∈

F[t]l+d−1
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c∧(w td) ∈ I(a,f , td F)
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V(a,01, F[t]d−1) = K × W
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W = {h ∈ F[t]d−1 |σah = 0}
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V(a,f , F[t]d)
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′
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0l×n∧h′ ü Ý�Þ.ß h′ = (h′

1, . . . , h
′
l) ∈ F[t]ld−1
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V(a,f , F[t]d)
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V(a,01, F[t]d−1)
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D∧h ü Ý3Þ�ß D ∈ Kµ×n
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V(a,f , F[t]d)
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0 6= a ∈ F[t]m
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l := ||a||
K5<*2

f ∈ F[t]nd+l
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D ∈ Kµ×n
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h ∈ F[t]µd−1
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V(a,01, F[t]d−1)
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σ(t) = α t + β��FG9 H F ��7
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I(a,f , td F)
F �57:9

K

h4�J��

C ∈ Kλ×n
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g ∈ (td F)λ
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V(a, f̃ , F[t]d−1)
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K
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D ∈ Kµ×λ
K5<*2

h ∈ F[t]µd−1

��FG98H F ��7
µ ≥ 1 �
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(D C)∧(h + D · g)
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V(a,f , F[t]d)
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D C ∈ Kµ×n
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h + D · g ∈ F[t]µd
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0µ′×n∧h′
4QH �?KGH:4QH �{K5J 9\4 ��F�� K{H:���:H �IK�=?7 F��

V(a,f , F[t]d)
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D∧h
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I(a,f , td F)K5<*2

V(a, f̃ , F[t]d−1)
J��17:<

(D C)∧(h + D · g) � FG9 0µ′×n∧h′
9;7?H �}7?=:J 4��57:C�� � 4QHEK

�?KGH:4QH �{K5J09\4 �`F��nJ��17nH FGC���J 4LFq<�H �IK�=?7
V(a,f , F[t]d)
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σ(t1) = t1 + 1
Ó#Û�Õ

σ(t2) = t2 + 1
t2+1

Ñ�ÿ;ß5Ö�Û ï�ó ÿ;ß5Ö>Ù#Ô�Ö>à ù�Ñ �IÙ�Û�ÖAö�Ó+ÛZö�Ó+Ô�Ôñó Ù�æ)ÞÞ.ß5Ö'áãÙ#Ø�Ø3Ù ü Ý3Û5Ü÷Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�Û[åñÞ.Ö�Ú ü ß5Ý3ö�ß±Ó+Ú5ÚrÖ�Ó#ÔñåXÝ�ÛIÞ�ß5ÖNÔ�Ö�Õ5æ5öVÞ.Ý�Ù#ÛiÚ5Ô�Ù®ö�Ö>åñå�å)(#Ö�Þ�ö�ß�Ö>ÕòÝ�Û
� .5Ó+àFÚ�Ø�ÖQí)Ñ�ë�Ñ

V((1,−1),

=:f
︷ ︸︸ ︷

(
−1−2 t2−2 t1 t2

(1+t1)2
,t2 ), Q(t1)[t2]1)XXXXX

1.
z

yXXXXX
3.

I((1,−1),f , t2 Q(t1))
9�����

2.V(1,−1, ( −1
t1+1 ,−1 )
︸ ︷︷ ︸

=:f̃

, Q(t1)[t2]0
︸ ︷︷ ︸

Q(t1)

)

6

ë�Ñ�,`Ý�Ô�å/Þ ü ÖFö>Ù#àFÚ5æ)Þ.ÖFÓiï�Ó#åñÝ�åQàFÓ+Þ.ÔñÝ .
C∧g = ( 0 0

0 1 )∧
(

t2
t2 t1

) Ù#á!Þ.ß�ÖFÝ�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#ØåñÙ�Ø�æ)Þ.Ý�Ù#ÛIå�Ú�Ó#ö�Ö
I((1,−1),f , t2 Q(t1))

� åñÖ>Ö � .�Ó#àAÚ5Ø�ÖNù)Ñ3ë � Ñ
�)Ñ "�ÖVÞ

f̃ := C ·f − (σ(g)−g) =
(

−1
t1+1

−1

)

∈ Q(t1)[t2]
2
0 = Q(t1)

2 Ó#Û5Õ¯ö>Ù�àAÚ5æ�Þ�ÖlÓ
ï�Ó+å�Ý3åOàFÓ+Þ.ÔñÝ .õì�å�Ó�ó

D∧h = ( 0 −1
0 0 )∧( t1

1 )
ìÃÙ#á

V((1,−1),
(

−1
t1+1

,−1
)

, Q(t1)[t2]0)
Ñ

$�ÑXÿ;ß�Ö>Û
(D C)∧(h + D · g) =

(
0 −1
0 0

)

∧( t1−t1 t2
1 )

Ý3åQÓIï�Ó#å�Ý3åNà¯ÓÃÞ.Ô�Ý .òÞ�ß5ÖAåñÙ�Ø�æ ûÞ�Ý�Ù�ÛIå�Ú�Ó+ö>ÖQÙ#á
V((1,−1),

(
−1−2 t2−2 t1 t2

(1+t1)2
, t2

)

, Q(t1)[t2]1)
Ñ
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F
�:7�K @B7:CD2 
 ��4L= ��4QH�K5C H F�K �57?=:J�FG9BH �IK�=?7F �57:9 J�17 @B7:CD2

K
K5<*2 CQ7:J

V
K5<*2

W
�:7>@�<14�J�7�254���7:<IH:4LFG<*K5C5H:���:H �IK�=?7?H F��

Kn×F
F �57:9

K

h4�J��

V ⊆ W ⊆ Kn×F �
� ��9:J�17:9 ��FG9?78KGH?H:����7J�IK5J MV ∈ Fd×(n+1) 4QHnK ��7:<>7:9�K5J�FG9 �{K5J09\4 ��F�� V

K5<*2
MW ∈

Fe×(n+1) F�� W � � �17:< J�}7:9;7 7 �c4QH:J)H�K��{K5J 9\4 �
K ∈ Kd×e

H:�1= �`J�IK5J
MV = K MW

�

�=Ô�Ù®Ù#á�~ "�Ö�Þ
MV =

( v1ÑÑÑ
vd

) Ó#Û5Õ
MW =

(w1ÑÑÑ
we

)

ü ß5Ö�Ô�ÖNÞ.ß5Ö
vi

Ó#Û�Õ
wi

×�Ö>öVÞ.Ù�Ôñå�Ó#Ô�Ö'Ý�Û�Þ�Ö>ÔñÚ5Ô�ÖVÞ.Ö>Õ±Ó#åXÔñÙ ü û ×�Ö>öVÞ.Ù�Ôñå>Ñ �ZÖNß�Ó�×�Ö
spanK(v1, . . . ,vd) = V ⊂ W = spanK(w1, . . . ,we).

ÿ;ß®æ�å�Þ�ß5Ö>ÔñÖCÓ#ÔñÖ'×�Ö�ö�Þ.Ù#Ô�å
ki = (ki1, . . . , kie) ∈ Ke

áãÙ#Ô
1 ≤ i ≤ d

å�æ5ö�ßiÞ.ß�ÓÃÞ
vi = ki1w1 + · · · + kiewe = ki · MW

Ó#Û5Õ Þ.ß�Ö>Ô�ÖVáãÙ�Ô�Ö
MV = K MW

ü Ý�Þ.ß K =

( k1ÑÑÑ
kd

) ü ß5Ö�Ô�Ö´Þ.ß5Ö
ki

Ó#Ô�Ö÷Ý�Û�Þ�Ö>ÔñÚ5Ô�ÖVÞ.Ö>Õ Ó#å
Ô�Ù ü û ×�Ö�ö�Þ.Ù#Ô�å>Ñ
��iwd1d  �d  � ��WGdRikW5_ �1ODN
"�Ö�Þ

C∧g
ïrÖ�Ó±ï�Ó+å�Ý�åCàFÓ+Þ�Ô�Ý ._Ù+áXÓ±å�æ5ï5åñÚ�Ó#ö�ÖIÙ#á

I(a,f , td F)
Ó#åCÝ3ÞCÝ3åCåñÞ.Ó+Þ.Ö�Õ Ý�Û Þ.ß5ÖÞ.ß5Ö�Ù�Ô�Ö�àiÑ5ÿ;ß5Ö�Û±ï ó¯Þ.ß5Ö'Ú5ÔñÙ�ÚrÖ>Ô/Þ%ó�Ù#á�Þ.ß5Ö'Ý�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#Ø�å�Ù#Ø�æ�Þ�Ý�Ù�Û�å�Ú5Ó#ö>ÖNÝ�ÞTáãÙ�Ø3Ø�Ù ü å�Þ.ß�Ó+Þ

f̃ := C · f − σag ∈ F[t]λd+l−1

Ñv��Ù ü Ø3Ö�Þ
D∧h

ïrÖ�Óòï�Ó#åñÝ�å¾àFÓ+Þ�Ô�Ý . Ù#áXÓòåñæ5ï5å�Ú5Ó#ö>Ö
Ù#á

V(a, f̃ , F[t]d−1)
Ù�×�Ö>Ô

K
Ó#åNå/Þ�Ó+Þ.Ö�Õ Ý�Û Þ�ß5Ö´Þ.ß�Ö>Ù�ÔñÖ>àiÑðÿ;ß5Ö>Û ü Ö¬ö>Ø3Ö�Ó+Ô�Ø3óòß5Ó�×�Ö´Þ.ß�ÓÃÞ

D C ∈ Kµ×n
Ó#Û5Õ

h + D · g ∈ F[t]µd
Ñ

���  � �h � & �1MT�����  e& $ � � 
I*1á
C∧g = 01×(n+1)

ß�Ù�Ø�Õ5å�ì�Ý3Þ;áãÙ�Ø3Ø�Ù ü åTÞ.ß5Ó+Þ f̃ = (0)
ì�Ý�ÛÚ�Ó#Ô/Þ.Ý�ö�æ5Ø�Ó#Ô

λ = 1
Ñ5ÿ;ß5Ö>Û±ï óiø!Ù�ÔñÙ�Ø�Ø�Ó#Ôñó¯ù�Ñ�ë'Þ.ß5ÖNå/Þ�Ó+Þ�Ö>àAÖ>Û Þ�Ý�Û%$#ïiß5Ù#Ø�Õ5å�ÑxÐ±Ù�Ô�Ö�Ù�×�Ö�Ô>ì�Ý3á

C∧g
Ý�å!Ó¾ï�Ó+å�Ý�å�à¯ÓÃÞ.Ô�Ý .AÙ+á

I(a,f , td F)
ì®ö>Ù�Û5Õ�Ý3Þ.Ý3Ù�Û � ��$ � ß5Ù�Ø3Õ5å>Ñ�*1á
Ó#Õ5Õ5Ý�Þ.Ý3Ù�Û�Ó#Ø�Ø�ó D∧hÝ�åCÓiï�Ó#åñÝ�åQà¯ÓÃÞ.Ô�Ý . Ù#á

V(a, f̃ , F[t]d−1)
Þ�ß5Ö>Û ï�óZø!Ù�Ô�Ù�Ø3ØÂÓ+Ôñó ù�Ñ�ë

0µ′×n∧h′
Ý3åCÓ±ï5Ó#å�Ý3åà¯ÓÃÞ.Ô�Ý .¯Ù#á

V(a,f , F[t]d)
ü ß5Ý3ö�ßiÚ5ÔñÙ�×�Ö�åXÞ.ß5Ö'Þ.ß�Ö>Ù�ÔñÖ>àfáãÙ�ÔTÞ.ß�ÖNå�ÚrÖ>ö�ÝÂÓ#Ø�ö>Ó#åñÖ $#ïðÑ

� ß�Ó+ÞXÔ�Ö>àFÓ#Ý3Û5åTÞ�ÙAö�Ù�Û5å�Ý3Õ5Ö>ÔXÝ3åTÞ.ß5ÖNö>Ó#å�Ö $#Ó�ì5Ý�Û[Ú5Ó#ÔñÞ�Ý�ö>æ�ØÂÓ#Ô ü ÖQàFÓ�óIÓ#å�åñæ5àAÖNÞ�ß�Ó+Þ
C∧g 6= 01×(n+1).

� ��í �
���  � / 
��ZÖXå�ß�Ù ü Þ�ß�Ó+Þ

(D C)∧(h + D g)
Ü�Ö>Û5Ö�Ô.ÓÃÞ.Ö>å�Ó'å�æ�ï5å�Ú�Ó+ö>Ö�Ù#á

V(a,f , F[t]d)Ù�×�Ö�Ô
K
Ñ��ZÖNß�Ó�×�Ö

σah = D · f̃ = D · (C · f − σag) ⇔ σah = D · (C · f) − D · σag

⇔ σah + D · σag = (D C) · f ⇔ σa(h + D · g) = (D C) · f
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Ó#Û5Õ¾ï�ó
h+D ·g ∈ F[t]µd

Ý�Þ
áãÙ�Ø�Ø3Ù ü å�Þ.ß�ÓÃÞ (D C)∧(h + D · g)
Ü�Ö>Û5Ö�Ô.Ó+Þ�Ö>å�Ó�å�æ5ï5åñÚ�Ó#ö�ÖÙ#á

V(a,f , F[t]d)
Ù�×�Ö>Ô

K
Ñ

���  � + 
*��Ö8.®Þ ü Ö�å�ß5Ù ü Þ.ß�ÓÃÞ
(D C)∧(h + D · g)

Ý3å�ÓCï�Ó+å�Ý�å8àFÓ+Þ.ÔñÝ .´Ù#á�ÓQå�æ5ï5åñÚ�Ó#ö�ÖÙ#á
V(a,f , F[t]d)

Ù�×�Ö>Ô
K
Ñ�*1á
(D C)∧(h + D · g) = 01×(n+1)

� �+ù �
Þ.ß5Ö�ÛZï�ó ö>Ù#Û�×�Ö�Û�Þ.Ý3Ù�ÛZÝ�ÞNÝ�åNÓ[ï�Ó#åñÝ�åNàFÓ+Þ.ÔñÝ .èÓ#Û5Õ Ô�Ö>Ú�Ô�Ö>åñÖ>Û Þ.åCÞ�ß5Ö´×�Ö>ö�Þ�Ù�ÔQå�Ú5Ó#ö>Ö

{0} ⊆
Kn ×F

Ñ � Þ.ß5Ö�Ô ü Ý�åñÖ#ì®Ó#å�åñæ5àAÖ�Þ�ß�Ó+ÞÄÞ.ß5Ö�ï�Ó#åñÝ�åÄà¯Ó+Þ�Ô�Ý .´Ý�åÄÛ5Ù+Þ�Ù#áõÞ.ß5ÖXáãÙ�Ôñà � �#ù � Ñ �ZÖ ü Ý3Ø�Øå�ß5Ù ü Þ.ß5Ó+ÞTÞ.ß5Ö'Ô�Ù ü å;Ý�Û�Þ�ß5Ö'à¯ÓÃÞ.Ô�Ý .
(D C)∧(h + D · g)

Ó#ÔñÖ'Ø3Ý�Û5Ö>Ó#Ô�Ø�óAÝ�Û5Õ�Ö>ÚrÖ�Û5Õ5Ö>Û ÞÙ�×�Ö�Ô
K ü ß�Ý�ö�ß Ú5Ô�Ù�×�Ö>å¯Þ.ß�Ó+Þ�Ý�Þ¯Ý�å¯Ó ï�Ó+å�Ý3å�àFÓ+Þ.ÔñÝ .õÑ�$låñå�æ5àAÖèÞ�ß5ÖèÔñÙ ü åIÓ#ÔñÖòØ�Ý�Û�Ö�Ó#ÔñØ�óÕ5Ö>ÚrÖ�Û5Õ5Ö�Û�Þ�Ñxÿ;ß5Ö>ÛiÞ.ß�Ö>Ô�ÖNÝ�åXÓ

0 6= k ∈ Kµ
å�æ5ö�ßiÞ.ß�Ó+Þ

k · ((D C)∧(h + D · g)) = 0.
� ��� �

•
��Ù ü Ó#åñå�æ5àAÖ'Þ.ß�ÓÃÞ

k · D = 0.
� �#ê �

D∧h
Ý3å¾Ó±ï5Ó#å�Ý3åCà¯ÓÃÞ.Ô�Ý ._ï ó Ó+å�å�æ�àFÚ�Þ�Ý�Ù�Û�ÑQ*1á

D∧h
ö>Ù�Û�å�Ý�å/Þ.å¾Ù+á;Ö8.�Ó#öVÞ.Ø3ó Ù#Û5ÖFý>Ö>ÔñÙ ûÔ�Ù ü ì ü ÖTÓ#ÔñÖ!Ý3ÛCÞ.ß5Ö!ö>Ó#å�Ö � �#ù � ì+Ó�ö>Ù#Û�Þ.Ô�Ó#Õ5Ý3ö�Þ.Ý3Ù�ÛðÑ�ÿ;ß5Ö>ÔñÖ�áãÙ�ÔñÖ ü Ö!à¯Ó�óCÓ#åñå�æ5àAÖ�Þ.ß5Ó+Þ`Þ.ß5ÖÔ�Ù ü åTÓ#Ô�Ö�Û5Ù#Û5ý>Ö�Ô�Ù´Ó#Û�Õ�Ø�Ý3Û5Ö>Ó#Ô�Ø�ó´Ý3Û5Õ5Ö>ÚrÖ�Û5Õ5Ö�Û�ÞTÙ�×�Ö�Ô

K
ì®Ý<ÑéÖ#Ñ ü Ölß�Ó�×�Ö k · (D∧h) 6= 0

Ñú�Ö�Û5ö>ÖQï�ó � �#ê � Ý�Þ;áãÙ#Ø�Ø3Ù ü å!Þ.ß5Ó+Þ
0 6= k h ∈ F[t]d−1.

� ��� �

)Ý�Û�ö>Ö

g ∈ (td F)λ
ì ü Ölö�Ù�Û5ö>Ø3æ5Õ5Ö�Þ.ß�Ó+Þ k (D ·g) ∈ td F.

ÿ;ß�Ö>Ô�ÖVáãÙ�Ô�Ölï ó � ��� � ü Ölß�Ó�×�Ö
0 6= k h + k (D · g) = k (h + D · g)

Ó#Û5Õ�Þ�ß®æ5å
k · ((D C)∧(h + D · g)) 6= 0

ì5Óö>Ù�Û Þ.Ô�Ó#Õ5Ý3ö�Þ.Ý3Ù�Û�Þ.Ù � ��� � Ñ
•
� Þ.ß5Ö�Ô ü Ý3å�Ö#ìxÓ#åñå�æ5àAÖ'Þ.ß�Ó+Þ

v := k · D 6= 0.
ÿ;ß5Ö>Û±ï�ó � ��� � ü ÖQß�Ó�×�Ö

0 = k · ((D C)∧(h + D · g)) = (k · (D C))∧(k (h + D · g))

= (k · D) · C)∧(k h + (k · D) · g)) = (v · C)∧(k h + v g)

Ó#Û5Õ[Þ�ß®æ5å
v · C = 0

Ó#Û�Õ
k h + v g = 0.

� $�� ��!æ�Þ
C∧g

Ý�å¯ÓZï�Ó#åñÝ�åFà¯ÓÃÞ.Ô�Ý . ü Ý3Þ.ß � ��í � ÑÄÿ;ß5Ö>ÔñÖ�áãÙ�ÔñÖòÞ.ß�ÖòÔ�Ù ü å¯à´æ�åñÞ¯ïrÖòØ�Ý3Û5Ö�Ó#ÔñØ�óÝ�Û5Õ�Ö>ÚrÖ>Û�Õ5Ö>Û Þ�Ù�×�Ö�Ô
K
ì�Ý<ÑéÖ#Ñ

v · (C∧g) 6= 0
Ñ5ú�Ö�Û5ö>ÖNï ó � $�� � ü ÖNß5Ó�×�Ö

0 6= v g ∈ td F
Ñ

$lå
k h ∈ F[t]d−1

ì ü Ö'ä�Û�Ó#Ø3Ø3ó¯Ü#Ö�Þ
k h + v g 6= 0

ìxÓ´ö>Ù�Û Þ.Ô�Ó#Õ5Ý3ö�Þ.Ý3Ù�Û�Þ.Ù � $�� � Ñ
$lØ�Þ.Ù�Ü#Ö�Þ.ß�Ö>Ô�Ý�Þ�áãÙ�Ø�Ø3Ù ü åXÞ.ß�ÓÃÞ (D C)∧(h + D · g)

Ý�ålÓFï�Ó+å�Ý�å�àFÓ+Þ.ÔñÝ .[Ù#áÄÓFå�æ�ï5å�Ú�Ó+ö>Ö+ìå.Ó�ó
W

ì5Ù#á
V(a,f , F[t]d)

Ù�×�Ö�Ô
K ü ß5Ý�ö�ßiÚ5ÔñÙ�×�Ö>åXÞ�ß5Ö'ä�Ô�å/Þ�Ú�Ó#ÔñÞXÙ#á
Þ.ß5Ö'Þ�ß5Ö>Ù�ÔñÖ>àiÑ

���  � � 
A��Ù ü Ó#å�åñæ5àFÖ¯Þ�ß�Ó+Þ
C∧g

Ý�å÷Óòï�Ó#åñÝ�å¾à¯ÓÃÞ.Ô�Ý . Ù#á
I(a,f , td F)

Ó#Û5Õ
D∧h

Ý3åÓZï�Ó#åñÝ�åFàFÓ+Þ.ÔñÝ .¦Ù#á
V(a, f̃ , F[t]d−1)

ÔñÖ>åñÚrÖ>ö�Þ�Ý3×�Ö�Ø3ó#Ñ�� ß5Ó+Þ¯Ô�Ö>àFÓ#Ý3Û5å¬Þ.Ù åñß5Ù ü Ý�å¬Þ.ß�ÓÃÞ
W = V(a,f , F[t]d)

Ñxø!Ø3Ö�Ó#ÔñØ3ó
V(a,f , F[t]d)

Ý�å;Ó¾ä�Û5Ý�Þ.Ö½Õ5Ý3àFÖ�Û5å�Ý3Ù�Û¯×�Ö>öVÞ.Ù�Ô;å�Ú5Ó#ö>Ö'Ù�×�Ö>Ô
K

ï�ó �=Ô�Ù�ÚrÙ#å�Ý3Þ�Ý�Ù�Û $�Ñ�ë�Ñrú�Ö�Û5ö>Ö ü Ö¾ö>Ó#ÛòÞ.Ó�(#Ö¾ÓFï�Ó#åñÝ�å�àFÓ+Þ.ÔñÝ .
Ẽ∧h̃

Ù#á
V(a,f , F[t]d)

ì
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å.Ó�ó
Ẽ ∈ Kν×n

ì
h̃ ∈ F[t]νd

ì�Ó#Û5Õ ü Ô�Ý3Þ�Ö h̃ = h1 + h2 ∈ (td F)ν ⊕ F[t]νd−1

Ñ "�Ö�Þ
V

ïrÖ
Þ.ß5Ö'×�Ö�ö�Þ�Ù�Ô�åñÚ�Ó#ö>ÖNÞ�ß�Ó+ÞXÝ�å;Ü�Ö�Û5Ö>Ô�Ó+Þ.Ö�Õ±ï�ó

Ẽ∧h1
Ñ&
)Ý3Û5ö�Ö

0 = σah̃ − Ẽ · f = σah1 + σah2 − Ẽ · f
� $�ë �

ï�ó¬Ó#å�åñæ5àAÚ�Þ.Ý3Ù�ÛFÓ#Û�Õ
σah2 ∈ F[t]νd+l−1

ï ó "�Ö>àAà¯Ó !5Ñ �)ì Ý3Þ=áãÙ#Ø�Ø3Ù ü å�Þ.ß�Ó+Þ σah1− Ẽf ∈
F[t]sd+l−1

Ñðÿ;ß5Ö�Ô�ÖVáãÙ�Ô�Ö
V ⊂ I(a,f , td F)

Ó#Û5ÕèÞ.ß®æ�åNï ó�"�Ö�àFàFÓ�ù�Ñ � ü Ö´ä�Û5Õ Ó�à¯Ó+Þ�Ô�Ý .
D̃ ∈ Kλ×ν

å�æ5ö�ßiÞ.ß�Ó+Þ
Ẽ∧h1 = D̃(C∧g) = (D̃ C)∧(D̃ · g)

ì5Þ�ß5Ý�å;àAÖ�Ó#Û5å
Ẽ = D̃ C

Ó#Û�Õ
h1 = D̃ · g.

� $	� �
��ó � $�ë � ü ÖNß�Ó�×�Ö

σah2 = Ẽ · f − σah1
(32)
= (D̃ C) · f − σa(D̃ · g) = D̃ · (C · f − σag)

Ó#Û5Õiß5Ö�Û5ö�Ö
σah2 = D̃ · f̃ .

� $ $ �
"�Ö�Þ

U
ïrÖIÞ.ß5ÖI×�Ö�ö�Þ�Ù�ÔAåñÚ�Ó#ö�ÖiÙ�×�Ö�Ô

K
Þ.ß�Ó+Þ¬Ý3å´Ü�Ö>Û5Ö�Ô.Ó+Þ�Ö>Õ ï ó

D̃∧h2
Ñ=ÿ;ß5Ö�Û ï�ó � $�$ �Ý3ÞCáãÙ�Ø3Ø�Ù ü åQÞ�ß�Ó+Þ

U ⊆ V(a, f̃ , F[t]d−1)
Ó+Û5Õ Þ�ß®æ5å÷ï�ó "�Ö>àAà¯Ó±ù�ÑV� ü Ö�ä5Û5Õ¦ÓèàFÓ+Þ�Ô�Ý .

K ∈ Kν×µ
å�æ5ö�ßiÞ.ß�Ó+Þ

D̃∧h2 = K (D∧h) = (K D)∧(K · h)
ì�Þ.ß5Ý3å;àFÖ>Ó#Û5å

D̃ = K D
Ó#Û5Õ

h2 = K · h.
� $�! �

ÿ;ß5Ö�Û
Ẽ∧h̃ = Ẽ∧(h1 + h2)

(32)
= (D̃ C)∧(D̃ · g + h2)

(34)
= (K D C)∧((K D) · g + K · h) = K ((D C)∧(D · g + h))

Ó#Û5ÕIÝ3Þ!áãÙ#Ø�Ø3Ù ü å8Þ.ß�Ó+Þ W ⊇ V(a,f , F[t]d)
ü ß5Ý3ö�ßIÚ5Ô�Ù�×�Ö>åTÞ.ß5ÖlÞ.ß5Ö�Ù�Ô�Ö�à±Ñ � *�Û[Ú5Ó#ÔñÞ�Ý�ö>æ�ØÂÓ#Ô�ì

K
Ý3åXÓ¬ï�Ó+å�Ý�åTÞ.Ô�Ó#Û5åñáãÙ#Ô�àFÓ+Þ.Ý3Ù�Û�ì�Ý|Ñ�Ö+Ñ

ν = µ
Ó+Û5Õ

K
Ý3å;Ý�Û ×�Ö>Ô/Þ.Ý�ï�Ø�Ö#Ñ �

�� � �5�
	 � - /1-�*1á
C∧g = 01×(n+1)

Ó+Û5Õ
D∧h

Ó#Ô�Ö÷ï�Ó#åñÝ�å½à¯ÓÃÞ.Ô�Ý3ö>Ö�å½Ù#á
I(a,f , td F)Ó#Û5Õ

V(a, f̃ , F[t]d−1)
ì
(D C)∧(h + D · g)

Ü�Ö�Û5Ö�Ô.Ó+Þ�Ö>å
V(a,f , F[t]d)

ìõåñÝ�Û5ö�Ö÷Ý3Û Ó#Û óö�Ó+å�Ö_Þ.ß5Ö_Ú5ÔñÙ®Ù#á û å/Þ.Ö>Ú�å 1
Ó#Û5Õ

3
ß5Ù#Ø�Õ

�
ï�æ�Þ[Þ.ß5Ö_Ô�Ù ü åiÝ3Û

(D C)∧(h + D · g)
Ó#Ô�ÖØ�Ý3Û5Ö�Ó+Ô�Ø�óiÕ5Ö�ÚrÖ>Û5Õ5Ö�Û�ÞQÙ�×�Ö�Ô

K
Ñ!$ þ�æ5Ý�Þ.Ö÷Ö8.)ÚrÖ�Û5å�Ý�×�Ö¬Þ�Ô.Ó#Û5å/áãÙ�Ô�àFÓ+Þ�Ý�Ù#Û±Þ.Ù[Ó�ï5Ó#å�Ý3å'àFÓ+Þ�Ô�Ý .Ù#á

V(a,f , F[t]d)
ö>Ó#Û[ïrÖNÓ�×�Ù�Ý3Õ5Ö>Õ�ì5ï óIÓ#Ú5Ú5Ø�ó®Ý�Û5Ü÷å�Ý�Þ.æ�ÓÃÞ.Ý�Ù#Û $#ïðÑ�ÿ;ß5Ý�åTå�æ5ïrö>Ó#å�ÖQÕ�Ö>Ø�Ý�×�Ö>ÔñåÞ.ß5ÖNÕ5Ö�å�Ý3Ô�Ö>Õiï�Ó#åñÝ�å;à¯Ó+Þ�Ô�Ý .�ï óIå�Ù�àAÖ'ö�ß5Ö>Ó#Ú±Ô�Ù ü Ù�ÚrÖ>Ô�Ó+Þ.Ý3Ù�Û5å;Ý3ÛIÞ.ß5ÖNàFÓ+Þ.ÔñÝ .

D∧h
Ñ

�� � �5�
	 � -[+.-�,OÝ3Û�Ó#Ø3Ø�ó * ü Ó#Û ÞNÞ.Ù[Ý�Û5Õ�Ý�ö�ÓÃÞ.Ö¾Þ.ß�Ó+ÞNÿ;ß5Ö�Ù�Ô�Ö�à ù�Ñ �Iö>Ó#Û ïrÖ¬Ü�Ö>Û�Ö>Ô.Ó+Ø�Ý3ý>Ö>ÕáãÔ�Ù�à Ó
ΠΣ û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û (F(t), σ)

Ù#á
(F, σ)

Þ�Ù¬Ó÷Õ5Ý�ô�Ö�Ô�Ö�Û5ö>Ö½Ô�Ý�Û�Ü÷Ö8.®Þ.Ö�Û5å�Ý3Ù�Û
(A[t], σ)

Ù+á
(A, σ) ü ß�Ö>Ô�Ö t

à÷æ5åñÞ½ïrÖCÞ.Ô�Ó#Û5åñö>Ö>Û�Õ5Ö>Û Þ�Ó#ØOÙ�×�Ö>Ô½Ó¯ö�Ù�àAà´æ)Þ�Ó+Þ�Ý�×�ÖCÔñÝ�Û5Ü
A

ï5æ�ÞlÞ.ß�Ö÷ÔñÝ�Û5Ü
A

Ö�×�Ö�Û¯àAÝ�Ü#ß�Þ�ß�Ó�×�ÖXý�Ö>Ô�Ù û Õ5Ý�×)Ý3å�Ù�Ôñå>Ñ�*�Û±ç 
)ö�ß���ë>î�Ô�Ö�Õ5æ5öVÞ.Ý�Ù#ÛAåñÞ�Ô.Ó+Þ�Ö>Ü�Ý3Ö>åÄÓ#Ô�Ö;Õ5ÖV×�Ö>Ø�Ù#ÚrÖ>ÕAÞ�Ùä�Û5Õ ÓÃÞlØ�Ö>Ó#åñÞ�Ú�Ó#ÔñÞ�ÝÂÓ#Ø3Ø�ó�Þ.ß5ÖCå�Ù�Ø3æ�Þ.Ý3Ù�Û5å�Ù+á=Ú�Ó#Ô.Ó+àFÖVÞ.Ö�Ô�Ý�ý�Ö>ÕòØ3Ý�Û�Ö�Ó#ÔXÕ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö¾Ö�þ®æ5Ó+Þ.Ý3Ù�Û5å
ü ß5Ö�Ô�Ö[áãÙ�Ô÷Ý�Û5å/Þ�Ó#Û�ö>ÖIÖ>Ø�Ö�àFÖ�Û�Þ�å

x ∈ A
ö�Ó+Û Ó#Ú5ÚrÖ>Ó#Ô ü Ý�Þ.ß σ(x) = −x

Ó#Û5Õ
x2 = 1

Ñÿ;ß5Ö�å�ÖCÖ/.)Þ�Ö>Û5åñÝ�Ù�Û�å�Ö�Û�Ó#ï5Ø3Ö'Þ�Ù ü Ù�Ô=( ü Ý�Þ.ß[å�æ5àAà¯ÓÃÞ.Ý�Ù#ÛIÙ�ï �ñÖ�ö�Þ.åXØ�Ý (#Ö
(−1)n

Ñ
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�}O �1O��	�*W�S?U*xyiwWq_`WqUIZ\a 
 ��WqV>^�x Z:YQdRU���iwd1xyWGj\j
��óòÖ8.)Ú5Ø3Ù�Ý3Þ�Ý�Û5ÜFÞ�ß5Ö´Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#Ø`Ô�Ö�Õ5æ5öVÞ.Ý�Ù#Û Þ�ß5Ö>Ù#Ô�Ö�à Ô�Ö�ö>æ5Ôñå�Ý3×�Ö�Ø3óòÙ�Û5Ö÷ö�Ó+Û_ö�Ó+Ô�ÔñóòÙ�æ)ÞÓ¾Ô�Ö�Õ5æ5öVÞ.Ý�Ù#ÛIÚ�Ô�Ù®ö>Ö�å�åXÓ+åTÝ�Þ!Ý3åTÓ#Ø3Ô�Ö>Ó#Õ�óAÝ�Û5Õ�Ý�ö>Ó+Þ.Ö�Õ�Ý3Û�Õ�ÝÂÓ#Ü#Ô.Ó#à � ë�ê � Ñ�Ð±Ù#Ô�ÖlÚ5Ô�Ö�ö>Ý�åñÖ>Ø�óFï�óÓ#Ú5Ú5Ø�ó®Ý�Û5Ü¾ÿTß5Ö>Ù�ÔñÖ>àAå;ù�Ñ3ë½Ó#Û5ÕIù�ÑV� ü Ý3Þ.ß¯Þ�ß5Ö½Ü#Ý3×�Ö�ÛIàFÓ+Þ�Ô�Ý .AÙ#ÚrÖ>Ô.ÓÃÞ.Ý3Ù�Û5å!Ù#Û5Ö½Ù#ï�Þ�Ó#Ý3Û5å!Ó#Û
4�<>=:9;7���7:<1J K5C>9;7;25�1=:J 4LFG<��*9;F =?7?H?H!Ù+á`Þ.ß�ÖQåñÙ�Ø�æ)Þ.Ý�Ù#ÛIå�Ú�Ó+ö>Ö

V(a,f , F[t]d)
Ñ

fd := f � λd := n V(a,fd, F[t]d)
HHH1. j

YHHH
5.

�������	�
������ � I(a,fd, td F)

����
4.

�������	�������� 

fd−1 ∈ F[t]

λd−1

l+d−1 V(a,fd−1, F[t]d−1)

5.6

V(ãd, f̃d, F)

2.? 3. 6
ãd ∈ Fm � f̃d ∈ FλbYYY

f0 ∈ F[t]λ0
l

V(a,f0, F[t]0)
HHH1. j

YHHH
5.

�������	�
������ � I(a,f0, F)

����
4.

�������	�������� 

f−1 ∈ F[t]

λ−1

l−1 V(a,f−1, F[t]−1)

5.6

V(ã0, f̃0, F)

2.? 3. 6
ã′

0 ∈ Fm � f̃ ′

0 ∈ Fr0

�������	�
�������  ||
NullspaceK(f−1) × {0}

�! #"%$'& � &)(*$ � - �.- "�ÖVÞ
(F(t), σ)

ïrÖ´Ó
ΠΣ û Ö/.®Þ.Ö>Û�å�Ý�Ù#Û Ù#á

(F, σ)
ì
0 6= a ∈ F[t]m ü Ý3Þ.ß

l := ||a||
Ó#Û5Õ

f ∈ F[t]nd+l

áãÙ�ÔAå�Ù�àAÖ
d ∈ N0 ∪ {−1}

Ñ8ÿ;ß5Ö�Û ï�ó Ó#Û 4�<>=:9?7���7:<1JLK5C
9;7�2c�1=:J 4LFG< �*9;F =\7?H?H
Ù#áxÞ.ß5Ö;åñÙ�Ø�æ)Þ.Ý�Ù#Û÷å�Ú�Ó+ö>Ö

V(a,f , F[t]d)
ü Ö;æ5Û5Õ5Ö�Ô�å/Þ�Ó#Û5ÕFÓ½Õ5ÝÂÓ+Ü�Ô.Ó#à Ó#åÓ#ïrÙ�×�Ö#Ñ � Ö�ö�Ó+Ø�Ø

{(ãd, f̃d), . . . , (ã0, f̃0)}
Þ.ß5ÖTH:��� �*9?F��wCQ7��mH�Ù#áðÞ�ß5Ö�Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�Û¯Ú�Ô�Ù®ö>Ö�å�å�Ñ

�=Ô�Ù�ÚrÙ�åñÝ3Þ�Ý�Ù�ÛZù�Ñ �[åñÞ�ÓÃÞ.Ö�åCÞ.ß�ÓÃÞ¾Ý�á!Þ�ß5ÖFï�Ó#åñÝ�åCàFÓ+Þ�Ô�Ý3ö>Ö>åNÙ#á!Þ.ß5ÖFå�æ�ï5Ú5Ô�Ù#ï5Ø�Ö�àFå ü Ý3Þ.ß�Ý�ÛZÓ#ÛÝ�Û5ö�Ô�Ö�àFÖ�Û�Þ.Ó#Ø�ÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛòÚ�Ô�Ù®ö>Ö�å�å½Ó#ÔñÖCÛ�Ù�Ô�àFÓ#Ø3Ý3ý>Ö�Õ � �lÖVä�Û5Ý3Þ�Ý�Ù�Û !5Ñ�� � ì5Þ.ß5ÖQå�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>àAåÝ�ÛòÞ.ß5Ý3å½Ý3Û5ö>ÔñÖ>àAÖ>Û�Þ.Ó#Ø`Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�Û Ú5ÔñÙ®ö>Ö>åñåQÓ#Ô�Ö÷æ5Û�Ý�þ�æ5Ö�Ø3óòÕ5ÖVÞ.Ö�Ô�àAÝ�Û5Ö�ÕðÑ��!æ�Þ½Þ.ß�Ý�å½àAÖ�Ó+Û5åÞ.ß�ÓÃÞXÞ�ß5Ö ü ß5Ù�Ø3ÖNÝ3Û5ö>ÔñÖ>àAÖ>Û�Þ.Ó#ØðÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛiÚ5ÔñÙ®ö>Ö>åñå�Ý3å;æ5Û5Ý3þ®æ�Ö>Ø3ó�Õ5ÖVä�Û5Ö�ÕðÑ
� � (��h( � & � &�(*$ � -[+.- � 7:J

(F(t), σ)
�:7TK

ΠΣ
��7 �cJ�7:<IH:4LFG<eF��

(F, σ) � 0 6= a ∈ F[t]m

h4�J�

l := ||a||
K5<*2

f ∈ F[t]nd+l

��FG9�H F ��7
d ∈ N0∪{−1} ��� FG<IH:4 2�7:9 K�9;7�25�}=:J 4LFG< �*9;F =?7?H?HF��

J��17�H FGC��RJ 4LFG<�H �IK�=?7
V(a,f , F[t]d)


 �17:9?7 J�17 �?KGH:4QH �{K5J 9\4L=?7?HF�� J�17
d+1

H\� � �*9;F��wCQ7��mH
K59;7 <>FG9 �{K5C�4��G7�2 � � �17:< J�17nH:��� �*9;F �wC[7�� H K59;7T�R<14 �w�17:C���2�7)@�<>7�2 �
�=Ô�Ù®Ù#á�~Q��ó_ÿ;ß�Ö>Ù�ÔñÖ>à ù�Ñ ��Þ.ß5Ö¬ä�Ô�å/ÞCå�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>à

(ãd, f̃d)
Ý�åNæ5Û�Ý�þ�æ5Ö>Ø�ó_Õ�Ö�ä�Û5Ö�ÕðÑv��Ù üÓ#å�åñæ5àAÖXÞ.ß�ÓÃÞ8Þ�ß5ÖXä�ÔñåñÞ

r
å�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>àAå�Ó+Ô�ÖXæ5Û5Ý�þ�æ5Ö�Ø3ó´Õ�Ö�ä�Û5Ö�ÕFáãÙ�ÔÄå�Ù#àFÖ

1 ≤ r ≤ d
Ñ���óÓ#å�åñæ5àAÚ�Þ.Ý3Ù�ÛCÞ.ß�Ö!ï�Ó#å�Ý3åOàFÓ+Þ�Ô�Ý .QÙ+á

V(ãr, f̃r, F)
Ý�å`Û5Ù�Ôñà¯Ó+Ø�Ý�ý>Ö>Õ¾Ó#Û5Õ¾ß5Ö>Û�ö>ÖTæ5Û5Ý3þ®æ�Ö>Ø3óQÕ�Ö ûä�Û5Ö�ÕðÑ�ú�Ö�Û5ö�ÖNï ó�ÿ;ß�Ö>Ù�ÔñÖ>à ù�Ñ�ë½Þ�ß5Ö½ï�Ó#å�Ý3åTàFÓ+Þ.ÔñÝ .AÙ#á�Þ.ß�Ö'åñÙ�Ø�æ)Þ.Ý�Ù#Û�åñÚ�Ó#ö�Ö

I(a,fr, t
r F)Ý�å8æ5Û5Ý�þ�æ5Ö�Ø3óAÕ�Ö�ä�Û5Ö�ÕðÑ��!æ)Þ!Þ.ß�Ö>Û�ï�óAÿ;ß5Ö>Ù#Ô�Ö>à ù�Ñ �

fr−1
Ý�å�æ�Û5Ý�þ�æ5Ö�Ø3óAÕ5ÖVä�Û5Ö�ÕðÑ���óAÿ;ß5Ö ûÙ�Ô�Ö�à ù)Ñ3ë ü Ö'ß�Ó�×�Ö'Þ�Ù´ä5Û5Õ±Ó÷ï�Ó+å�Ý�åTàFÓ+Þ.Ô�Ý .FÙ#á

I(a,fr−1, t
r−1 F)

Ñ*�Û[Ù�Ô�Õ�Ö>ÔTÞ�Ù¬Ó#ö�ß�Ý�Ö�×#ÖÞ.ß5Ý3å>ì ü ÖCß�Ó�×�ÖQÞ.Ù¬ä�Û5ÕèÓAï5Ó#å�Ý3å�à¯ÓÃÞ.Ô�Ý .IÙ#á
V(ãr−1, f̃r−1, F) ü ß5Ö>ÔñÖ (ãr−1, f̃r−1)

Ó#ÔñÖæ5Û5Ý3þ®æ�Ö>Ø�ó²Õ�Ö�ä�Û5Ö�ÕðÑ��!æ)Þ¬Þ.ß5Ý3å´Ý�å÷Þ�ß5Ö
d − r + 1 û Þ�ß åñæ5ï5Ú5ÔñÙ�ï5Ø3Ö>à Ý3Û¦Ù�æ�Ô¬Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û Ú5ÔñÙ®ö>Ö�å�å>Ñðú�Ö>Û�ö>Ö´ï óòÝ3Û5Õ5æ5öVÞ.Ý�Ù#ÛòÙ�Û

r
Ó#Ø3Ø

d + 1
åñæ5ï5Ú5ÔñÙ�ï5Ø3Ö>àAå½Ó#Ô�Ö¾æ5Û5Ý3þ�æ5Ö>Ø�óÕ5Ö�ä5Û5Ö>Õ�Ñ



� Á��#¡/� ��.£�� �.¢����#©�§-¼#£- ¨��ð¥>¢/¥>«N�.ª%�.¢�£-·V���	��£-���¥>¢�
�£�¸��.¢%�.�¡���
¹Ã³®¥>ª�£�©�� 8£-
ΠΣ

¿��õ£��.§��   � �
� Æ�� 
 �ÄË=Ê5Ï1É��8���²É)Ë �;Ë�
�� ���÷Ï%È���=Ê �LÏ����ðÊ���ÈlÎ����	�TÍ��=É)Ï%ËÄÈ�
*�Û Þ.ß5Ö÷áãÙ�Ø3Ø�Ù ü Ý3Û5Ü * ü Ó#Û�Þ'Þ�Ù[Ö�àFÚ5ß5Ó#å�Ý3ý>Ö÷Þ�ß�Ó+Þ'Ù�Û5Ö´Ý3åNÓ+ï5Ø�Ö¾Þ�Ù[Õ5ÖV×�Ö>Ø3Ù�Ú Ó#Ø�Ü�Ù#Ô�Ý�Þ�ß5àAå�Þ�Ùå�Ù�Ø�×�Ö´Ú�Ó#Ô�Ó#àFÖVÞ.Ö�Ô�Ý�ý�Ö>Õ Ø�Ý3Û5Ö�Ó#ÔlÕ�Ý3ôõÖ>Ô�Ö�Û5ö>Ö´Ö>þ�æ�Ó+Þ�Ý�Ù�Û5å'Ý3Û

ΠΣ û ä�Ö>Ø3Õ5å ü Ý�Þ.ß Þ�ß5Ö¬ÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛÞ.Ö�ö�ß�Û5Ý�þ�æ5Ö�å�Ý�Û Þ.Ô�Ù®Õ5æ�ö>Ö>Õ¾Ý3ÛCÞ�ß5Ö!Ø�Ó#åñÞ
Þ ü Ùlå�Ö�ö�Þ.Ý3Ù�Û5å�Ñ�,�Ù�Ô�Þ.ß�Ý�å`Ø3Ö�Þ (F(t), σ)
ïrÖTÓ

ΠΣ û ä�Ö>Ø3Õðì
0 6= a ∈ F[t]m

Ó#Û�Õ
f ∈ F[t]n

Ñ
���  �& $ ���  �  �$ ����M=�  �� �`�#� &)(*$ � � ( �  �>� 
!,`Ý�Ô�å/Þ ü Ö½Ø�Ù®Ù�(¬ö�Ø�Ù�åñÖ>ÔTÓ+Þ!Þ�ß5Ö½Ý�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#ØÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û Ú5ÔñÙ®ö>Ö�å�å÷Ý�Û Þ.Ô�Ù®Õ�æ5ö>Ö�Õ Ý�Û 
)æ5ï5åñÖ>öVÞ.Ý�Ù#Û¦ù)Ñ�í)Ñ ,�Ù�ÔQÞ�ß5Ý�åQØ�Ö�Þ

l := ||a||
Ó+Û5Õ Þ.Ó�(#Ö

d ∈ N0∪{−1}
å�æ5ö�ßQÞ�ß�Ó+Þ

||f || ∈ F[t]l+d

Ñ�ÿ;ß5Ö>ÛNÞ.ß5Ö=à¯Ó+Ý�Û½Ù�ï5åñÖ>Ôñ×ÃÓ+Þ.Ý3Ù�ÛNÝ�å�Þ.ß5Ö�áãÙ�Ø�Ø3Ù ü Ý3Û5Ü�~*1álÙ�Û5Ö[Ý3å¬ö>Ó#Ú�Ó+ï5Ø�ÖIÙ#álåñÙ�Ø3×®Ý3Û5Ü_Ú5Ó#Ô.Ó#àAÖVÞ.Ö>ÔñÝ�ý�Ö>Õ¦Ø�Ý�Û�Ö�Ó#Ô÷Õ�Ý3ôõÖ>ÔñÖ>Û5ö�ÖiÖ�þ®æ5Ó+Þ.Ý3Ù�Û5å¬Ù#á�Ù�Ô�Õ5Ö�Ô
m − 1

Ý3Û Þ.ß5Ö±Õ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö±ä�Ö>Ø3Õ
(F, σ)

ì8Ý�Û Ú�Ó#ÔñÞ�Ý�ö�æ5ØÂÓ+ÔAÝ�á'Ù#Û5Öòö�Ó+Ûtö>Ù�àAÚ5æ�Þ�ÖèÓZï�Ó#åñÝ�åà¯ÓÃÞ.Ô�Ý . Ù#á;Ó+Ø�Ø�Þ�ß5ÖFåñæ5ï5Ú5ÔñÙ�ï5Ø3Ö>àAåQÝ�ÛZÓ#ÛZÝ�Û5ö�Ô�Ö�àFÖ�Û�Þ�Ó+ØÄÔñÖ>Õ5æ�ö�Þ.Ý3Ù�ÛZÚ5Ô�Ù®ö�Ö>åñåCÞ.ß5Ö�Û Ù�Û5ÖAÝ�åÓ#ï5Ø3Ö½Þ.Ù¬ö>Ù�àAÚ5æ�Þ�ÖQÓ´ï�Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á
V(a,f , F[t]d)

Ñ
	 ( � � & $v& $�� ��M0M´�  �� �
�#� & (*$ �  � � $'&�
 �  � 
XÐ±Ù�Ô�Ö�Ù�×�Ö�Ô>ì�Ó#ÛtÓ+Ø�Ü�Ù#Ô�Ý�Þ.ß�à ö>Ó#Û ïrÖ±Õ5Ö ûå�Ý3Ü�Û5Ö�Õ ü ß5Ý3ö�ßAö�Ù�àFÚ�æ�Þ.Ö�å8Ó'ï�Ó+å�Ý�å=àFÓ+Þ�Ô�Ý .CÙ#á

V(a,f , F(t))
ì�Ý�áxÞ.ß5ÖTáãæ5Ø�Ø)Ô�Ö�Õ5æ5ö�Þ�Ý�Ù�Û¬å/Þ.Ô.ÓÃÞ ûÖ>Ü+ó[Ó#åXÝ�Û � í � ö�Ó#ÛiïrÖQÓ#Ú5Ú5Ø3Ý�Ö�Õ.~

ë�ÑXø!Ø3Ö�Ó#ÔñØ3ó¬Þ.ß�Ö½å�Ý3àFÚ5Ø3Ý�ä�ö>Ó+Þ.Ý�Ù�Û5å�Ý3Û 
)æ�ï5å�Ö�ö�Þ.Ý3Ù�Ûií)Ñ�ë ü Ù�Ô=(AÝ�ÛIÓ+Û�ó
ΠΣ û ä�Ö�Ø�Õðì)Ó#Û5ÕIß�Ö>Û5ö�ÖÙ#Û5Ölö�Ó+Û�Ô�Ö�Õ5æ5ö>ÖlÞ�ß5ÖlÚ5ÔñÙ�ï5Ø�Ö�àâÞ.ÙCä�Û�Õ[ÓCï�Ó#åñÝ�å�à¯ÓÃÞ.Ô�Ý .¬Ù#á

V(a′,f ′, F(t)) ü Ý3Þ.ß � ë3� � Ñ�)Ñ�,�æ5Ô/Þ.ß5Ö�Ô�àAÙ�Ô�Ö+ì�Ý3á�Ù�Û5Ö�ö>Ó#Û¯ö>Ù�àAÚ5æ�Þ�ÖlÓQÕ5Ö>Û5Ù#àFÝ3Û�Ó+Þ.Ù#ÔÄïrÙ�æ5Û�Õ�Ù#á
V(a′,f ′, F(t))

ì®Ù�Û�ÖÝ3å½Ó+ï5Ø�ÖQÞ�Ù�Ô�Ö�Õ5æ5ö�Ö÷Þ�ß5Ö÷Ú�Ô�Ù�ï5Ø3Ö>à Þ.ÙFÞ.ß5Ö¾Ú5ÔñÙ�ï5Ø�Ö�à Ù#áÄö�Ù�àFÚ�æ�Þ.Ý3Û5Ü�ÓFï�Ó#å�Ý3ålàFÓ+Þ.ÔñÝ .iÙ+á
V(a′′,f ′′, F[t])

� 
)æ5ï5åñÖ>ö�Þ�Ý�Ù�Ûòí)Ñ � � Ñ
$�ÑXÐ±Ù�ÔñÖ>Ù�×�Ö>Ô�ì�Ý3á
Ù#Û5Ö'Ý�åTö�Ó+Ú�Ó#ï5Ø3Ö'Ù#á
Õ5Ö�Þ�Ö>ÔñàFÝ3Û5Ý�Û�Ü´Ó´Õ5Ö�Ü�Ô�Ö�ÖNïrÙ�æ5Û5Õ[Ù#á

V(a′′,f ′′, F[t])
ìÙ#Û5Öèö>Ó#Û Ó#Ú�Ú5Ø3ó¦Þ.ß5ÖòÝ�Û5ö�Ô�Ö�àFÖ�Û�Þ�Ó+Ø�ÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛtÞ�Ö>ö�ß5Û5Ý3þ�æ5Ö Ù#Û

V(a′′,f ′′, F[t]b)
Ó#Û5ÕÙ#ï�Þ�Ó#Ý3Û5å;Ý�Þ.å;ï�Ó#åñÝ�å;à¯Ó+Þ�Ô�Ý . � 
)æ5ï5åñÖ>ö�Þ�Ý�Ù�Ûòí)Ñ $ � Ñ,OÝ3Û�Ó#Ø3Ø�óIÙ�Û�Ö¾ÔñÖ>ö�Ù�Û5åñÞ�Ô�æ5öVÞ.å'ÓFï�Ó+å�Ý�å�à¯Ó+Þ�Ô�Ý .[Ù#á�Þ�ß5Ö¾Ù#Ô�Ý�Ü#Ý�Û5Ó#Ø�Ú�Ô�Ù�ï5Ø3Ö>à

V(a,f , F(t))
Ó#åÝ3Þ;Ý�å;Õ5Ö�å�ö�Ô�Ý�ïrÖ�Õ±Ý�Û 
)æ5ï�å�Ö>öVÞ.Ý3Ù�Û5ålí)Ñ�ëCÓ+Û5Õòí)Ñ �)Ñ

� �  �	���Ã� & �  �  �� �`�#� &)(*$ � � ( �  ���
�
� �  " �+�V� ( � �  � �����  �
�$�å�Ó#Ø�ÔñÖ�Ó#Õ�ó¦Ý3Û5Õ5Ý ûö�ÓÃÞ.Ö>Õ¦Ý3Û 
)Ö�ö�Þ.Ý3Ù�Û í±Þ.ß5Ö�å�ÖIÔ�Ö>Õ�æ5ö�Þ�Ý�Ù�Û²åñÞ�Ô.Ó+Þ�Ö>Ü�Ý3Ö>å÷Õ5Ö>Ø3Ý3×�Ö�Ô´Ó#Û¦Ó#Ø3Ü�Ù�ÔñÝ�Þ.ß5à Þ�Ù ö>Ù�àAÚ5æ�Þ�ÖÓ#Ø3Ø�åñÙ�Ø�æ)Þ.Ý�Ù#Û5åFÙ#áQÚ5Ó#Ô.Ó#àAÖVÞ.Ö>ÔñÝ�ý�Ö>Õ ä�Ô�å/ÞIÙ�Ô�Õ�Ö>Ô�Ø3Ý�Û5Ö>Ó#ÔFÕ�Ý3ôõÖ>Ô�Ö�Û5ö>ÖèÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5åw~ ,OÝ�ÔñåñÞ¯ï�óÔ�Ö�å�æ5Ø�Þ.å´áãÔ�Ù�à ç�
)ö�ß��	�#Ó�ì�
)ö�ß��	�+ï�î;Þ.ß�Ö>Ô�Ö[Ö8.)Ý�å/ÞFÓ#Ø�Ü�Ù#Ô�Ý�Þ�ß5àAå¾Þ.Ù_ö>Ù�àAÚ5æ�Þ�ÖiÓ_Õ5Ö�Û5Ù�àAÝ�Û5Ó ûÞ.Ù�Ô�ïrÙ#æ5Û5ÕèÙ+á

V(a′,f ′, F(t))
Ó#Û5ÕèÓAÕ5Ö>Ü#Ô�Ö�Ö¾ïrÙ�æ5Û5ÕòÙ#á

V(a′′,f ′′, F[t])
áãÙ�ÔXÞ.ß�Ö¾ö>Ó#åñÖ>å

0 6= a′ ∈ (F[t]∗)2 Ó+Û5Õ
0 6= a′′ ∈ (F[t]∗)2 Ñ 
)Ö�ö>Ù#Û5Õ Þ.ß�Ö±å�æ5ï�Ú5Ô�Ù�ï�Ø�Ö�àFåAÝ�Û Ó#Û Ý�Û ûö>ÔñÖ>àAÖ>Û Þ�Ó#ØõÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û�Ú5Ô�Ù®ö�Ö>å�åXÓ+Ô�Ö½Ó#Ü�Ó#Ý�ÛFÚ�Ó#Ô.Ó+àFÖVÞ.Ö>ÔñÝ�ý�Ö>Õ¯ä5Ô�åñÞTÙ�Ô�Õ�Ö>Ô!Ø�Ý3Û5Ö�Ó+Ô�Õ�Ý3ôõÖ>ÔñÖ>Û5ö�ÖÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5åQÝ�Û_Þ�ß5Ö

ΠΣ û ä�Ö�Ø�Õ (F, σ)
ÑQ�!æ�ÞQÔ�Ö>ö�æ5Ô�åñÝ3×�Ö�Ø3ó Þ.ß�Ö>å�ÖFÚ�Ô�Ù�ï5Ø3Ö>àAåNö>Ó#ÛZïrÖFåñÙ�Ø3×#Ö>ÕÓ#Ü Ó+Ý�ÛIï�óIÙ�æ�ÔXÔ�Ö�Õ5æ5öVÞ.Ý3Ù�Û5åXåñÞ�Ô.Ó+Þ�Ö>Ü�Ý3Ö>å>Ñ

*�ÛFÙ�Ô�Õ5Ö�ÔÄÞ�ÙCö�Ù�àFÚ�æ�Þ.Ö;Þ.ß5Ö�åñÙ�Ø�æ�Þ�Ý�Ù�Û¬åñÚ�Ó#ö�Ö�Ý�Û � .�Ó#àAÚ5Ø�Ö�í®ÑV�)ì�Þ�ß5Ö�Ô�Ö�Õ5æ5öVÞ.Ý�Ù#ÛAÞ.Ö�ö�ß�Û5Ý�þ�æ5Ö�åÓ#Ô�ÖNÓ#Ú5Ú5Ø3Ý�Ö�Õ[ÔñÖ>ö>æ�Ô�å�Ý�×�Ö>Ø�ó ü ß5Ý�ö�ßiÔ�Ö�å�æ5Ø�Þ.åXÝ�ÛiÓ!9;7\=:��9;H:4��57T9?7�25�1=:J 4LFG<��*9;F =?7?H?HVÑ
��� ��� � M  ��- /}-�"�ÖVÞ

(Q(t1)(t2), σ)
ïrÖ½Þ.ß5Ö

ΠΣ û ä5Ö>Ø3Õ[Ù�×�Ö>Ô
Q

ö�Ó#Û�Ù�Û5Ý�ö>Ó#Ø�Ø�óAÕ5Ö�ä�Û�Ö>Õ±ï ó
t1 = t1+1

Ó#Û5Õ
t2 = (t1+1) t2

ÑS*�Û´Ù#Ô�Õ5Ö�Ô`Þ.Ù�ä�Û5Õ´Ó
g ∈ Q(t1, t2)

åñæ5ö�ß÷Þ.ß�Ó+Þ
σ(g)−g =

t1 t2,
ü Ö[ö�Ù�àAÚ5æ�Þ�Ö[Óèï�Ó#åñÝ�å÷Ù#á�Þ�ß5ÖIåñÙ�Ø�æ�Þ�Ý�Ù�Û å�Ú�Ó#ö�Ö

V((1,−1), (t1 t2) , Q(t1)(t2))
ï�óÓ#Ú5Ú5Ø�ó®Ý�Û5Ü´Ù�æ5Ô;Ô�Ö�Õ5æ5öVÞ.Ý�Ù#Û[Þ.Ö�ö�ß5Û�Ý�þ�æ5Ö>å�Ô�Ö�ö>æ5Ôñå�Ý�×�Ö>Ø3ó#Ñ
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V((1, −1), (t1 t2) , Q(t1)(t2))
†

||
V((1, −1), (t1 t2) , Q(t1)[t2])

||
V((1, −1), (t1 t2) , Q(t1)[t2]1) PPPPP1. q

iPPPPP
5.

I((1, −1), (t1 t2) , t2 Q(t1))

)�����
4.V((1, −1), (0) , Q(t1))

5.6

V((t1 + 1, −1), (t1) , Q(t1))
†

2.? 3. 6
|| � ��� ��� ��� 
 ||

Q × Q V((t1 + 1, −1), (t1) , Q[t1])
||

V((t1 + 1, −1), (t1) , Q[t1]0)PPPPP1. q
iPPPPP

5.

I((t1 + 1, −1), (t1) , t1 Q)

)�����
4.V((t1 + 1, −1), (0) , {0})

5.6

V((1, 0), (1) , Q)
†

2.? 3. 6
|| || � ���
���������

NullspaceQ((0)) × {0} NullspaceQ((−1, 1))

� OQPRO��	�*Wb]�WqxydRU�V �8arj\W � arj\W
"�Ù®Ù�(�Ý�Û5Ü¬ö>Ø3Ù�å�Ö�Ô�Ó+ÞXÞ�ß5ÖQÔ�Ö�ö>æ5Ôñå�Ý�×�ÖCÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û±Ú5ÔñÙ®ö>Ö>åñå � Þ.ß5ÖNØÂÓ#ïrÖ�Ø�å

†
Ý�Û � .�Ó#àAÚ5Ø3Ö �)Ñ3ë � ìÙ�Û5ÖNö>Ó#Û[áãÙ�Ø�Ø3Ù ü Ó¬Ú�Ó+Þ�ß ü Ý3Þ�ß±Ó´Û5Ö ü ï5Ó#å�ÖNö�Ó#åñÖ#ìxÛ5Ó#àFÖ�Ø3ó

V((1,−1), (t1 t2) , Q(t1, t2)) - V((t1 + 1,−1), (t1) , Q(t1)) - V((1, 0), (1) , Q).

*�Û Þ.ß5Ö�Ü#Ö>Û5Ö�Ô.Ó#Ø!ö>Ó#å�Ö+ìOáãÙ�Ô¾Ó
ΠΣ û ä�Ö>Ø3Õ (F, σ)

Ù�×�Ö�Ô
K ü Ý3Þ�ß F := K(t1, . . . , te)

ì
0 6=

ae ∈ Fme
Ó#Û�Õ

fe ∈ Fne
Þ�ß5Ö'áãÙ�Ø�Ø3Ù ü Ý3Û5Ü÷Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�ÛiÚ5Ó+Þ.ßiÚrÙ#Ú5å�æ�Ú.~

V(ae, fe, K(t1, . . . , te))

V(ae−1, fe−1, K(t1, . . . , te−1))
? 6 �-. . .�-V(a1, f1, K(t1))

V(a0, f0, K).
? 6

,OÝ3Û�Ó#Ø3Ø�óFÙ�Û5ÖNß5Ó#å;Þ.Ù¬Õ5Ö�Þ�Ö>ÔñàFÝ3Û5ÖNÓ´ï�Ó#å�Ý3åXÙ#á
V(a0,f0, K)

áãÙ�Ô;å�Ù#àFÖ
0 6= a0 ∈ Fn0

Ó#Û5Õ
f0 ∈ Fm0

Ñ�ÿ;ß5Ö�Ù�Ô�Ö�à �)Ñ�ëCÓ+Ø�Ø�Ù ü åTæ5å;Þ.Ù¬ß�Ó#Û5Õ5Ø3Ö½Þ.ß5Ý3åXåñÖ>ö�Ù�Û5Õ±ï�Ó#å�ÖNö�Ó#åñÖ#Ñ
���  #( �  � ��- /}-�� 7:J

(F, σ)
�:7nK{254 687:9?7:<�=\7 @B7:CD2 
h4�J��=?FG<IH:JLK5<1JR@B7:CD2

K � f ∈ Fn
K5<*2

0 6= a = (a1, . . . , am) ∈ Fm � � �17:< V(a,f , K) = NullspaceK(f∧(−
∑m

i=1 ai))
�

�=Ô�Ù®Ù#á�~ "�Ö�Þ
c ∈ Kn

Ó#Û5Õ
g ∈ K

Ñ�*1Þ;áãÙ�Ø�Ø3Ù ü åTÞ�ß�Ó+Þ

c∧g ∈ V(a,f , K) ⇔ c f − σag = 0 ⇔ c f − g

(
m∑

i=0

ai

)

= 0

⇔ c∧g ∈ NullspaceK(f∧u).

�� � �5�
	 �>- /1- �'Ý3×�Ö�Û
f ∈ Kn

Ý�ÛLÓ²ä�Ö>Ø3Õ
K

Ó¦ï�Ó#åñÝ�å[Ù#á
NullspaceK(f)

ö�Ó#ÛLïrÖÝ�àAàAÖ>Õ�ÝÂÓÃÞ.Ö�Ø�ó¯ö�Ù�àAÚ5æ�Þ.Ö�Õiï�óIØ3Ý�Û5Ö>Ó#Ô;Ó#Ø3Ü�Ö>ï�Ô.Ó�Ñ
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� O�N1O��	�*W ��WqV>^�x Z:YQdRU � 
 �Rd�i�YDZ �>_  dRi
ΠΣ �

X.W�
QV>j
��ó�Þ.ß5ÖNÔ�Ö>àFÓ#Ô)(®åXÝ�ÛIÞ.ß5ÖNïrÖ>Ü�Ý3Û5Û5Ý3Û5Ü¬Ù#á 
)Ö�ö�Þ�Ý�Ù�Û �´Ù�Û5ÖNÙ�ï�Þ.Ó#Ý�Û�å�Ó#Û±Ó#Ø3Ü�Ù�ÔñÝ�Þ.ß5à Þ�ÙAå�Ù�Ø�×�ÖÚ�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�Ý3ý>Ö>Õ[Ø3Ý�Û�Ö�Ó#Ô!Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖNÖ>þ�æ�Ó+Þ�Ý�Ù�Û�å>ì5Ý3á
Ù�Û5ÖNÝ3åXÓ#ï�Ø�Ö½Þ�ÙAÓ#Ú5Ú5Ø�ó�ÔñÖ>ö�æ5Ô�åñÝ3×�Ö>Ø�óIÙ�æ�ÔÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û[Þ.Ö>ö�ß5Û5Ý3þ�æ5Ö>å�Ñrÿ;ß5Ý3å ü Ý�Ø3ØðïrÖNÚrÙ�åñå�Ý�ï�Ø�Ö#ì5Ý�á`Ù�Û5ÖNö�Ó+Û±ö�Ù�àAÚ5æ�Þ.ÖNÓ#Ø�Ø�Õ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�ÔÓ#Û5ÕiÕ5Ö�Ü�Ô�Ö�ÖQïrÙ�æ�Û5Õ5å ü Ý�Þ.ß5Ý3ÛiÓ´Ô�Ö>ö�æ5Ô�åñÝ3×�ÖQÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛiÚ5ÔñÙ®ö>Ö>åñå>Ñ
*�Û�Ù�ÔñÕ5Ö>Ô8Þ.ÙCáãÙ�Ôñà¯Ó#Ø3Ý�ý>ÖXÞ�ß5Ý�å8Ý�ÛFÚ5Ô�Ö�ö>Ý�åñÖ�Þ.Ö>ÔñàFå�ì ü ÖlÕ5Ö�ä5Û5ÖlÞ ü Ù÷Ý3Û5Ú5æ�Þ û Ù�æ)Þ.Ú5æ�Þ�å�ÚrÖ�ö>Ý�ä ûö�ÓÃÞ.Ý�Ù#Û5åXÙ#á�Ó#Ø3Ü�Ù�ÔñÝ�Þ.ß5à¬å ü ß5Ý3ö�ß±Õ5Ö>Ø3Ý3×�Ö�ÔXÖ/.5Ó+ö�Þ.Ø�ó�Þ.ß5ÖQÕ�Ö>å�Ý3Ô�Ö�Õ±Õ5Ö>Û5Ù#àFÝ3Û�Ó+Þ.Ù#ÔXÓ+Û5Õ±Õ5Ö�Ü�Ô�Ö�ÖïrÙ�æ5Û5Õ�åXÞ.ß�ÓÃÞ�Ó#ÔñÖNÛ5Ö�Ö>Õ5Ö�ÕòÝ3ÛiÓ¬Ô�Ö�ö>æ5Ôñå�Ý�×�ÖQÔ�Ö�Õ5æ5ö�Þ�Ý�Ù�Û[Ú5Ô�Ù®ö�Ö>å�å�Ñ

]� WGxGY[X.xyacZ:YQdRU � OpP�O N 6�7QF <3;�H56 � U�HSF/9:6�7�>�6825H <BF�� E86�7:U�9GO9�
d � �������	��
����� (F(t), σ),a,f �
����������� P ΠΣ � * ;/�V< (F(t), σ) 6 �8;�7 K 0 a = (a1, . . . , am) ∈ F[t]m - U�9:O a1 am 6= 0 0 F/HS< f ∈ F[t]n Y
� ����������� P <3;�HS6�� U�H F�9:6�7�>�6�25HS< d ∈ F[t]∗ 68N V(a,f , F(t)) Y
]� WGxGY[X.xyacZ:YQdRU � ODN�O N 6�7QF <3;�E�7:;);0>�6825HS<WF�� E86�7:U�9:O$�
d � �������������	��
����� (F(t), σ),a,f �
����������� P ΠΣ � *S;,� < (F(t), σ) 6 �8;)7 K 0 0 6= a ∈ F[t]m F8HS< f ∈ F[t]n Y
� ����������� P <3;�E�7:;);0>�682SHS< b ∈ N0 ∪ {−1} 6/N V(a,f , F[t])

��Ù ü ü Ö¾Ó#ÔñÖQÔ�Ö>Ó#Õ�óIÞ�ÙFÕ5ÖVä�Û5ÖCÝ3áOÓ
ΠΣ û ä�Ö>Ø3ÕiÝ�å

m û å�Ù#Ø3×+Ó+ï5Ø�Ö ü Ý�Þ.ß m ≥ 1
Ñ�*�Û±Þ�ß5Ý�åXö>Ó#å�ÖÚ�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�Ý3ý>Ö>Õ[Ø3Ý�Û5Ö>Ó#ÔTÕ5Ý�ô�Ö�Ô�Ö>Û�ö>ÖNÖ>þ�æ�Ó+Þ�Ý�Ù�Û�åXÙ#áOÙ#Ô�Õ5Ö�ÔXØ�Ö�å�å;Þ.ß�Ó+Û

m
ö>Ó#ÛiïrÖNå�Ù�Ø�×�Ö>ÕðÑ

�! #"%$'& � &)(*$ ��- /}-�"�ÖVÞ
m ≥ 1

Ñ*%ÛIÞ.ß5Ö½áãÙ�Ø3Ø�Ù ü Ý3Û5Ü ü ÖNÕ5Ö�ä5Û5ÖQÝ3Û5Õ5æ5öVÞ.Ý�×�Ö>Ø�ó¯Ý3á`Ó
ΠΣ û ä�Ö>Ø3Õ

(F, σ)
Ý�å

m
�LH FGC �GK	�wCQ7VÑ�*1á

(F, σ)
Ý3åFÞ.ß5Öèö�Ù�Û5å/Þ�Ó#Û Þ�ä�Ö>Ø3Õ Ù#Ô

m = 1
ì

(F, σ)
Ý�å¯ö>Ó#Ø�Ø3Ö>Õ

m û å�Ù#Ø3×+Ó#ï�Ø�Ö+Ñ ,�æ5Ô/Þ.ß5Ö�Ô�àAÙ�Ô�ÖòÓ
ΠΣ û ä�Ö>Ø3Õ (F(t), σ)

Ý3å¯ö>Ó#Ø�Ø3Ö>Õ
m û åñÙ�Ø3×ÃÓ#ï5Ø�Ö[áãÙ�Ô

m ≥ 2
ìÝ3á

(F, σ)
Ý�å

m û å�Ù�Ø�×+Ó#ï5Ø3ÖIÓ#Û�Õ¦Þ�ß5Ö>ÔñÖ[Ö8.)Ý�å/ÞFÓ+Ø�Ü�Ù�ÔñÝ�Þ.ß�àAå! �"$#&%('�)&#+*¦Ó#Û�Õ, -" �&.+"/"0%('	)/#-*Þ.ß�ÓÃÞ´áãæ5Ø�ä�Ø�Ø 
)ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û5å �®Ñ3ë[Ó#Û5Õ �)Ñ � ü Ý�Þ.ß²Ý�Û5Ú5æ)Þ
DenBound((F(t), σ),a,f)

Ó#Û5Õ
DegreeBound((F(t), σ),a,f)

áãÙ#ÔAÓ#Û ó
a = (a1, . . . , am′) ∈ F[t]m

′ áãÙ�Ô¬åñÙ�àFÖ
2 ≤

m′ ≤ m ü Ý3Þ�ß a1 am′ 6= 0
Ó+Û5Õ±Ó#Û�ó

f ∈ F[t]n
áãÙ�Ô;å�Ù�àAÖ

n ≥ 1
Ñ

*1áxÓ
ΠΣ û ä�Ö�Ø�ÕCÝ3å

m û åñÙ�Ø3×ÃÓ#ï5Ø�Ö8Ó#Û�Õ´Ó+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAå1 -" �&.+"/"0%('	)/#-*CÙ�Ô2 -"$#+%('�)/#+*¾Ó#Ô�Ö�Ó#Ú5Ú5Ø3Ý�Ö>Õ�ìÞ.ß5ÖVó ü Ý�Ø�ØðÓ+Ø ü Ó�ó®å;áãæ5Ø�ä�Ø�Ø�
)ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û5å��)Ñ3ëNÙ�Ô��)Ñ �)Ñ
*�Û Ú�Ó+ÔñÞ.Ý3ö>æ5Ø�Ó#Ô¾Ý�Û ç�$�ï5Ô.ê��#ïðì $lï�Ô'� í®ìO×�ú?��ê+îXÓ#Û5ÕLç $lï5Ô�ê���Ó)ì �`Ö�Þ����)ì�
#$B$B� í)ì ��������ùÃîÓ#Ø3Ü�Ù�Ô�Ý�Þ�ß5àAåTÓ#Ô�Ö'Õ5Ö�×�Ö�Ø�Ù#ÚõÖ�ÕiÞ.ß5Ó+Þ;áãæ5Ø3ä�Ø3ØI
®ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û5å��)Ñ3ëQÓ#Û�Õ �)Ñ �÷áãÙ#ÔXÓ#Û�ó

m ≥ 2
Ý�ÛÓ

ΠΣ û ä5Ö>Ø3Õ (K(t), σ)
Ù�×�Ö>Ô

K ü Ý3Þ.ß σ(t) = t + 1
Ñ#$�Ø�Ø�Þ.ß5Ö�å�Ö½Ô�Ö>åñæ5Ø3Þ�å!Ý�àAàAÖ>Õ5Ý�ÓÃÞ.Ö>Ø�ó¬Ø�Ö>Ó#ÕÞ.Ù´Þ.ß5Ö'áãÙ�Ø3Ø3Ù ü Ý3Û5Ü¾Þ.ß�Ö>Ù�ÔñÖ>àiÑ

���  #( �  � ��-[+.- � ΠΣ
� @B7:CD2

(K(t), σ)
F �57:9

K

h4�J�

σ(t) = t + 1
4QH

m
�LH FGC �GK	�wCQ7 ��FG9

K5<�
m ≥ 2 �

,�æ5ÔñÞ�ß5Ö>ÔñàFÙ#Ô�ÖèÝ�Û ÿ;ß5Ö�Ù�Ô�Ö�à �)Ñ ! ü Ö ü Ý3Ø�Ø�åñß5Ù ü ï�ótÔñÖ>å�æ�Ø3Þ.å�áãÔ�Ù#à ç 
)ö�ß��	�+Ó�ì 
)ö�ß��	�Ãï5î|ìï�Ó#åñÖ>Õ Ù#ÛtçéÒQÓ+Ô.ê�ë#ì �!ÔñÙ	���Ãî|ì�Þ�ß�Ó+Þ¾Ó#Û ó
ΠΣ û ä�Ö>Ø3ÕZÝ�å

2 û åñÙ�Ø3×ÃÓ#ï5Ø�Ö+ÑI*�Û ö�Ù�à÷ï5Ý�Û�ÓÃÞ.Ý3Ù�Û ü Ý3Þ�ßÞ.ß5Ö8áãÙ#Ø�Ø3Ù ü Ý3Û5Ü�ö�Ù�Û5åñÝ�Õ5Ö�Ô.Ó+Þ�Ý�Ù�Û�å�Þ.ß5Ý3å
Ô�Ö>åñæ5Ø3Þ�å`Ý�Û¾Ó+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAå�Þ�ÙlåñÙ�Ø3×�Ö8Ú�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�Ý3ý>Ö>ÕQä�ÔñåñÞÙ�Ô�Õ�Ö>ÔXØ3Ý�Û5Ö>Ó#ÔTÕ5Ý�ô�Ö�Ô�Ö�Û5ö>ÖNÖ>þ�æ�Ó+Þ�Ý�Ù�Û�åXÝ�ÛIáãæ5Ø3ØðÜ#Ö>Û5Ö�Ô.Ó#Ø3Ý3Þ�ó�Ñ
��Ù ü ü ÖXÓ+Ô�ÖTÔ�Ö>Ó#Õ�óCÞ.Ù ü Ô�Ý3Þ�ÖTÕ5Ù ü Û´Þ.ß�ÖXÓ+Ø�Ü�Ù�ÔñÝ�Þ.ß�àAå
Þ.ß�Ó+ÞOáãÙ�Ø3Ø�Ù ü Ö/.�Ó#ö�Þ�Ø3óCÞ.ß�Ö;ÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛÚ5Ô�Ù®ö�Ö>åñålÓ#å;Ý3ÞXÝ3å;Ý�Ø3Ø3æ5åñÞ�Ô.Ó+Þ�Ö>ÕIÝ�Û � .�Ó#àAÚ5Ø�Ö-�®Ñ3ë#Ñ
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�!M �}( � & � � � ��- /}- 1 6 ��� U H5E 4SF/7 F�� ; 9G;�7GU��);)< � U�H5;=F/7 <5U "�;�7G;�H$#�;�; 'A2SF�9GU�6�HSR�U�H m � R:6�����F8>9� ; ΠΣ � *S;/�V<5R�Y
B ��� ����� � � ��� 
���� ��� �
	��� �- (E, σ),a,f �
����������� PQH m � R:6�����F8>9� ; ΠΣ � *S;,� < (E, σ) 6 �8;�7 K - U�9GO E = K(t1, . . . , te)

F/HS< e ≥ 0 � 0 6= a =
(a1, . . . , am) ∈ Em F/HS< f ∈ En Y

� ����������� P >SF�RTUVR1��F/9:7GU 6 B 6/N V(a,f , E) Y
�����������������������

� 1 ; # 9GU�6�H � Y J � �� J ��� C e = 0 # 6 � 4S239:;�F >SF8R:UVR1��F/9:7GU 6 B 6/N NullspaceK(f∧(−
∑m

i=1 ai)) ��! % �#" !%$ B Y
����&'��(*)+�
,�-/.�01��,��324��5 1 U�� 49� U�* #�F/9:U 68HSR � 1 25> RT; # 9:U 68H M3Y J � ���; 9 F := K(t1, . . . , te−1) 0 U Y ;�Y (F(te), σ) UVRIF ΠΣ � ;/6A9G;�HSR:U 68H?68N (F, σ) Y� � ��� N am 6= 0 0 RT;�9 k := m 0 6/9GO5;�7 - UVRT;Q<3;/*SH5; k R:2$# O 9:OSF/9 ak 6= ak+1 = · · · = am = 0 Y �#7 F/HSRTN 687 �
a 0 f > @ � J�J �	9:6 a′ = (a′

1, . . . , a
′
m′) ∈ F(te)

m′ F/H < f ′ ∈ F(te)
n - U�9GO a′

1 a′
m′ 6= 0 F/HS< m′ ≤ m �#7� ;)F/7�<3;�HS6�� U�H F�9:6�7GR%U�H a′ 0 f ′ F8R%U H ��OS;�687G;/� M5Y � - O5U #GO?7G;)R:29��9 R%U H a′ ∈ F[te]

m′ 0 f ′ ∈ F[te]
n Y

� K ��� C a′ ∈ F[te]
1 ! % �#" !%$ Idn∧σm−k( f

a′
1
) Y

����&'��(*)+�
,�-/.�01��,��324�6��5  �;�H56 � U�HSF/9:6�7�;,��U�� U�H F�9:U 68H � 1 25>SR:;,# 9:U 68H M5Y �3� �� > �87%6�� 45239G; > @ d := DenBound((F(te), σ),a′,f ′) F <3;�H56 � U�HSF/9:6�7�>�6825H <?6/N V(a′,f ′, F(te))
Y

� M�� 1 ; 9 a′′ := (
a
′
1

σm′−1(d)
,...,

a
m′

d ) ∈ F(te)
m′ F8R�U H ��OS;�687G;/� M5Y M 0 F/HS< #/��;=F/7 <3;�HS6�� U�H F�9:6�7GR�U�H a′′

F/HS< f ′′ := f ′ > @ ��O5;�6�7:;/� M5Y � - O5U #GOW7:;=RT2$��9 R�U�H a′′ ∈ F[te]
m′ F/HS< f ′′ ∈ F[te]

n Y
����&'��(*)+�
,�-/.�01��,��324�6����5 �6 ��@ H56 � U F��	<5;�E87G;�; ;/� U�� U HSF�9GU�6�H � 1 25> RT; # 9:U 68H M3Y K � ��:9 �87%6�� 45239G; > @ b := DegreeBound((F(te), σ),a′′,f ′′) F <5;�E87G;�; >�6825HS<B6/N V(a′′,f ′′, F[te])

Y
� � � 1 ; 9 C∧w ; �=< �  ����> ����� � �
? ����
  ��� ��� ((F(te), σ), b,a,f) > @�2SRTU H5E�P5��E�687GU�9GO9�@�3Y � Y�:A � ! % �#" !B$ C∧σm−k(w

d
) Y�!M �}( � & � � � ��-[+.- ��O5; U H$#�7:;/� ;)H�9GF��	7G;)<32$# 9:U 68HB457G6?# ;=R:R!U H m � RT6 ���/F/>9� ; ΠΣ � *S;,� <SR�Y

B � < � ����>0����� � �
? ����
  �C� ���  (F(t), σ), d,a,f �
����������� PQH m � R:6�����F/>$��; ΠΣ � *S;/�V< (F(t), σ) 6 �8;�7 K F/HS< d ∈ N0 ∪ {−1} � 0 6= a = (a1, . . . , am) ∈

F[t]m - U�9:O l := ||a|| F/HS< f ∈ F[t]nl+d
Y

� ����������� P >SF�RTUVR1��F/9:7GU 6 B 6/N V(a,f , F[t]d)
Y

���������������������
� 1 25>SR:;,# 9GU 68H M5Y > � �� J ��� C d = −1 0 #�6�� 45239G; F >SF�RTUVR ��F�9G7:U�6 B 68N NullspaceK(f) × {0} ��! % �#" !%$ B Y����DE��F�G�����HJI/-/KL-/0*��,�-/.�0 >A@�U H$#�7:;,� ;)H�9GF��	7G;)<32$# 9:U 68H � 1325>SR:;,# 9GU�6�H 9 Y > � �

� � � 1 ; 9 0 6= ã :=
(

[a1]l (α)d
m−1 , . . . , [am]l (α)d

0

)

∈ Fm F8HS< f̃ := [f ]d+l ∈ Fn Y
��� 7%6 � 45239GF/9:U 68HB6/N#9GO5;�RT2S>5457:6�>9� ;/��R�U�H F/HBU H$# 7G;/� ;)H�9GF��	7G;)<32$# 9:U 68HB457G6?# ;=R:R � �

� K � 1 ; 9 C∧w := SolveSolutionSpace((F, σ), ã, f̃) - U�9GO C ∈ Kλ×n, g ∈ (td F)λ >A@?P2� ESY�� Y J8Y
� > � 1 ; 9 g := w td F8HS< f̃ ′ := C · f − σag ∈ F[t]λd−1

Y
� M�� 1 ; 9 D∧h := IncrementalReduction((F(t), σ), d− 1,a, f̃ ′) - U�9:O D ∈ Kµ×λ,h ∈ F[t]µd−1

Y
�:9 ��� C D∧h 6= 01×(n+1)

� � % $M! % �#" !%$ (D C)∧(h + D · g) Y
� � �87%6�� 45239G; h′ ∈ F[t]µ

′

d−1
F�R�U�H ��� > � ��! % �#" !%$ 0µ′×n∧h′.

,OÝ3Ô�åñÞðÞ.ß5ÖÄö�Ù�Ô�ÔñÖ>ö�Þ�Û5Ö>åñå`Ù#á$�Ø�Ü#Ù�Ô�Ý�Þ.ß5à �)Ñ �;Ý3å�å�ß5Ù ü ÛCÝ�ÛQÓ#Û
m û å�Ù�Ø�×+Ó#ï5Ø3Ö ΠΣ û ä�Ö�Ø�Õ (F(t), σ)æ5Û5Õ5Ö�ÔXÞ�ß5ÖQÓ#å�åñæ5àFÚ)Þ.Ý�Ù#ÛIÞ.ß�Ó+Þ $�Ø�Ü�Ù�ÔñÝ�Þ.ß5à �)Ñ�ë ü Ù#Ô=(�å�ö>Ù#Ô�Ô�Ö�ö�Þ�Ý�ÛIÞ�ß5Ö

ΠΣ û ä�Ö�Ø�Õ (F, σ)
Ñ



� Á��#¡/� ��.£�� �.¢����#©�§-¼#£- ¨��ð¥>¢/¥>«N�.ª%�.¢�£-·V���	��£-���¥>¢�
�£�¸��.¢%�.�¡���
¹Ã³®¥>ª�£�©�� 8£-
ΠΣ

¿��õ£��.§��   �?�
�  � � � ��- /1- � 7:J

(F(t), σ)
�:7�K5<

m
�LH FGC �GK	�wCQ7

ΠΣ
� @B7:CD2tF �57:9

K
K5<*2

d ∈ N0∪{−1} �CQ7:J
0 6= a ∈ F[t]m


h4�J�
l := ||a||

K5<*2
f ∈ F[t]nl+d

� � H?H:����7 J��IK5J � C ��FG9\4�J����� � ��J�7:9��
��4�<*K5J�7?H8K5<*2 
�FG9 � HT=?FG9:9;7?=:J ��FG98K5<� �GK5C�4 2 4�<��*�RJ 
h4�J���J��17

ΠΣ
� @B7:CD2

(F, σ) � �
�17:< � C �

��FG9\4�J������ � � 
h4�J��4�<��*�RJ InrementalReduction((F(t), σ), d,a,f)
J�7:9 ��4�<*K5J�7?H K5<*2

=?F � �*�RJ�7?H�K �?KGH:4QH �{K5J 9\4 ��F��
V(a,f , F(t)) �

�=Ô�Ù®Ù#á�~�*1á
d = −1

ì ü Ö Ù�ï�Þ.Ó#Ý�Û Ý�Û Ø3Ý�Û5Ö � ë � ï ó ÿ;ß5Ö�Ù�Ô�Ö�à í)Ñ�ùtÓ ï5Ó#å�Ý3åòàFÓ+Þ.ÔñÝ . Ù#á
V(a,f , F[t]d)

Ó#Û5Õ ü Ö½Ó#ÔñÖlÕ5Ù#Û5Ö#ÑI��Ù ü Ó#å�åñæ5àFÖ½Ó+å!Ý�Û5Õ�æ5ö�Þ�Ý�Ù�Û¯Ó#å�åñæ5àAÚ�Þ.Ý3Ù�ÛFÞ.ß�ÓÃÞ $lØ�Ü#Ù ûÔ�Ý�Þ.ß5à �)Ñ � ü Ý3Þ.ß
IncrementalReduction((F(t), σ), d − 1,a, f̃ ′) ü Ù�Ô)(�å'ö>Ù�ÔñÔ�Ö�ö�Þ½áãÙ�ÔÓ#Û ó

f̃ ′ ∈ F[t]λd−1

áãÙ�Ôlå�Ù#àFÖ
λ ≥ 1

Ñ�ú�Ö�Û5ö>Ö´Ý�ÛèØ�Ý3Û5Ö � í � ü Ö÷Ù�ï�Þ�Ó+Ý�Û Ó¯ï�Ó#å�Ý3å½àFÓ+Þ.ÔñÝ .±Ù+á
V(a, f̃ ′, F[t]d−1)

Ñ ��óCÕ5ÖVä�Û5Ý�Þ.Ý�Ù#Û
(F, σ)

Ý�åOÓ#Û
m û å�Ù�Ø�×+Ó#ï5Ø3Ö ΠΣ û ä�Ö�Ø�ÕðÑÃÿ;ß�æ5å ü Ö!Ù�ï�Þ�Ó+Ý�Û÷Óï�Ó#åñÝ�åOàFÓ+Þ�Ô�Ý .

D∧h
Ù#á

V(ã, f̃ , F)
Ý3Û¾Ø�Ý3Û5Ö � $ � ï ó¾Ó#å�åñæ5àFÚ)Þ.Ý�Ù#ÛðÑ+ú�Ö>Û5ö�ÖTï�óCÿ;ß5Ö�Ù�Ô�Ö�à ù�Ñ �

(D C)∧(h + D · g)
Ý3ålÓFï�Ó#åñÝ�å�à¯Ó+Þ�Ô�Ý .iÙ+á

V(a,f , F[t]d)
Ý3á

D∧h 6= 01×n+1 �
Ù#Þ�ß ûÖ>Ô ü Ý�å�Ö 0(µ−1)×n∧h′

Ý�å´Ó_ï�Ó+å�Ý�å´àFÓ+Þ.ÔñÝ .õÑOÿ;ß�æ5åAï�ó Ý�Û5Õ�æ5ö�Þ�Ý�Ù�Û²Ù�Û
d
$lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ �

ü Ù�Ô)(�å�ö>Ù�ÔñÔ�Ö>öVÞ.Ø�ó�áãÙ�ÔXÓ+Û�ó
d ≥ −1

Ñrø!Ø3Ö�Ó#ÔñØ3óFÞ.ß�ÖCÓ+Ø�Ü�Ù#Ô�Ý�Þ�ß5à Þ�Ö>ÔñàFÝ3Û�Ó+Þ.Ö�å>Ñ
�� � �5�
	 ��-[+.-�$låñå�æ5àAÖlÞ.ß5Ó+Þ $�Ø�Ü#Ù�Ô�Ý�Þ.ß5à �)Ñ�ëlÞ�Ö>ÔñàFÝ3Û�Ó+Þ.Ö�å!Ó#Û5Õ ü Ù�Ô=(�åTö�Ù�Ô�ÔñÖ>ö�Þ!áãÙ�Ô!Ó#Û ó×+Ó#Ø3Ý�Õ Ý3Û5Ú5æ�Þ ü Ý3Þ.ß Þ�ß5Ö

ΠΣ û ä�Ö�Ø�Õ (F, σ)
Ó#Û5Õ ö�Ù�Û5åñÝ�Õ5Ö�Ô $lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ � ü Ý3Þ.ßZÝ3Û5Ú5æ�Þ¾Ó+åÝ�Û "�Ö>àAàFÓ �®Ñ3ë�ì�Ý|Ñ�Ö+Ñ

InrementalReduction((F(t), σ), d,a,f)
Ñ®ÿ;ß5Ö�Û�Þ�ß5ÖlÓ#Ø�Ü#Ù�Ô�Ý�Þ�ß5àö�Ó+Ø�Ø�å�Ý�Þ.åñÖ>Ø3á=Ö/.5Ó+ö�Þ�Ø3ó

d
Þ�Ý�àAÖ>å ü ß5Ö>ÔñÖ´Ý�ÛòØ�Ý3Û5Ö � $ � Ö8.�Ó#öVÞ.Ø3ó d + 1

å�æ�ï5Ú5Ô�Ù#ï5Ø�Ö�àFå � �lÖVä�Û5Ý ûÞ.Ý3Ù�Ûiù)Ñ $ � áãÙ�ÔXÓ+ÛiÝ�Û5ö�Ô�Ö�àFÖ�Û�Þ.Ó#ØðÔ�Ö�Õ5æ5öVÞ.Ý�Ù#ÛiÚ5Ô�Ù®ö�Ö>åñålÓ#ÔñÖNö>Ù#àFÚ�æ�Þ.Ö�ÕðÑ
,OÝ3Û�Ó#Ø3Ø�óAÞ.ß5ÖNö�Ù�Ô�Ô�Ö�ö�Þ�Û5Ö>åñå�Ù#á0$�Ø�Ü�Ù#Ô�Ý�Þ.ß5à �)Ñ �´Ý3å;å�ß5Ù ü ÛðÑ
���  #( �  � ��- �.- � C ��FG9\4�J����� � ��J�7:9���4�<*K5J�7?H�K5<*2�4QH�=?FG9\9;7?=:J �
�=Ô�Ù®Ù#á�~ "�ÖVÞ

(E, σ) ü Ý�Þ.ß E = K(t1, . . . , te)
ïrÖ¾Ó#Û

m û åñÙ�Ø3×ÃÓ#ï5Ø3Ö ΠΣ û ä�Ö�Ø�Õ±Ù�×�Ö>Ô
K ü Ý�Þ.ß

e ≥ 0
ì
0 6= a ∈ Em

Ó#Û5Õ
f ∈ En

Ñ%*1á
e = 0

ìõï�óòÿ;ß5Ö�Ù�Ô�Ö�à �)Ñ�ë ü Ö÷ö>Ù#àFÚ5æ)Þ.Ö´Ó¯ï�Ó#å�Ý3åà¯ÓÃÞ.Ô�Ý .iÙ#á
V(a,f , K)

Ý�ÛèØ3Ý�Û5Ö � ë � Ñ � Þ�ß5Ö>Ô ü Ý�åñÖ´Ø3Ö�Þ
F := K(t1, . . . , te−1)

Ó#Û5Õ Ó#å�åñæ5àFÖÓ#å´Ý3Û5Õ5æ5öVÞ.Ý3Ù�Û¦Ó+å�å�æ5àAÚ�Þ�Ý�Ù�Û Þ.ß�Ó+Þ $�Ø�Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ�ëIÞ�Ö>ÔñàFÝ3Û�Ó+Þ.Ö�å´Ó+Û5Õ ü Ù�Ô)(�å¬ö>Ù�ÔñÔ�Ö�ö�Þ´áãÙ�ÔÓ#Û ó_×+Ó#Ø�Ý3Õ Ý�Û5Ú5æ)Þ¾Ý3Û Þ.ß5Ö
ΠΣ û ä�Ö�Ø�Õ (F, σ)

Ñv��Ù ü ÚõÖ�ÔñáãÙ#Ô�à å/Þ.Ö>Ú � $ � Ñ�ÿ;ß5Ö�Û ü Ö¯Ù�ï�Þ.Ó#Ý�Û
a′ = (a′

1, . . . , a
′
m′) ∈ F[te]

m′ ü Ý�Þ.ß m′ ≤ m
ì
a′

1 a′
2 6= 0

Ó#Û5Õ
f ′ ∈ F[te]

n
Ó#å;Õ5Ö>åñö>Ô�Ý3ïrÖ>ÕÝ�Û Ø3Ý�Û5Ö � � � Ñ *1á a′ ∈ F[te]

1 Ý�Û Ø3Ý�Û5Ö � $ � ì�ï�ótÿ;ß5Ö�Ù�Ô�Ö�àFåií)Ñ�ë_Ó#Û5Õ í)Ñ ! Þ.ß5Ö ÔñÖ>å�æ�Ø3ÞIÝ�åö>Ù#Ô�Ô�Ö�ö�Þ�Ñ���Ù ü Ó+å�å�æ�àFÖ÷Þ.ß5Ó+Þ
a′ /∈ F[te]

m′ ü Ý3Þ�ß m′ ≥ 2 ü ß5Ö>ÔñÖ (F, σ)
Ý3å

m′ û å�Ù#Ø3×+Ó+ï5Ø�Öï�ó Õ5Ö�ä5Û5Ý3Þ�Ý�Ù�ÛðÑ�
®Ý�Û5ö�ÖFÞ�ß5Ö¯Ý�Û�Ú5æ�Þ¾Ù+á  -"$#&%('	)/#+*ZÝ�ÛZØ�Ý�Û�Ö � ! � áãæ5Ø3ä5Ø�Ø3å 
)ÚrÖ>ö�Ý3ä�ö>Ó+Þ.Ý3Ù�Û �)Ñ �)ìü ÖCö>Ù#àFÚ5æ)Þ.ÖCÓAÕ5Ö>Û�Ù�àFÝ3Û�Ó+Þ�Ù�Ô;ïõÙ#æ5Û5Õ
d ∈ F[te]

∗ Ù+á
V(a′,f ′, F(te))

Ñ*��Ù ü Þ�Ó�(#Ö
a′′ ∈

F[te]
m′ Ó#Û5Õ

f ′′ ∈ F[te]
n
Ó+å�Õ5Ö�å�ö�Ô�Ý�ïrÖ�Õ�Ý3ÛFØ3Ý�Û5Ö � í � Ñ)ø!Ø3Ö�Ó+Ô�Ø3ó#ì Ý�ÛAØ�Ý3Û5Ö � ù � ü Ö�ö>Ù�àAÚ5æ�Þ�Ö�ÓÕ5Ö>Ü#Ô�Ö�Ö'ïrÙ�æ�Û5ÕIÙ#á

V(a′,f ′, F[te])
Õ5æ5ÖlÞ.Ù¾Þ�ß5Ö½ö�Ù�Ô�ÔñÖ>ö�Þ;Ý3Û5Ú5æ�Þ�áãÙ�Ô  -" �/.+"&"0%('�)&#+*rÑ5ÿ;ß5Ö�Ûï�ó "�Ö>àAà¯Ó �)Ñ3ëAÓ#Û5Õ Ù�æ5ÔNÝ3Û5Õ5æ5öVÞ.Ý�Ù#ÛZÓ+å�å�æ�àFÚ�Þ�Ý�Ù#Û Ý3Þ½áãÙ�Ø�Ø3Ù ü å½Þ.ß�ÓÃÞ ü ÖAÙ�ï�Þ.Ó#Ý�Û Ó[ï5Ó#å�Ý3åà¯ÓÃÞ.Ô�Ý .

C∧w
Ù#á

V(a′′,f ′′, F[te]b)
Ó#Û5Õ[ß5Ö�Û5ö>ÖNÙ#á

V(a′′,f ′′, F[te])
Ý�ÛIØ3Ý�Û5Ö � � � Ñ�
)Ý3Û5ö>Ö

d
Ý�å�ÓQÕ�Ö>Û5Ù�àAÝ�Û5Ó+Þ.Ù#ÔÄïrÙ�æ�Û5Õ¯Ù#á

V(a′,f ′, F(te))
ì�ï óAÿ;ß5Ö�Ù�Ô�Ö�àFåTí)Ñ �QÓ#Û�ÕIí)Ñ$í

C∧w

d

Ý�å8Óï�Ó#åñÝ�å�à¯ÓÃÞ.Ô�Ý .IÙ#á
V(a′,f ′, F(te))

Ñ&�!æ�Þ�Þ.ß5Ö�Ûèï óiÿ;ß5Ö�Ù�Ô�Ö�àFå½í)Ñ�ë¾Ó#Û5Õèí)ÑV�
C∧σm−k(w

d
)Ý�åXÓ´ï�Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á

V(a,f , F(te))
Ñ

��óIÔñÖ>å�æ�Ø3Þ.å;áãÔñÙ�à ç�
)ö�ß��	�#Ó�ì 
)ö�ß��	�+ï�î ü ÖNå�ß5Ù ü Þ.ß�ÓÃÞ�Ó+Ø�Ø
ΠΣ û ä�Ö�Ø�Õ5åXÓ#ÔñÖ 2 û å�Ù�Ø�×+Ó#ï�Ø�Ö#Ñ

���  #( �  � ��-�	 - � <� ΠΣ
� @B7:CD24QH

2
�LH FGC �GK	�wCQ7 � � < ��K59\J 4L=:�RCDK59 J�17:9;7�7 �c4QH:J)H�K5<�K5C ��FG9\4�J����

J��IK5J H FGC �57?HK5<� ��K59�K���7:J�7:9:4��G7�2 @�9;H:J�FG9�2�7:9�C�4�<>7�K59254 687:9;7:<>=?787��w��K5J 4LFG<!4�<�K
ΠΣ

� @B7:CD2 �
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ΠΣ

¿��õ£��.§��   � �
�=Ô�Ù®Ù#á�~õÿ;ß5Ö÷Ú5Ô�Ù®Ù+á ü Ý3Ø�Ø
ïrÖ÷Õ5Ù�Û�Ö÷ï�óòÝ3Û5Õ5æ5öVÞ.Ý�Ù#ÛèÙ�ÛòÞ.ß5Ö÷Û�æ5à÷ïrÖ>Ô

e ≥ 0
Ù#áÄÖ8.®Þ�Ö>Û5åñÝ�Ù�Û5åÝ�ÛAÞ.ß5Ö

ΠΣ û ä�Ö>Ø3Õ (K(t1, . . . , te), σ)
Ù�×#Ö>Ô

K
Ñ#,�Ù�Ô

e = 0
ì�Þ.ß5Ö�Þ�ß5Ö>Ù#Ô�Ö>à ö>Ø�Ö>Ó#ÔñØ3ó¬ß5Ù#Ø�Õ5å�ï óÿ;ß5Ö�Ù�Ô�Ö�à �®Ñ3ë#Ñ���Ù ü Ó+å�å�æ�àFÖ÷Þ.ß�ÓÃÞ'Þ.ß5Ö÷Þ.ß�Ö>Ù�ÔñÖ>à ß5Ù�Ø3Õ5å½áãÙ�ÔlÞ�ß5Ö

ΠΣ û ä�Ö>Ø3Õ (F, σ) ü Ý�Þ.ß
F := K(t1, . . . , te)

Ó+Û5Õ ö�Ù�Û5å�Ý3Õ5Ö>Ô¬Þ.ß5Ö
ΠΣ û Ö8.®Þ.Ö�Û5åñÝ�Ù�Û (F(te+1), σ)

Ù#á
(F, σ)

Ñ8ÿ;ß�Ö>Û
ï�ó²ç�
)ö�ß��	�#Ó�ì ÿ;ß�Ö>Ù�ÔñÖ>à ê)Ñ3ë îÄÓ#Û5Õ ç�
)ö�ß��	�+ïðì ø!Ù�ÔñÙ�Ø�Ø�Ó#Ô/ó �)Ñ�ë î�Þ.ß�Ö>Ô�Ö´Ö8.)Ý�å/ÞCÓ+Ø�Ü�Ù�ÔñÝ�Þ.ß�àAå
ü Ý3Þ�ßCÝ3Û5Ú5æ�Þ

DenBound((F(te+1), σ),a,f)
Ó#Û5Õ

DegreeBound((F(te+1), σ),a,f)
Þ�ß�Ó+Þáãæ5Ø3ä5Ø�Ø0
®ÚrÖ>ö>Ý�ä�ö�ÓÃÞ.Ý3Ù�Û �®Ñ3ë´Ó#Û5Õ �)Ñ �AáãÙ�Ô½Ó#Û�ó

a ∈ (F[te+1]
∗)2 Ó+Û5Õ

f ∈ F[te+1]
n
Ñ�ú�Ö�Û5ö>ÖÞ.ß5Ö

ΠΣ û ä�Ö�Ø�Õ (F(te+1), σ)
Ý3å

2 û å�Ù�Ø�×+Ó#ï�Ø�Ö#Ñ��!æ�ÞNÞ.ß�Ö>ÛZï�ó ÿ;ß5Ö�Ù�Ô�Ö�à �®Ñ $[Ù�Û�ÖAö>Ó#ÛZåñÙ�Ø3×�ÖÚ�Ó#Ô�Ó#àAÖ�Þ.Ö�Ô�Ý3ý>Ö>Õ ä�Ô�å/Þ�Ù#Ô�Õ5Ö�Ô¯Ø3Ý�Û�Ö�Ó#Ô¬Õ5Ý�ô�Ö�Ô�Ö�Û5ö>ÖòÖ�þ�æ�Ó+Þ.Ý3Ù�Û5åFÝ�Û Þ�ß5Ö
ΠΣ û ä�Ö>Ø3Õ (F(t), σ)

Ñÿ;ß5Ö�Ô�Ö�áãÙ#Ô�ÖNÞ.ß�ÖQÝ3Û5Õ5æ5öVÞ.Ý3Ù�Û[å/Þ.Ö>Úiß5Ù�Ø�Õ�å>Ñ
� O �}O ]1d 
��*YpU ��ovYpU*Wqari stYDuvWGiwWqU�xyW�zA|}^�acZ:YQdRU�j � � S?U�xyikWqarj:YpU ��Z ��W�]�d�
p^}Z:YQdRU ��a#U ��W
*�Û àFÓ#Û�ó ö�Ó#åñÖ>åFÓ+Ø�Ü�Ù�ÔñÝ�Þ.ß�àAå  -"$#&%('	)/#+*¦Ó#Û5Õ  �" �/.+"/" %('�)&#+* ü Ý�Þ.ß 
®ÚrÖ>ö>Ý�ä�ö�ÓÃÞ.Ý�Ù#Û5å �)Ñ3ëÓ#Û5Õ �)Ñ �iÓ#Ô�ÖAÛ�Ù#Þ (�Û5Ù ü ÛZáãÙ�Ô'Þ.ß5ÖAÜ�Ö>Û�Ö>Ô.Ó+Ø8ö>Ó#å�Ö

m ≥ 3
Ù+á

ΠΣ û ä�Ö�Ø�Õ5å�ì�ö>Ù#Û�Þ.Ô�Ó#Ôñó_Ù#Û5Ø3óÞ.ß5Ö÷Ô.Ó+Þ�Ý�Ù�Û5Ó#Ø
ö�Ó#åñÖ#ìðÿ;ß5Ö�Ù�Ô�Ö�à �)ÑV�®ìðÓ#Û�Õ_å�Ù#àFÖ÷åñÚrÖ>ö�ÝÂÓ#ØOö�Ó+å�Ö>å'Ý�Û²ç 
®ö�ß����#Ó�ìI
)ö�ß��	�+ï�î=Ó#ÔñÖ
ü Ö�Ø�ØxåñÞ.æ�Õ5Ý�Ö�Õ¯å�ÙCá�Ó#Ô�Ñ��!æ�Þ�ï�ó±ç�
)ö�ß��	�#Ó�ì ÿ;ß�Ö>Ù�ÔñÖ>à ù�Ñ ! îõï5Ó#å�Ö�Õ�Ù�ÛFÞ�ß5Ö ü Ù#Ô=(¬Ù#á=ç��!Ô�Ù	���ÃîÞ.ß5Ö�Ô�ÖNÖ8.)Ý�å/Þ.å�Ó+ÞXØ�Ö�Ó+åñÞ�Ó#Û±Ó#Ø3Ü�Ù�ÔñÝ�Þ.ß�à Þ.ß5Ó+Þ;áãæ5Ø3ä�Ø3Ø3å 
)ÚrÖ�ö>Ý�ä�ö�Ó+Þ�Ý�Ù�Û �)Ñ $�Ñ
]� WGxGY[X.xyacZ:YQdRU � O��1O N 6�7QF 7:;=R 9G7:U # 9G;)<?<5;�H56 � U HSF/9:687I>�6825HS<WF�� E86�7:U�9:O9�
d � �������	��
������( (F, σ),a,f �
����������� P ΠΣ � *S;,� < (F(t), σ) 0 0 6= a = (a1, . . . , am) ∈ F[t]m - U�9GO a1 am 6= 0 0 F/H < f ∈ F[t]n Y
� ����������� P d ∈ F[t]∗ - U�9GO-9:O5; N 6 ����6 - U�HSE�457G684�;)7T9 @ ; � N (F(t), σ) UVR0F Σ � ;/6A9G;�HSR:U 68H-6/N (F, σ) 0 d U RF?<5;�H56�� U HSF�9G6870>�682SHS< 68N V(a,f , F(t)) Y � 9:O5;)7 - UVRT;�9:OS;�7G; ;763UVRT9GR0F8H x ∈ N0

RT2 #GO-9:OSF/9
d tx U RQF <3;�HS6�� U�H F�9:6�7�>�6�25HS<?68N V(a,f , F(t)) Y

���  #( �  � ��- �.- � �17:9;7 7 �c4QH:J)H�K5<�K5C ��FG9:4�J��� J�IK5J �\��C @�C�C H�� �17\=:4 @�=;K5J 4LFG< � � � �
��ó÷Þ�ß5Ý�å�Ô�Ö>åñæ5Ø3ÞÄÙ�Û�ÖXÙ�Û5Ø�ó÷Û�Ö>Ö�Õ5å�Ó#Û

x ∈ N0

Þ�ÙNö>Ù�àAÚ5Ø3Ö�Þ.Ö!Þ.ß5Ö;Õ5Ö>Û5Ù#àFÝ3Û�Ó+Þ.Ù#Ô�ïrÙ�æ�Û5ÕFÓ#Û5ÕÓ#Û
y ∈ N0

Þ.Ù¾Ó#Ú5Ú�Ô�Ù3.)Ý3à¯Ó+Þ�Ö;Þ.ß�Ö�Õ5Ö>Ü#Ô�Ö>Ö�ïrÙ�æ5Û5Õ�ì®Ý�ÛAÙ�Ô�Õ5Ö�Ô8Þ�ÙCå�Ý�à÷æ5Ø�Ó+Þ�Ö $�Ø�Ü�Ù�ÔñÝ�Þ.ß5à �)Ñ�ë�Ñÿ;ß5Ý3åXÝ�Õ5Ö>Ó´Ø�Ö�Ó+Õ5å;Þ�Ù $�Ø�Ü�Ù#Ô�Ý�Þ.ß5à �)Ñ $´Þ�ß�Ó+Þ ü Ý�Ø3Ø�ïrÖQàAÙ#Þ�Ý3×+ÓÃÞ.Ö>Õ�áãæ5Ô/Þ.ß5Ö�ÔXÝ�ÛIÞ�ß5ÖNå�Ö>þ�æ5Ö�Ø<Ñ
"�Ö�Þ

(F(t), σ)
ïrÖ Ó

ΠΣ û ä�Ö>Ø3Õðì a′ = (a′
1, . . . , a

′
m′) ∈ F[t]m

′ ü Ý3Þ�ß a′
1 a′

m 6= 0
Ó#Û5Õ

f ′ ∈ F[t]n
Ñ�
)æ5Ú�ÚrÙ�å�Ö ü ÖIö>Ù#àFÚ5æ)Þ.Ö>Õ Ó

d ∈ F[t]∗
ï�ó

DenBoundH((F(te), σ),a′,f ′)Þ.ß�ÓÃÞÄáãæ�Ø3ä�Ø3Ø3å�
)ÚrÖ>ö�Ý3ä5ö�Ó+Þ�Ý�Ù�Û �)Ñ $�Ñ�ÿ;ß5Ö�ÛFÙ�Û5ÖXö>Ó#ÛAö�ß�Ù®Ù�å�Ö�Ó#åÄÝ�Û¬Ø3Ý�Û�Ö � í � Ù#á%$lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ $Ó#Û
x ∈ N0

å�æ5ö�ß Þ.ß�Ó+Þ
d tx

Ý3å'Ó¯Õ5Ö>Û5Ù#àFÝ3Û�Ó+Þ�Ù�Ô�ïrÙ�æ5Û5Õ Ù#á
V(a′,f ′, F(t))

Ñõÿ;ß5Ö>Û Ó+á�Þ�Ö>Ôö>Ù#àFÚ5æ)Þ.Ý�Û�Ü
a′′

Ó#Û5Õ
f ′′

Ó#å!Ý�Û¯Ø3Ý�Û5Ö � ù � ì)Ù�Û�Ö½Ý3å�á�Ó#ö�Ö>Õ ü Ý�Þ.ß¯Þ�ß5Ö½Ú�Ô�Ù�ï5Ø3Ö>àâÞ.Ù÷ö�ß5Ù®Ù#å�Ö'Ó
bÞ.ß�ÓÃÞÄÓ#Ú5Ú5ÔñÙ3.)Ý�àFÓ+Þ�Ö>å�Ó½Õ5Ö>Ü#Ô�Ö>Ö;ïrÙ�æ�Û5Õ¬Ù#á

V(a′′,f ′′, F[t])
Ñ���ó÷Õ�Ö�ä�Û5Ý�Þ.Ý3Ù�Û ü Ö;à÷æ5åñÞ=ß5Ó�×�Ö

� ë5� � ÑÃú�Ö�Û5ö>Ö ü Ö!àAÝ�Ü�ß Þ
ö�ß5Ù®Ù�å�ÖTÓ+Û�ó
y ∈ N0

Ó#Û5ÕCÞ�Ó�(#Ö
b := max(||f ′′||−||a′′||, y)

Ó#å
Þ.ß�ÖÕ5Ö>Ü#Ô�Ö�Ö�ïrÙ�æ5Û5Õ¯Ó#Ú5Ú5ÔñÙ3.)Ý�àFÓ+Þ.Ý�Ù�ÛðÑ#ÿ;ß5Ö�áãÙ�Ø3Ø�Ù ü Ý3Û5Ü'Ô�Ö>åñæ5Ø3Þ>ì®ÓQÔñÖ�ä�Û�Ö>àAÖ>Û Þ!Ù#áðÿ;ß�Ö>Ù�ÔñÖ>à í)Ñ$í)ìàFÙ+Þ.Ý�×+Ó+Þ.Ö�å;æ�åXÞ.Ù¬ö�ß5Ù®Ù�åñÖCÓ´×ÃÓ#Ô�Ý�Ó+Þ.Ý3Ù�ÛIÙ+á`Þ.ß5Ó+Þ�Ó#Ú5Ú5ÔñÙ3.)Ý�àFÓ+Þ.Ý3Ù#ÛðÑ
���  #( �  � ��- � - � 7:J

(F(t), σ)
�:7�K

ΠΣ
��7 �cJ�7:<IH:4LFG<�F��

(F, σ)

h4�J���=?FG<IH:JLK5<1J�@B7:CD2

K �
0 6= a = (a1, . . . , am) ∈ F[t]m

K5<*2
f ∈ F[t]n �

�'7:J
d ∈ F[t]∗

�:7!K�2�7:<>F ��4�<*K5J�FG9
�:FG�R<*2`F��

V(a,f , F(t)) � 2�7)@�<>7 a′ := (
a1

σm−1(d)
,...,

am−1
σ(d)

, am
d ) ∈ F(t)m

K5<*2�CQ7:J
y ∈ N0

�
� � C∧g

4QHEK �?KGH:4QH �{K5J 9:4 � F��
V(a′,f , F[t]y+||d||)

J�17:<
C∧

g

d

4QH K �?KGH:4QH �{K5J09\4 � F��

V(a,f , F[t]y ⊕ F(t)(frac)) �
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�=Ô�Ù®Ù#á�~�$låiÝ�Û Þ.ß�ÖZÚ�Ô�Ù®Ù#á¾Ù#á÷ÿ;ß5Ö�Ù�Ô�Ö�à í)Ñ$í ü Ö Ù�ï�Þ�Ó+Ý�ÛLÖ�þ�æ5Ý3×ÃÓ#Ø�Ö�Û5ö>Ö � ë�í � Ñ���Ù ü Ø3Ö�Þ
c∧(d g) ∈ V(a,f , F[t]y+||d||)

Ñ��ZÖ ü Ý�Ø3Ø�å�ß5Ù ü Þ.ß�Ó+Þ
g ∈ F[t]y ⊕ F(t)(frac).

� $ í �
�ZÔ�Ý3Þ�Ö

g = g0 + g1 ∈ F[t] ⊕ F(t)(frac) ü ß�Ö>Ô�Ö g1 = a
b

Ý3å�Ý�Û±Ô�Ö>Õ�æ5ö>Ö�Õ_ÔñÖ>Ú5ÔñÖ>å�Ö�Û�Þ.Ó+Þ.Ý3Ù�ÛðÑ

)Ý�Û�ö>Ö

d g ∈ F[t]
Ó#Û5Õ

d g0
ü Ölß�Ó�×�Ö d g1 ∈ F[t]

Ñ�*�Û�Ù�ÔñÕ5Ö>Ô8Þ�Ù¾å�ß5Ù ü � $ í � ì ü Ölå�ß�Ù ü ä�Ô�å/ÞÞ.ß�ÓÃÞ
||d g1|| < y + ||d||.

� $#ù �*1á
g1 = 0

Þ�ß5Ö>Û � $�ù � ß�Ù�Ø�Õ5å�Ñ � Þ.ß5Ö�Ô ü Ý3å�Ö´Ó#å�åñæ5àAÖ
g1 6= 0

Ñ�ÿ;ß�Ö>Û
0 ≤ ||a|| < ||b|| ≤ ||d||Ó#Û5Õ

b u = d
áãÙ#Ô¾å�Ù�àAÖ

u ∈ F[t]∗ ü Ý�Þ.ß ||b|| + ||u|| = ||d||
ÑOú�Ö�Û5ö>Ö

||d g1|| = ||a u|| =
||a|| + ||u|| < ||b|| + ||u|| = ||d||

Ñ�ÿ;ß5Ö>ÔñÖ�áãÙ�ÔñÖ � $�ù � ß�Ù�Ø�Õ5å´Ý�Û Ó#Û ó²ö�Ó+å�Ö#Ñ 
®Ý�Û5ö�Ö
||d g|| =

max(||d g0||, ||d g1||) ≤ y+ ||d||
ì ï ó � $�ù � Ý�Þ=áãÙ�Ø3Ø3Ù ü åOÞ.ß�ÓÃÞ ||d g0|| < y+ ||d|| ü ß�Ý�ö�ßFÚ�Ô�Ù�×�Ö>å

� $ í � Ñ�ú�Ö>Û5ö�ÖCï ó � ë�í � ü ÖNÙ�ï�Þ�Ó+Ý�Û
c∧(d g) ∈ V(a,f , F[t]y+||d||) ⇒ c∧g ∈ V(a,f , F[t]y ⊕ F(t)(frac)).

� $	� �
"�Ö�Þ

C∧g
ïrÖ[Óòï�Ó#å�Ý3å÷àFÓ+Þ.ÔñÝ .ZÙ+á

V(a′,f , F[t])
ÑOÿ;ß5Ö�Û ï ó �ÄÔñÙ�ÚrÙ�åñÝ3Þ.Ý3Ù�Û²í)Ñ3ë

C∧
g

d

Ý�åÓ¯ï�Ó#åñÝ�ålàFÓ+Þ�Ô�Ý .[Ù#á8Ó¯åñæ5ï5åñÚ�Ó#ö>Ö´Ù#á
V(a,f , F(t))

Ñõÿ;ß5Ö�Ô�Ö�áãÙ#Ô�Ö÷ï�ó � $�� � C∧
g

d

Ý3å½Ó¯ï5Ó#å�Ý3å
à¯ÓÃÞ.Ô�Ý .¯Ù#á

V(a,f , F[t]y ⊕ F(t)(frac))
Ñ

$;ö�Þ.æ5Ó#Ø�Ø�ó ü Ö ü Ó#Û Þ'Þ�ß�Ó+Þ½Þ�ß5Ö´ÚrÙ�Ø�ó)Û�Ù�àAÝÂÓ+Ø
Ú�Ó#Ô/Þ'Ý�ÛòÞ.ß5Ö´åñÙ�Ø�æ)Þ.Ý�Ù#Û
F[t] ⊕ F(t)(frac) ß�Ó#å

Õ5Ö>Ü#Ô�Ö�ÖXïrÙ#æ5Û5Õ
y
ì#Ý<ÑéÖ+Ñ+Þ�ß5Ö;åñÙ�Ø�æ)Þ.Ý�Ù#Û÷åñß5Ù�æ5Ø3Õ´ïrÖ;Ý�Û

F[t]y⊕F(t)(frac) Ñ#ÿ;ß�Ö>Û¬Þ�ß5ÖTÚ5Ô�ÖV×)Ý3Ù�æ5åÞ.ß5Ö�Ù�Ô�Ö�à Ö8.)Ú5Ø�Ó#Ý�Û�å ü ß ó�Ý3Û�Ø�Ý3Û5Ö � � � Ù#áQ$lØ�Ü#Ù�Ô�Ý�Þ.ß�à �)Ñ $ ü Ö½ö�ß5Ù®Ù#å�Ö b := y + max(f ′′ −
a′′, ||d|| + x)

Ó#å;Þ.ß5ÖQÓ#Ú�Ú5Ô�Ù .)Ý�àFÓ+Þ.Ö�Õ[Õ5Ö�Ü�Ô�Ö�ÖQïrÙ�æ5Û�Õ±Ù#á
V(a′′,f ′′, F[t])

Ñú�Ö�Û5ö>Ö�Ù�Û5Ö¯Ù�Û5Ø3ó Û�Ö>Ö>Õ�å¬Ó#Û
x ∈ N0

Þ.Ùòö>Ù�àAÚ5Ø�ÖVÞ.ÖAÞ.ß�Ö�Õ5Ö�Û5Ù�àAÝ�Û�ÓÃÞ.Ù�ÔQïrÙ�æ5Û5Õ²Ó#Û5Õ²Ó#Û
y ∈ N0

Þ.Ù¦Ó#Ú5Ú�Ô�Ù3.)Ý3à¯ÓÃÞ.Ö±Þ.ß�Ö Õ5Ö>Ü#Ô�Ö>Ö ïrÙ�æ5Û5Õ�Ñ "�Ù®Ù�å�Ö�Ø3ó å�ÚrÙ�(#Ö>ÛðìTÞ�ß5Ö àFÓ#Ý�Û Ý�Õ5Ö>Ó Ý�åÞ.Ù_Ý3Û5å�Ö�ÔñÞ¬à¯Ó+Û®æ�Ó+Ø�Ø�ó Þ.ß�Ý�å´àAÝ�åñå�Ý�Û�ÜèÞ�æ5Ú5Ø�Ö�å
(x, y)

Ý�Û Þ.ß5ÖiÓ+ïrÙ�×�ÖiÓ#Ø3Ü�Ù�ÔñÝ�Þ.ß5à[Ñ�*�Û Ù�ÔñÕ5Ö>ÔÞ.ÙIáãÙ�Ô�àFÓ#Ø3Ý�ý>Ö¾Þ.ß5Ý3å>ì�ÓIïrÙ�æ5Û5Õ5Ý3Û5Ü û à¯ÓÃÞ.Ô�Ý .èÝ3å'Ý�Û�Þ�Ô�Ù®Õ5æ�ö>Ö>Õ_Þ�ß�Ó+ÞQÓ#Ø3Ø�Ù ü å½Þ�ÙiåñÚrÖ>ö�Ý3á�óèÞ.ß5Ö�å�ÖÞ.æ5Ú�Ø�Ö>å
(x, y)

áãÙ�Ô;Ö�Ó#ö�ß±Ö/.®Þ.Ö>Û�å�Ý�Ù#Û
ti
Ý3ÛiÓ

ΠΣ û ä�Ö>Ø3Õ (F(t1, . . . , te), σ)
Ñ

�! #"%$'& � &)(*$ ��-[+.- "�Ö�Þ
(F(t1, . . . , te), σ)

ïrÖCÓ
ΠΣ û ä5Ö>Ø3ÕðÑ ,�Ù�Ô e > 0 ü ÖCö>Ó#Ø�Ø�ÓAàFÓ+Þ.ÔñÝ .

( x1 ... xe
y1 ... ye ) ∈ N2×e

0

�:FG��<*254�<���� �{K5J09\4 � 
h4�J�gCQ7:<��5J�
e
��FG9

F(t1, . . . , te)
ì
Ý�áTáãÙ#Ô¾Ó#Ø�Ø

1 ≤
i ≤ e ü Ö÷ß�Ó�×�Ö

xi = 0
Ù�Ô

(F(t1, . . . , ti), σ)
Ý3ålÓ

Π û Ö/.®Þ.Ö>Û�å�Ý�Ù#ÛèÙ#á
(F(t1, . . . , ti−1), σ)

Ñ
*�Ûiö�Ó#åñÖ

e = 0
Þ.ß5ÖNïrÙ#æ5Û5Õ5Ý3Û5Ü û àFÓ+Þ�Ô�Ý .¯Ý�å;Õ�Ö�ä�Û5Ö�ÕèÓ+å;Þ.ß5ÖNÖ>àAÚ�Þ�óIØ3Ý�å/Þ

()
Ñ

� Ý3Þ�ß�Þ�ß5Ö'ö�Ù�Û5ö>Ö�Ú�ÞXÙ#á
ïrÙ�æ5Û�Õ5Ý�Û5Ü÷à¯ÓÃÞ.Ô�Ý3ö>Ö�å!Ù�Û5Ö½ö�Ó#ÛIå�Ö�Ó+Ô�ö�ß[áãÙ�ÔTÓ#Ø3ØõåñÙ�Ø�æ�Þ�Ý�Ù�Û�å!Ù#á
Ø3Ý�Û5Ö>Ó#ÔÕ5Ý3ôõÖ�Ô�Ö>Û�ö>ÖQÖ�þ�æ�Ó+Þ.Ý3Ù�Û5åXÝ3Û
ΠΣ û ä�Ö�Ø�Õ5å;ï�ó�Þ�ß5Ö'áãÙ�Ø3Ø�Ù ü Ý3Û5Ü÷àFÙ®Õ�Ý3ä�Ö�ÕiÓ#Ø3Ü�Ù�Ô�Ý�Þ.ß5àiÑ

�!M �}( � & � � � ��- �.- C#U HS<3U H5E�RT6 ��259:U 68HSR�6/N34SF/7 F�� ;�9:;�7GU���;)< ��U H5;)F87�<3U�"�;�7G;�H$#�; ;,'A2SF/9:U 68HSR	U H ΠΣ � *S;/�V<5R�Y
B ��� ����� � � ��� 
���� ��� �
	��� � �( (E, σ),M ,a,f �
����������� P ΠΣ � * ;/�V< (E, σ) 6 �8;�7 K - U�9:O E = H(t1, . . . , te)

F/HS< e ≥ 0 - OS;�7G; (H, σ) UVR m � RT6 ���/F/>9� ; �F >�6�25HS<3U H5E � ��F�9G7:U�6 M - U�9:O ��;)H5E/9GO e N 687 E 0 0 6= a = (a1, . . . , am) ∈ Em F/HS< f ∈ En Y
� ����������� P H56�7 ��F�� U���;)<�>SF�RTUVR ��F�9G7:U�6 B 68N�F RT25> RT4SF # ; 6/N V(a,f , E) 6 �8;)7 K Y
� J ��� C e = 0 ! % �#" !%$ � ������� � ��� 
���� ��� �
	��� � � (E, σ),a,f �
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��; 9 F := H(t1, . . . , te−1) 0 U Y ;�Y (F(te), σ) UVRIF ΠΣ � ;/6A9G;�HSR:U 68H?68N (F, σ) Y� � � $ 687 ��F�� U���; a 0 f F8R!U H�� U H5; ��� �%68NP2� E8687GU�9:O9�@� Y J - O5U #GOB7G;)R:29��9 R%9:6�F/H k - U�9:O 1 ≤ k ≤ m F/H <9:6 a′ = (a′
1, . . . , a

′
m′) ∈ F[te]

m′ F8HS< f ′ ∈ F[te]
n - U�9GO a′

1 a′
m′ 6= 0 F/HS< m′ ≤ m Y� K ��� C a′ ∈ F[te]

1 HS687 � F���U���; Idn∧σm−k( f
a′
1
) 9:6 B

�  �;7*SHSU�9GU�6�H >SY < � ��! % �#" !%$ B Y
� > � ��; 9 M = M0∧( x

y ) � U�N e = 1 0 M0
U R�9:O5; ;,� 439 @���UVRT9 () Y

� M�� P 45457G6 63U���F�9G; F <3;)H56�� U HSF�9G687�>�6�25HS<?> @?RT;�9T9GU�HSE d := DenBoundH((F(te), σ),a′,f ′) txe
Y

�:9 � 1 ; 9 a′′ := (
a
′
1

σm′−1(d)
,...,

a
m′

d ) ∈ F(te)
m′ F/HS< #7� ;)F87 <3;�HS6�� U�H F�9:6�7GR U H a′′ - O5U #GO 7:;)R:29��9GR�U H

a′′ ∈ F[te]
m′ F8HS< f ′′ ∈ F[te]

n
� � U � ; U H � U H5; � M��!6/N�P5��E�687GU�9GO9�@�3Y�J � Y

� � � P 45457G6 63U���F�9G; F <3;)E87G;�;0>�6�25HS<?> @?RT;�9T9GU�H5E b := y + max(||f ′′|| − ||a′′||, x + ||d||) Y
�:A � 1 ; 9 C∧w ; �=< �  ����> ����� � �
? ����
  ��� ��� � ((F(te), σ),M0, b,a,f) >A@�2 RTU H5E�P2� E86�7:U�9GO9�@� Y >SY� < � $ 687 ��F�� U���; C∧σm−k(w

d
) 9:6 B

�  �;7*SHSU�9GU�6�H >SY < � ��! % �#" !%$ B Y�!M �}( � & � � � ��-�	 - ��O5; U H$#�7:;/� ;)H�9GF��	7G;)<32$# 9:U 68HB457G6?# ;=R:R)Y
B � < � ����>0����� � �
? ����
  �C� ��� �  (F(t), σ),M , d,a,f �
����������� P ΠΣ � *S;/�V< (F(t), σ) 6 �8;�7 K - U�9GO F = H(t1, . . . , te)

F/HS< e ≥ 0 - O5;)7:; (H, σ) UVR m �R:6�����F/>$��; � F >�6�25HS<3U H5E � ��F�9G7:U�6 M - U�9:O ��;)H5E/9GO e + 1 N 687 F(t) F8HS< d ∈ N0 ∪ {−1} �
0 6= a = (a1, . . . , am) ∈ F[t]m - U�9:O l := ||a|| F/H < f ∈ F[t]nl+d

Y
� ����������� P >SF�RTUVR1��F/9:7GU 6 B 6/N�F R:25>SR:4SF�#�;068N V(a,f , F[t]d)

6 �8;�7 K Y
% 65F�# 9 � @�9GO5;�R:F�� ; � U H5;)RQF8R�U HWP5��E�687GU�9GO9�@�3Y � 254?9G6 9GO5; 7:;)49� F # U H5E 6/N ��U H5; � M��!>A@ ;� M�� 1 ; 9 D∧h := IncrementalReductionH((F(t), σ), d− 1,a, f̃ ′) - U�9GO C ∈ Kλ×n, g ∈ (td F)λ Y

�� � �5�
	 ��- �.-�ÿ;ß5Ö[Û5Ù�Ôñà¯Ó+Ø�Ý3ý>Ó+Þ�Ý3Ù�Û åñÞ.Ö�Ú5å¬Ý�Û²Ø�Ý3Û5Ö>å � $ � Ó#Û5Õ � � � Ó#Ô�ÖIÛ�Ù#Þ¬Û5Ö�ö>Ö�å�å.Ó#Ô/óÞ.ÙòÚ5ÔñÙ�×�Ö¯ö�Ù�Ô�ÔñÖ>ö�Þ�Û5Ö>åñå´Ù#á�$lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ $±Ý�Û ÿ;ß�Ö>Ù�ÔñÖ>à �)ÑV�®Ñv��ÖV×�Ö>Ô/Þ.ß5Ö�Ø�Ö�å�å÷Þ.ß�Ý�åCÚ5ÔñÙ�Ú ûÖ>Ô/Þ%óèÝ3å½Ö>å�åñÖ>Û Þ.Ý�Ó#ØOáãÙ�Ô½ÿ;ß5Ö>Ù#Ô�Ö>à �)Ñ$ê¯Þ.ß5Ó+Þ'åñÞ�Ó+Þ�Ö>å½Þ.ß�Ó+Þ ü Ö´ö�Ó+Û_ä�Û�ÕZÓ#Ø3Ø`å�Ù�Ø3æ�Þ.Ý3Ù�Û5ålÙ#á�ÓÜ�Ý�×�Ö>Ûòå�Ù�Ø3æ�Þ.Ý3Ù�Ûiå�Ú�Ó#ö�Ö÷ï óòÓ+Õ�Ó#Ú�Þ�Ý�Û5Ü¯Ó+Ú5Ú5Ô�Ù#Ú5Ô�Ý�Ó+Þ.Ö�Ø3ó�Þ.ß�Ö¾ïrÙ�æ�Û5Õ5Ý�Û�Ü û àFÓ+Þ.ÔñÝ .õÑ�$lØ�Þ.ß5Ù#æ5Ü�ßÞ.ß5ÖNÛ�Ù�Ô�àFÓ#Ø3Ý3ý�ÓÃÞ.Ý3Ù#ÛIÝ3å;ï�Ó#åñÖ>Õ±Ù#ÛiØ3Ý�Û5Ö>Ó#Ô;Ó#Ø3Ü�Ö�ï5Ô.Ó�ì�Ý|Ñ�Ö+Ñ5Ù�Û �QÓ#æ�å�å�Ý�Ó#Û[Ö�Ø�Ý�àAÝ�Û�Ó+Þ�Ý3Ù#Û � ÿTß5Ö ûÙ�Ô�Ö�à !�Ñ ! � ìõÞ.ß5Ý3ålÞ.Ô.Ó#Û�åñáãÙ�Ôñà¯ÓÃÞ.Ý3Ù�ÛèÙ+á8Þ�ß5Ö´ï�Ó#å�Ý3å'àFÓ+Þ�Ô�Ý .±àAÝ�Ü�ß Þ½ïrÖ÷×�Ö>Ô/ó Ö/.�ÚrÖ�Û5å�Ý�×�Ö#ÑQ*�ÛÚ�Ó#Ô/Þ.Ý�ö�æ5Ø�Ó#ÔðÝ3á)Ù�Û5ÖÄÕ5Ö�Ó+Ø�å ü Ý3Þ�ßNÞ.ß5ÖÄö>Ô�Ö>Ó+Þ.Ý�×�ÖÄÞ�Ö>Ø3Ö>åñö>Ù�Ú5Ý3Û5Ü�Ú5ÔñÙ�ï5Ø3Ö>à Ù#Ô ü Ý3Þ�ßQß5Ý�Ü#ß5Ø3ólÛ5Ö>å/Þ.Ö�ÕÝ�Û5Õ�Ö�ä�Û�Ý3Þ.Ö�åñæ5àFå8Þ�ß5Ý�åÄÞ�Ô.Ó#Û5å/áãÙ�Ô�àFÓ+Þ�Ý�Ù#ÛAåñÖ>Ö�àFå�Þ�Ù¾ïrÖ�þ�æ5Ý�Þ.Ö�Ý�Û�áãÖ>Ó#å�Ý3ï5Ø�Ö+Ñ��!æ�Þ8áãÙ�ÔñÞ�æ5Û�Ó+Þ�Ö>Ø�óÖ8.�Ó#öVÞ.Ø�ó�Þ.ß�Ù�å�ÖNÚ5ÔñÙ�ï5Ø3Ö>àAåXÓ+Ô�Ö½áãÙ�Ô�à÷æ5Ø�Ó+Þ�Ö>ÕIÝ3Û[Ú5Ó#Ô.Ó#àAÖ�Þ�Ö>ÔñÝ�ý�Ö>ÕIä�ÔñåñÞ�Ù�ÔñÕ5Ö>Ô;Ø3Ý�Û5Ö>Ó#ÔTÕ�Ý3ôõÖ>Ô ûÖ>Û5ö�ÖIÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5å>ì`ß5Ö>Û5ö�Ö $lØ3Ü�Ù�Ô�Ý�Þ�ß5à �)Ñ3ë�àAÝ�Ü�ß Þ¾ïrÖIÓ+Ú5Ú5Ø�Ý3Ö>Õ � ÿ;ß�Ö>Ù�ÔñÖ>à �)Ñ ! � ü Ý3Þ.ß�Ù�æ�ÞÓ#Û ó¦Û5Ù�Ôñà¯Ó+Ø�Ý3ý>Ó+Þ.Ý�Ù�Û²åñÞ.Ö�Ú5å>Ñ!ÐiÙ�Ô�Ö�Ù�×�Ö>Ô¬áãÙ�Ô¬ÔñÖ>ö>æ�Ô�Ô�Ö�Û5ö>Ö�å�Ù+á½ß5Ý3Ü�ß5Ö�Ô¬Ù�Ô�Õ5Ö�Ô>ì�Þ.ß�Ó+ÞAö�Ù�àFÖáãÔ�Ù�à Þ�ó®Ú5Ý3ö�Ó#Øðå�æ5àAàFÓ+Þ.Ý3Ù�Û�Ú5Ô�Ù�ï�Ø�Ö>àAå>ì)Þ.ß5Ù#å�ÖNÛ5Ù�Ô�àFÓ#Ø3Ý3ý>Ó+Þ.Ý�Ù�ÛIå/Þ.Ö�Ú5ålÓ+Ô�ÖNþ�æ5Ý�Þ.Ö'ö�ß5Ö>Ó#ÚðÑ

)Ý�àAÝ3Ø�Ó+Ô�Ø�óZÓ#å´Ó+ïrÙ�×�Ö#ìOÙ�Û�ÖIåñß5Ù ü å÷Þ.ß5Ó+Þ $�Ø�Ü�Ù#Ô�Ý�Þ.ß5à �)Ñ � ü Ù#Ô=(�å´ö>Ù�ÔñÔ�Ö>öVÞ¬Ý3Û²Ó

ΠΣ û ä5Ö>Ø�Õ
(F(t), σ)

æ5Û5Õ5Ö�ÔXÞ�ß5ÖQÓ#å�åñæ5àFÚ)Þ.Ý�Ù#ÛIÞ.ß�ÓÃÞ�$�Ø�Ü�Ù�ÔñÝ�Þ.ß5à �)Ñ�ë ü Ù�Ô=(�å�ö>Ù#Ô�Ô�Ö�ö�Þ�Ý�Û (F, σ)
Ñ

�  � � � ��-[+.- � 7:J
(F(t), σ)


h4�J��
F := H(t1, . . . , te)

�:7�K
ΠΣ

� @B7:CD2�F �57:9
K

 �17:9;7

(H, σ)
4QH

m
�LH FGC �GK	�wCQ7 � M = M0∧( x

y )
�:7�K �:FG��<*254�<���� �{K5J09\4 � 
h4�J��ECQ7:<��5J�

e + 1
��FG9

F(t)
K5<*2

d ∈ N0∪{−1} �
CQ7:J

0 6= a ∈ F[t]m

h4�J�

l := ||a||
K5<*2

f ∈ F[t]nl+d
� � H?H:����7

J��IK5J � C ��Fq9\4�J����� � ��J�7:9 ��4�<*K5J�7?H�Kc<}2 
�FG9 � H =?FG9:9;7?=:J ��FG9�K5<� �GK5C�4 2�4�<��*��JA4�<�J�17
ΠΣ

�
@B7:CD2

(F, σ) � �
�17:< � C ��FG9\4�J���� � � �{J�7:9���4�<*K5J�7?H K5<*2m=?F � �*��J�7?HBK �?KGH:4QH �{K5J09\4 � F��BKH:� � �

H �IK�=?7F��
V(a,f , F(t))

F �57:9
K
��FG9

InrementalReductionH((F(t), σ), d,M0,a,f) �
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ΠΣ
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�=Ô�Ù®Ù#á�~õÿ;ß5Ö÷Ú5Ô�Ù®Ù#áÄÝ3ålÖ>å�åñÖ>Û Þ.ÝÂÓ+Ø�Ø3ó[Þ�ß5Ö÷å.Ó#àAÖ÷Ó#åláãÙ�Ô "�Ö>àAàFÓ �®Ñ3ë ü ß5Ö�Ô�Ö´Ù�Û5Ö �ñæ�åñÞ'Õ5Ù®Ö�åÛ5Ù#ÞXæ5å�Ö'Þ.ß5ÖNØÂÓ+åñÞXå/Þ�Ó+Þ�Ö>àAÖ>Û Þ�Ý�Û[ÿ;ß5Ö�Ù�Ô�Ö�à ù�Ñ �)Ñ
,OÝ3Ô�åñÞ ü Ö[Ó#Û�Ó+Ø3ó®ý>Ö¯Þ�ß5ÖIåñæ5ï5Ú5ÔñÙ�ï5Ø3Ö>àAå÷Ý�Û Þ.ß5Ö�Ý�Û5ö�Ô�Ö�àFÖ�Û�Þ.Ó#Ø�Ô�Ö>Õ�æ5ö�Þ�Ý�Ù�Û²Ú5ÔñÙ®ö>Ö�å�å¬Ù#á;Þ.ß5Öå�Ù�Ø3æ�Þ.Ý3Ù�Û¬å�Ú5Ó#ö>Ö

V(a,f , E[t]d)
æ5Û�Õ5Ö>Ô8Þ�ß5Ö�Ó#å�åñæ5àAÚ�Þ.Ý3Ù�Û¬Þ.ß�ÓÃÞ $lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ $Nö>Ù#àFÚ5æ)Þ.Ö>åáãÙ�ÔXÓ#Û ó�×+Ó#Ø3Ý�ÕIÝ3Û5Ú5æ�Þ�Ó´ï�Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á

V(ã, f̃ , E)
áãÙ�Ô;å�Ù�àAÖ

ã ∈ Eµ
Ó#Û5Õ

f̃ ∈ Eν
Ñ

�  � � � ��- �.- � 7:J
(F(t), σ)


h4�J��
F := H(t1, . . . , te)

�:7�K
ΠΣ

� @B7:CD2�F �57:9
K

 �17:9;7

(H, σ)
4QH

m
�LH FGC �GK	�wCQ7 � M = M0∧( x

y )
�:7�K �:FG��<*254�<���� �{K5J09\4 � 
h4�J��ECQ7:<��5J�

e + 1
��FG9

F(t)
K5<*2

d ∈ N0 ∪ {−1} �
�\�R9\J�}7:9 ��FG9;7�CQ7:J

0 6= a ∈ F[t]m

h4�J��

l := ||a||
K5<*2

f ∈ F[t]nl+d
� � H?H:����7�J�IKcJ � C ��FG9\4�J���� � � �`J�7:9���4�<*K5J�7?HtK5<*2 =?F � �*��J�7?H���FG9�K5<� �GK5C�4 2

4�<��*�RJ
SolveSolutionSpaceH((F(t), σ),M0, ã, f̃)

K �?KGH:4QH ��K5J 9\4 �tF��
V(ã, f̃ , F(t)) �

� ��� �17:< � C ��FG9\4�J��� � � �tJ�7:9���4�<*K5J�7?HBK5<*2�=?F � �*��J�7?HBK �?KGH:4QH �{K5J 9:4 �mF�� V(a,f , F(t))��FG9
InrementalReductionH((F(t), σ), d,M ,a,f) �

� ��� �17�K5C ��FG9\4�J���� =�K5C�C HB4�J)H 7:C �
d
J04���7?H 
 �17:9;7B4�<�C�4�<>7 � � � J��17 d+1

�R<14 �w�17:C���2�7)@�<>7�2
H:��� �*9;F��wCQ7��mHT4�< J��17T4�<>=:9?7���7:<1JLK5C>9?7�25�1=:J 4LFG< � � 7)@h<14�J04LFG<�� � � � K59;7�=?F � �*��J�7�2 �

�=Ô�Ù®Ù#á�~!ÿ;ß5Ö_Ú5ÔñÙ®Ù#áCÙ+áQÞ.ß5Öèä�ÔñåñÞ[Ú�Ó#ÔñÞIÝ�å�Ö>åñå�Ö>Û Þ.Ý�Ó#Ø�Ø�ó Þ�ß5Ö_å�Ó#àAÖ_Ó#å�áãÙ�Ô "�Ö>àAàFÓ �)Ñ�ë�Ñ
$lØ3å�Ù´Ù#Û5Ö'åñÖ>Ö�åXÝ�àAàAÖ>Õ5Ý�ÓÃÞ.Ö�Ø�ó¬Þ.ß�ÓÃÞ;Ý�Û�Ø�Ý3Û5Ö � í � d + 1

å�æ5ï�Ú5Ô�Ù�ï�Ø�Ö�àFåTÙ#á�Þ�ß5Ö'Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØÔ�Ö�Õ5æ5ö�Þ�Ý�Ù#Û¾Ú5Ô�Ù®ö�Ö>åñå=Ó#ÔñÖ�ö�Ù�àFÚ�æ�Þ.Ö�Õ � �XÖ>àFÓ#Ô=( �)Ñ � � Ñ 
)Ý3Û5ö>Ö8Ý�ÛCØ3Ý�Û5Ö � � � Þ.ß5Ö�ï�Ó+å�Ý�å
à¯ÓÃÞ.Ô�Ý3ö>Ö�åÓ#Ô�ÖlÛ5Ù�Ô�àFÓ#Ø3Ý3ý�Ö>Õðì�Þ.ß5Ö½æ5Û5Ý3þ®æ�Ö>Û5Ö�å�åXÙ#á�Þ�ß5Ö½å�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>àAåTÝ�Û¯Þ.ß�Ö'Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØõÔñÖ>Õ5æ5öVÞ.Ý3Ù�ÛáãÙ�Ø3Ø�Ù ü åTï�ó �=Ô�Ù�ÚrÙ#å�Ý3Þ�Ý�Ù�Û[ù)ÑV�)Ñ
��Ù ü ü ÖlÚ5Ô�Ù�×�Ö�Þ.ß5Ö�Þ ü Ù÷àFÓ#Ý�ÛAÔ�Ö�å�æ5Ø�Þ.å>Ñ#,OÝ�ÔñåñÞ�ö>Ù#Ô�Ô�Ö�ö�Þ�Û5Ö>åñå;Ù#áI$lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ $CÝ�å8å�ß5Ù ü ÛðÑ
���  #( �  � �>-���- � 7:J

(E, σ)

h4�J��

E := H(t1, . . . , te)
�:7!K

ΠΣ
� @B7:CD2 F �57:9

K

 �17:9;7

(H, σ)
4QH

m
�LH FGC �GK	�wCQ7 � � 7:J 0 6= a ∈ Em � f ∈ En

K5<*2
B

�:7 K��:FG��<*254�<���� ��K5J 9\4 � 
h4�J�
CQ7:<��5J��

e
��FG9

E � �
�17:< ��FG9

SolveSolutionSpaceH((E, σ),a,f ,B) � C ��FG9\4�J��� � � �
=?F � �*�RJ�7?H�K �?KGH:4QH�� �{K5J 9\4 �`F�� K{H:���:H �IK�=?7 F��

V(a,f , E)
F �57:9

K �

�=Ô�Ù®Ù#á�~ *1á
e = 0

ì=ï ó¦ÿ;ß5Ö�Ù�Ô�Ö�à �®Ñ $ ü Öiö>Ù�àAÚ5æ�Þ�Ö±Ó_ï�Ó+å�Ý�å¬àFÓ+Þ�Ô�Ý . Ù+á
V(a,f , E)

Ý�ÛØ�Ý3Û5Ö � ë � Ñ � Þ�ß5Ö>Ô ü Ý�åñÖNØ�ÖVÞ
F := H(t1, . . . , te−1)

Ó+Û5ÕiÓ#å�åñæ5àFÖNÓ#å;Ý3Û5Õ5æ5öVÞ.Ý3Ù�Û[Ó#åñå�æ5àAÚ�Þ�Ý�Ù�ÛÞ.ß�ÓÃÞ $�Ø�Ü�Ù#Ô�Ý�Þ.ß5à �)Ñ�ëFÞ.Ö>ÔñàFÝ3Û�Ó+Þ�Ö>å¾Ó+Û5Õ ü Ù�Ô)(®å¾ö>Ù�ÔñÔ�Ö�ö�Þ¾áãÙ�Ô¾Ó#Û ó ×+Ó#Ø3Ý�ÕZÝ3Û5Ú5æ�Þ ü Ý�Þ.ßZÞ.ß5Ö
ΠΣ û ä�Ö�Ø�Õ (F, σ)

Ñy��Ù ü Þ.Ô�Ó#Û5å/áãÙ�Ô�à
a
Ó+Û5Õ

f
Þ.Ù

a′
Ó#Û�Õ

f ′
Ø�Ý (#Ö=Ý�ÛQØ3Ý�Û5Ö � � � Ñ3*1á5Ù�Û�Ö8Ö8.)Ý3Þ�å
Ý�ÛØ�Ý3Û5Ö � $ � ì+Þ�ß5ÖTÔ�Ö>åñæ5Ø3Þ�Ý�å�Ó½Û5Ù#Ô�àFÓ#Ø�Ý�ý>Ö>Õ¾ï�Ó#å�Ý3å�àFÓ+Þ.ÔñÝ .QÙ#á

V(a,f , F(te))
ï�ó¾ÿ;ß�Ö>Ù�ÔñÖ>àAå8í)Ñ�ëÓ#Û5Õ¾í)Ñ !5ÑÃø!Ø�Ö>Ó#Ô�Ø�ó

b
Ý�å�ö�ß5Ù�åñÖ>Û¾åñæ5ö�ßQÞ.ß�Ó+Þ

f ∈ F[te]
n
b+l

Ñ�ú�Ö>Û5ö�Ö�ï�ó "�Ö�àFàFÓ��)Ñ � ü Ö8Ù�ï)Þ�Ó#Ý3ÛÝ�Û´Ø3Ý�Û5Ö � ê � Ó'ï5Ó#å�Ý3å=à¯ÓÃÞ.Ô�Ý .¾Ù#áõÓ'å�æ�ï5å�Ú�Ó+ö>Ö�Ù#á
V(a,f , F[te]b)

Ù�×�Ö>Ô
K

Ó+Û5Õ¬ß5Ö>Û�ö>Ö�Ó+Ø�åñÙ'Ù#áÓ�å�æ5ï�å�Ú�Ó#ö�ÖTÙ#á
V(a,f , F[te])

Ù�×�Ö�Ô
K
Ñ �!æ)ÞOÞ�ß5Ö>Û÷ï ó �=ÔñÙ�ÚrÙ�å�Ý�Þ.Ý3Ù�Û÷í®Ñ3ëTÓ+Û5Õ÷ÿ;ß�Ö>Ù�ÔñÖ>à í)Ñ�ë

C∧σm−k(w
d
)
Ý3å!ÓCï5Ó#å�Ý3å�à¯Ó+Þ�Ô�Ý .¬Ù#á�ÓCåñæ5ï5å�Ú5Ó#ö>Ö½Ù#á

V(a,f , F(te))
Ù�×�Ö�Ô

K
Ñ�,OÝ�Û�Ó+Ø�Ø�ó´Ù�Û5ÖÔ�ÖVÞ.æ5ÔñÛ5å�Ó´Û5Ù�Ô�àFÓ#Ø3Ý3ý>Ö�Õ[ï5Ó#å�Ý3åXàFÓ+Þ.ÔñÝ .¯Ù#á�Ó´å�æ5ï�å�Ú�Ó#ö�ÖCÙ#á

V(a,f , F(te))
Ù�×�Ö�Ô

K
Ñ

,OÝ3Û�Ó#Ø3Ø�ó ü ÖCå�ß5Ù ü Þ�ß�Ó+Þ�ï�ó[ö�ß�Ù)Ù#å�Ý3Û5Ü¯Ó#ÛòÓ#Ú�Ú5Ô�Ù�Ú�Ô�ÝÂÓÃÞ.ÖNïrÙ�æ�Û5Õ5Ý�Û�Ü û àFÓ+Þ.ÔñÝ .õì ü Ö¾Ó+Ô�ÖCÓ#ï�Ø�ÖÞ.Ù´ä�Û5Õ±Ó#Ø�Ø�åñÙ�Ø�æ�Þ�Ý�Ù�Û�å;Ù#áOÓ¬Ú5Ó#Ô.Ó#àAÖ�Þ�Ö>ÔñÝ�ý�Ö>Õ[Ø�Ý3Û5Ö�Ó#Ô!Õ5Ý3ôõÖ>ÔñÖ>Û5ö�ÖQÖ�þ®æ5Ó+Þ.Ý3Ù�ÛiÝ3Û
ΠΣ û ä�Ö�Ø�Õ5å�Ñ

���  #( �  � �>-��.- � 7:J
(E, σ)


h4�J��
E := H(t1, . . . , te)

�:7�K
ΠΣ

� @B7:CD2 
 �17:9;7
(H, σ)

4QH

m
� H�FqC �GK��wC[7 � � 7:J 0 6= a ∈ Em

K5<*2
f ∈ En � � �17:< J��17:9;7�7 �c4QH:J)H{K �:FG��<*254�<���� �{K5J09\4 �

B

h4�J�eCQ7:<��5J��

e
��FG9

E
H:�1= �eJ��IK5J ��FG9

SolveSolutionSpaceH((E, σ),a,f ,B) � C �
��FG9\4�J���� � � �`=?F � �*�RJ�7?H�K �?KGH:4QH�� �{K5J 9\4 �`F��

V(a,f , E) �
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e = 0
ì�Þ�Ó (#Ö[Þ.ß5Ö[Ö>àAÚ�Þ%ó²Ø3Ý�åñÞ

()
Ó#å¬ïrÙ�æ5Û5Õ�Ý�Û5Ü û à¯ÓÃÞ.Ô�Ý .õì=Ó#Û�Õ Þ.ß�Ö[Þ.ß5Ö�Ù�Ô�Ö�àß5Ù�Ø3Õ5å>Ñ ��Ù ü Ó#å�åñæ5àFÖ

e ≥ 1
Ó#Û5Õ¦åñÖ�Þ

F := H(t1, . . . , te−1)
Ñ0*�Û¦Ù�Ô�Õ5Ö�Ô÷Þ.Ù Ú5ÔñÙ�×�Ö�Þ.ß5ÖÞ.ß5Ö�Ù�Ô�Ö�àiì ü ÖQÚ5Ô�Ù�×�Ö'Þ.ß5Ö'áãÙ�Ø3Ø�Ù ü Ý3Û5Ü÷åñÞ�Ô�Ù�Û5Ü#Ö>ÔXÔ�Ö�å�æ5Ø�Þ�Ñ "�Ö�Þ

S := {(a1,f1), . . . , (ak,fk)}

ü Ý3Þ�ß 0 6= ai ∈ F(te)
mi

Ó+Û5Õ
fi ∈ F(te)

ni
áãÙ�Ô¾å�Ù�àAÖ

mi, ni ≥ 1
ÑOÿ;ß5Ö�Û¦Þ.ß5Ö�Ô�ÖIÖ8. ûÝ�å/Þ.åòÓ ïrÙ�æ5Û�Õ5Ý�Û5Ü û àFÓ+Þ.ÔñÝ .

B ü Ý�Þ.ß Ø�Ö�Û5Ü#Þ.ß
e
áãÙ�Ô

F(te) = H(t1, . . . , te)
å�æ5ö�ß Þ.ß�ÓÃÞÙ�Û5Ö ö�Ù�àAÚ5æ�Þ�Ö>å ü Ý3Þ�ß

SolveSolutionSpaceH((F(te), σ),ai,fi,B)
Ó ï�Ó+å�Ý�å û àFÓ+Þ.ÔñÝ .Ù#á

V(ai,fi, F(te))
áãÙ�Ô¾Ó#Ø3Ø

1 ≤ i ≤ k
ÑOú�Ó�×®Ý�Û�ÜòÞ�ß5Ý�åCÔñÖ>å�æ�Ø3Þ÷Ý3Û ß�Ó#Û5Õ�å>ì`Þ�ß5ÖFÞ.ß5Ö�Ù�Ô�Ö�àáãÙ�Ø3Ø�Ù ü åTÝ�àAàAÖ>Õ5Ý�ÓÃÞ.Ö�Ø�ó¯ï óIö>Ù�Û5åñÝ�Õ5Ö�Ô�Ý3Û5Ü´Þ.ß5ÖNåñÚrÖ>ö>Ý�Ó#Ø�ö>Ó#å�Ö

k = 1
Ñ

��Ù ü Ó#å�åñæ5àAÖ�Þ.ß�ÓÃÞ�Þ.ß5Ö�àAÙ�Ô�Ö�Ü�Ö>Û�Ö>Ô.Ó+Ø�Ó#åñå�æ5àAÚ�Þ�Ý�Ù�ÛFß5Ù�Ø3Õ5å8áãÙ�ÔÄÞ.ß5Ö
ΠΣ û ä�Ö�Ø�Õ (F, σ)

Ó#Û�ÕØ�ÖVÞ
S

ïrÖ¾Ó#å½Ó#ïrÙ�×�Ö#Ñ>��Ù ü Ó#Õ5Ó#Ú�Þ
(ai,fi)

ìõÓ+ålÝ3Þ�Ý3å�ÚrÖ>Ô/áãÙ�Ô�àAÖ>ÕòÝ�Û±Ø�Ý3Û5Ö � $ � Þ.Ù (a′

i
,f ′

i
)
Ñ

,�Ù�Ô�Ó#Û�ó
1 ≤ i ≤ k ü Ý3Þ.ß a′

i
∈ F(te)

1 ü ÖCÙ�ï�Þ�Ó+Ý�ÛòÓFï5Ó#å�Ý3å�à¯ÓÃÞ.Ô�Ý .[Ù#á
V(a′

i
,f ′

i
, F(te))Ý�Û[Ø3Ý�Û5Ö � $ � Ñ5ÿ;ß5Ö�Ô�ÖVáãÙ�Ô�Ö ü ÖQö�Ó+Û±ÔñÖ>å/Þ.Ô�Ý3ö�Þ

S
Þ.Ù´Þ.ß5Ù#å�Ö

a′

i
ü Ý3Þ.ß a′

i
/∈ F(te)

1 Ó#Û5Õ ü ÔñÝ3Þ�Ö
S := {(a′

1,f
′

1), . . . , (a
′

k′ ,f
′

k′)}áãÙ�Ô�å�Ù#àFÖ
k′ ≤ k

Ñ#*1á
k′ = 0 ü Ö'Ó+Ô�ÖlÕ�Ù�Û5Ö#Ñ � Þ.ß�Ö>Ô ü Ý�å�Ölå�æ�Ú5ÚrÙ�å�Ö k′ > 0

Ñ�"�ÖVÞ
di ∈ F[te]

∗áãÙ�Ô
1 ≤ i ≤ k′ ïrÖ Þ.ß5Ö_ÚrÙ�Ø�ó)Û�Ù�àFÝ�Ó#Ø�Ù�ï)Þ�Ó#Ý3Û5Ö>Õ ï�ó

DenBoundH((F(te), σ),a′

i
,f ′

i
)
Ñ

,�æ5ÔñÞ�ß5Ö>ÔñàFÙ#Ô�ÖIØ3Ö�Þ
xi ∈ N0

ïrÖ[àFÝ3Û5Ý3àFÓ+Ø�å�æ�ö�ß Þ�ß�Ó+Þ
di t

xi
e

Ý�å¬Ó Õ5Ö�Û5Ù�àAÝ�Û5Ó+Þ.Ù�Ô¾ïrÙ�æ5Û�ÕÙ#á
V(a′

i
,f ′

i
, F(te))

Ñ'��Ù ü ü ÖFå�ÖVÞ
x := max(x1, . . . , xk′)

Ñ'��Ù#Þ.Ö¬Þ.ß5Ó+Þ
xi = 0

áãÙ�ÔQÓ#Ø�Ø
1 ≤ i ≤ k′ Ó#Û5Õiß5Ö>Û�ö>Ö

x = 0
ì�Ý�á

(F(te), σ)
Ý3å�Ó

Σ û Ö8.®Þ�Ö>Û5åñÝ�Ù�Û±Ù+á
(F, σ)

Ñ ,�æ5ÔñÞ�ß5Ö>ÔñàFÙ�ÔñÖ
di t

x
e

Ý�åQÓ[Õ5Ö�Û5Ù�àAÝ�Û�ÓÃÞ.Ù�Ô½ïrÙ�æ5Û5ÕZÙ#á
V(a′

i
,f ′

i
, F(te))

áãÙ#ÔQÓ#Ø�Ø
1 ≤ i ≤ k′ Ñ'��Ö8.®Þ¾Ó#Õ�Ó#Ú)Þ

(a′

i
,f ′

i
)
áãÙ�ÔQÞ.ß5Ö¯Õ�Ö>Û5Ù�àAÝ3Û�Ó+Þ.Ù#ÔQïrÙ�æ5Û5Õ

di t
x
Þ.Ù

(a′′

i
,f ′′

i
)
Ó#å¾Ý�Þ¾Ý3åCÚrÖ>ÔñáãÙ#Ô�àAÖ>Õ Ý�Û Ø3Ý�Û5Ö

� ù � Ñ���Ù ü Ø�ÖVÞ
y
ïrÖ¬àAÝ�Û5Ý3àAÓ#Ø`å�æ5ö�ß Þ.ß�Ó+Þ

bi := y + max(||f ′′|| − ||a′′||, ||di|| + x)
Ý�åNÓÕ5Ö>Ü#Ô�Ö�ÖIïrÙ�æ5Û5Õ²Ù+á

V(a′′

i
,f ′′

i
, F[te])

áãÙ�Ô÷Ó#Ø3Ø
i ü Ý3Þ�ß 1 ≤ i ≤ k′ Ñ � Ý�Þ.ß Þ�ß5Ù�å�Ö�Õ5Ö�Ü�Ô�Ö�ÖïrÙ�æ5Û5Õ�å

bi
ü Ölö>Ù�Û�å�Ý�Õ�Ö>Ô8Þ.ß5Ö�æ5Û5Ý3þ®æ�Ö>Ø3ó¬Õ5Ö�Þ�Ö>ÔñàFÝ3Û5Ö>Õ¯Ý3Û5ö>ÔñÖ>àAÖ>Û Þ�Ó#ØxÔ�Ö�Õ5æ5öVÞ.Ý�Ù#Û�Ú�Ô�Ù®ö>Ö�å�åTÙ+á

V(a′′

i
,f ′′

i
, F[te]bi

)
áãÙ�ÔXÓ#Ø3Ø

1 ≤ i ≤ k′ ü ß5Ö�Ô�ÖNÞ.ß5ÖNï�Ó+å�Ý�å;à¯Ó+Þ�Ô�Ý3ö>Ö�å;Ù#á`Þ�ß5ÖNå�æ5ï5Ú�Ô�Ù�ï5Ø3Ö>àAåÓ#Ô�ÖCÛ5Ù�Ô�àFÓ#Ø3Ý3ý�Ö>ÕðÑ *�ÛèÞ�ß5Ý�å�Ý�Û�ö>Ô�Ö�àFÖ�Û�Þ.Ó#Ø
Ô�Ö�Õ5æ5ö�Þ�Ý�Ù�ÛèÚ�Ô�Ù®ö>Ö�å�åñÖ>åNÙ+á
V(a′′

i
,f ′′

i
, F[te]bi

)
áãÙ�Ô

1 ≤ i ≤ k′ Ø�ÖVÞ
Si := {(a′′

ib
,f ′′

ib
), . . . , (a′′

i0,f
′′

i0)}ïrÖ÷Þ.ß�Ö´æ5Û5Ý3þ�æ5Ö>Ø�óòÕ5Ö�Þ�Ö>ÔñàFÝ3Û5Ö>Õ å�æ�ï5Ú5Ô�Ù#ï5Ø�Ö�àFå�Ñ�ÿ;ß5Ö>Û ï óèÝ3Û5Õ5æ5öVÞ.Ý3Ù�Û Ó#å�åñæ5àFÚ)Þ.Ý�Ù#ÛèÞ.ß�Ö>Ô�ÖÖ8.)Ý3åñÞ.åIÓ ïrÙ�æ5Û5Õ�Ý�Û5Ü û àFÓ+Þ.ÔñÝ .
B0 ∈ N

2×(e−1)
0

Ù#áNØ�Ö>Û�Ü#Þ.ß
e − 1

áãÙ�Ô
F

å�æ�ö�ß Þ.ß�ÓÃÞ�áãÙ�Ô
Ó#Ø3Ø

(b, g) ∈
⋃k′

i=1 Si

$lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ $ ü Ý3Þ�ß
SolveSolutionSpaceH((F, σ),B0, b, g)ö>Ù#àFÚ5æ)Þ.Ö>åAÓ ï�Ó#åñÝ�å û à¯ÓÃÞ.Ô�Ý . Ù#á

V(b, g, F)
Ñ=ú�Ö�Û5ö>Öiï ó¦Ó#Ú5Ú5Ø�ó®Ý�Û5Ü $lØ3Ü�Ù�ÔñÝ3Þ�ß5à �)Ñ ! ü Ý�Þ.ßÝ�Û5Ú�æ�Þ

InrementalReduction((F, σ), bi,a
′′

i
,f ′′

i
,B0)

Ù�Û5Ö ö>Ù�àAÚ5æ�Þ�Ö>åòÓ ï�Ó+å�Ý�åiàFÓ ûÞ.ÔñÝ .
Ci∧wi

Ù#á
V(a′′

i
,f ′′

i
, F[te]b)

áãÙ�Ô Ó#Ø3Ø
1 ≤ i ≤ k′ ï�ó "�Ö>àAà¯Ó �)Ñ $�Ñ'ø!Ø3Ö�Ó+Ô�Ø3ó

B := B0∧( x
y )

Ý�å¬Ó_ïrÙ�æ5Û5Õ5Ý3Û5Ü û à¯Ó+Þ�Ô�Ý . Ù#álØ�Ö�Û5Ü#Þ�ß
e
áãÙ�Ô

F(te)
Ñ�
)Ý�Û�ö>Ö

di t
x
Ý3åAÓ_Õ5Ö ûÛ5Ù�àAÝ�Û5Ó+Þ.Ù�ÔOïrÙ�æ5Û5ÕAÙ#á

V(a′

i
,f ′

i
, F(te))

ì ï ó´ÿ;ß5Ö>Ù�ÔñÖ>àAå!í)Ñ �NÓ#Û�Õ�í®Ñ�í
Ci∧

wi

di tx

Ý3å8ÓNï5Ó#å�Ý3å ûà¯ÓÃÞ.Ô�Ý .iÙ+á
V(a′

i
,f ′

i
, F(te))

áãÙ�ÔlÓ#Ø3Ø
1 ≤ i ≤ k′ Ñ%�!æ�ÞlÞ�ß5Ö>Ûèï�ó±ÿ;ß5Ö�Ù�Ô�Ö�àAåNí)Ñ�ë´Ó#Û�Õ_í)ÑV�

Ci∧σm−k( wi

di tx
)
Ý�å�ÓAï�Ó#å�Ý3å�àFÓ+Þ.ÔñÝ .IÙ#á

V(ai,fi, F(te))
áãÙ�Ô�Ó#Ø�Ø

1 ≤ i ≤ k′ Ñrú�Ö>Û�ö>ÖCÞ.ß5ÖÝ�Û5Õ�æ5ö�Þ�Ý�Ù�ÛIåñÞ.Ö�Ú±ß5Ù�Ø3Õ5åXÓ#Û5Õ[Þ�ß5Ö'Þ.ß5Ö�Ù�Ô�Ö�à Ý3å;Ú5Ô�Ù�×�Ö>Û�Ñ
�� � �5�
	 �>-�	 -Q$lå
Ý3Ø�Ø3æ5å/Þ.Ô�Ó+Þ.Ö�ÕQÝ3Û � .5Ó+àFÚ5Ø3Ö $�Ñ�ë�ì3$lØ�Ü#Ù�Ô�Ý�Þ.ß�àAå �)Ñ�ë!Ó+Û5Õ �)Ñ $�Ó+Ô�Ö�Ó�×+Ó#Ý3ØÂÓ#ï5Ø�Ö
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Ý�ÛNÞ.ß�Ö�Ú5Ó#ö/(�Ó#Ü�Ö ������� �½Ý�ÛNáãÙ�Ôñà Ù+á�Þ.ß5ÖÄáãæ5Û5öVÞ.Ý3Ù�ÛCö>Ó#Ø3Ø �+'����-"0 �����-" .+"0#��0"	�-"
��� '$.��� ��� "5Ñ

)Ù�àAÖ½áãæ5ÔñÞ�ß5Ö>ÔXÔñÖ>àFÓ#Ô=(�å�Ó+Ô�ÖNÜ#Ý3×�Ö>ÛiÓ#ïrÙ�æ�Þ;Þ.ß5ÖNÝ3àFÚ�Ø�Ö�àAÖ>Û Þ�Ó+Þ�Ý3Ù#ÛIÙ#á�$lØ�Ü#Ù�Ô�Ý�Þ.ß�à �)Ñ $�Ñ
•

"�Ö�Þ
(E, σ) ü Ý3Þ�ß E := H(t1, . . . , te)

ïrÖIÓ
ΠΣ û ä�Ö�Ø�Õ ü ß5Ö�Ô�Ö (H, σ)

Ý3å
m û åñÙ�Ø3×ÃÓ#ï5Ø�Ö+ì

0 6= a ∈ Em
Ó#Û5Õ

f ∈ En
Ñ8ÿ;ß�Ö>Û ï ó ö>Ó#Ø�Ø3Ý3Û5Ü �+'�����"0 �����-" .+"0#�� "���"����('0.�����
�0"

ü Ý3Þ�ß5Ù�æ�ÞIö�ß5Ù®Ù�åñÝ�Û5Ü¦Ó#Û ótïrÙ�æ�Û5Õ5Ý3Û5Ü û àFÓ+Þ�Ô�Ý . Ó#å�Ý�Û5Ú�æ�Þ�ì $�Ø�Ü�Ù#Ô�Ý�Þ.ß5à �)Ñ $ ü Ý�Ø3Ø�ïrÖ_Ó#Ú ûÚ5Ø�Ý3Ö>Õ ü Ý�Þ.ß
SolveSolutionSpaceH(a,f ,M , (E, σ))

ï�ótæ5å�Ý3Û5Ü Ó#æ)Þ.Ù�àFÓ+Þ.Ý3ö>Ó#Ø3Ø�ó ÓïrÙ�æ5Û5Õ�Ý�Û5Ü û à¯ÓÃÞ.Ô�Ý .
M

áãÙ�Ô
E
Ù+áðØ�Ö�Û5Ü#Þ.ß

e
Ñ)Ð±Ù�Ô�Ö�Ú5ÔñÖ>ö>Ý3å�Ö�Ø3ó´Þ.ß�Ö�ïrÙ�æ�Û5Õ5Ý�Û�Ü û àFÓ+Þ.ÔñÝ .

MÝ�å
Ù#á�Þ.ß�Ö�áãÙ#Ô�à
( c ... c

1 ... 1 ) ∈ N2×e
0

ü ß5Ö�Ô�Ö c = 1
ìÃÝ�á

(F(t1, . . . , ti), σ)
Ý�å`Ó

Π û Ö8.®Þ.Ö�Û5å�Ý3Ù�Û¾Ù#á
(F(t1, . . . , ti−1), σ)

ì�Ù#Þ�ß5Ö>Ô ü Ý�å�Ö c = 0
Ñ�*1ÞXÞ�æ5Ô�Û5Ö�Õ±Ù�æ)ÞXÞ.ß�ÓÃÞ ü Ý�Þ.ßIÞ.ß5Ý3åXåñÝ�àAÚ5Ø�Ö½ö�ß5Ù#Ý�ö>ÖÙ�Û5ÖNö�Ù�àAÚ5æ�Þ.Ö�å�Ó´ï�Ó#åñÝ�åXÙ+á

V(a,f , E)
Ý�Û[àFÓ#Û�ó¯ö�Ó#åñÖ>å�Ñ

•
*�Û¯å�Ù�àAÖ�å�ÚrÖ>ö�Ý3ä�ö�Ý�Û5å/Þ�Ó#Û�ö>Ö>å8Þ.ß�Ö>Ô�ÖlÓ#ÔñÖ�Õ5Ö�Û5Ù�àAÝ�Û�ÓÃÞ.Ù�ÔÄÓ#Û5Õ¯Õ5Ö�Ü�Ô�Ö�ÖlïrÙ�æ�Û5ÕIÓ+Ø�Ü�Ù#Ô�Ý�Þ�ß5àAåÕ5Ö�×�Ö�Ø�Ù#ÚrÖ>ÕAÝ3ÛIç 
)ö�ß����#Ó�ì	
)ö�ß��	�+ï�î|Ñ�*1áõÙ#Û5Ö;Ôñæ5Û5å=Ý3Û�Þ.Ùlå�æ5ö�ßAåñÚrÖ>ö>Ý�Ó#Ø�ö�Ó+å�Ö>å�ì�Þ�ß5Ö>åñÖXïrÙ�æ�Û5Õ5åÓ#Ô�Ö'æ5å�Ö�ÕòÝ3Û[Ø�Ý3Û5Ö>å � í � Ù�Ô � � � Ý�Û5å/Þ.Ö�Ó+ÕiÙ#á`æ5å�Ý3Û5Ü¬Þ�ß5ÖNïrÙ�æ5Û5Õ�Ý�Û5Ü û à¯ÓÃÞ.Ô�Ý .¯àFÖ�ö�ß�Ó+Û5Ý�åñà±Ñ

� �!�?�ðÊI��ÈlÎ>���
ç $lï�Ô.ê���ÓÃî 
õÑS$¾ÑS$�ï5Ô.Ó+àFÙ�×rÑ#�ÄÔñÙ�ï5Ø3Ö>àAå`Ý3ÛCö>Ù�àAÚ5æ�Þ�Ö>ÔOÓ#Ø3Ü�Ö�ï5Ô.ÓXÞ�ß�Ó+Þ�Ó+Ô�Ö�ö�Ù�Û5Û5Ö�ö�Þ.Ö�Õ ü Ý3Þ.ßÓ±åñÖ�Ó#Ôñö�ß áãÙ�ÔQÚrÙ#Ø3ó®Û5Ù�àAÝÂÓ+Ø�å�Ù�Ø3æ�Þ.Ý3Ù�Û5åNÙ#á;Ø3Ý�Û5Ö>Ó#ÔNÕ5Ý�ôõÖ>Ô�Ö�Û�Þ�ÝÂÓ#ØÄÓ#Û�Õ Õ�Ý3ôõÖ>ÔñÖ>Û5ö�ÖÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5å>Ñ ��F H =?F 
�� <14�� � � F � �*��J � �eKcJ� � � ���:7:9:<>7:J � ì $I~�ù $5"®ù�ê�ì�ë3��ê���Ñ
ç�$�ï5Ô.ê��#ï�î 
õÑ$CÑ$lï�Ô.Ó#àAÙ�×rÑ���Ó+Þ�Ý�Ù#Û�Ó#ØråñÙ�Ø�æ)Þ.Ý�Ù#Û5å�Ù#á
Ø3Ý�Û5Ö>Ó#Ô�Õ5Ý�ô�Ö�Ô�Ö�Û�Þ.Ý�Ó#ØõÓ#Û5ÕIÕ�Ý3ôõÖ>ÔñÖ>Û5ö�ÖÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5å ü Ý3Þ.ßNÚrÙ�Ø3ó®Û5Ù#àFÝ�Ó#Ø+ö>Ù®Ö �Aö>Ý�Ö�Û�Þ�å>Ñ�� � � � � ��� � � F � �*��J � �eK5J�� � �eK5J�� �

� � �yH � ì ��� � ù � ~ �3"rë3�)ì�ë3�#ê���Ñ
ç�$�ï5Ô'��íÃî 
õÑ	$¾Ñ	$�ï5Ô.Ó#àAÙ�×rÑ!��Ó+Þ.Ý3Ù�Û�Ó+Ø5åñÙ�Ø�æ)Þ.Ý�Ù#Û5å=Ù#á�Ø3Ý�Û5Ö>Ó#Ô�Õ5Ý3ôõÖ>ÔñÖ>Û5ö�Ö�Ó#Û5Õ

q û Õ5Ý�ô�Ö�Ô�Ö>Û�ö>ÖÖ>þ�æ�ÓÃÞ.Ý�Ù#Û5å ü Ý3Þ�ßiÚrÙ�Ø�ó)Û�Ù�àFÝ�Ó+Ø�ö�Ù®Ö�Aö>Ý3Ö>Û Þ.å>Ñ�*�Ûiÿ'Ñ�"�Ö�×�Ö>Ø�Þ�ì�Ö�Õ5Ý3Þ�Ù�Ô>ì���9;F = � � �8�
� � ��� � � ì�Ú�Ó#Ü�Ö�åB�+ê í3"�+ê���Ñ$�ø;Ð �=Ô�Ö�å�å>ì*��Ö ü�� Ù�Ô)(rìðë3��� í)Ñ

ç�$B����!#î 
õÑ!$CÑ!$�ï5Ô.Ó#àAÙ�×òÓ#Û5Õ Ð Ñ��`Ö�Þ'(#Ù�×���ÖA(xÑ � ��$lØ3Ö>à÷ïrÖ>Ô/Þ.Ý�Ó#ÛèåñÙ�Ø�æ)Þ.Ý�Ù#Û5ålÙ+á8Ø3Ý�Û5Ö>Ó#ÔÕ5Ý3ôõÖ�Ô�Ö>Û Þ.Ý�Ó#Ø�Ó#Û5ÕtÕ5Ý�ô�Ö�Ô�Ö>Û�ö>ÖèÖ�þ�æ�Ó+Þ.Ý3Ù�Û5å�Ñ *�Û���Ñ8×�Ù�Ûtý>æ5Ô �NÓ+Þ.ß�Ö>Ûðì8Ö>Õ5Ý�Þ.Ù�Ô�ì
�A9?F = � � � � � ��� � ��ì�Ú�Ó#Ü#Ö>åNë�ù��5"xë5� !5Ñ#$�ø;Ð �=ÔñÖ>å�å�ì%�!Ó#Ø3Þ�Ý�à¬Ù�ÔñÖ#ì�ë ����!5Ñ

ç $W������êÃî 
õÑ%$CÑ%$�ï5Ô.Ó#àAÙ�×õì%�
Ñ!�OÓ#æ�Ø�Ö+ì�Ó+Û5Õ_ÐZÑ!�`ÖVÞ'(#Ù�× �ñÖA(rÑ
q û ú�ó®ÚrÖ�Ô�Ü�Ö�Ù�àAÖ�Þ.ÔñÝ�öCåñÙ�Ø�æ ûÞ.Ý3Ù�Û5å;Ù#á

q û Õ5Ý�ô�Ö�Ô�Ö>Û�ö>ÖNÖ�þ�æ�Ó+Þ.Ý3Ù�Û5å�Ñ �T4QH =:9;7:J�7 ��K5J� � ì�ë�ê�� � ë û $ � ~ $5"#���)ìõë ����ê�Ñ
ç��!ÔñÙ	���+îCÐZÑ!�!Ô�Ù�Û�åñÞ.Ö�Ý�ÛðÑ � Û åñÙ�Ø�æ)Þ.Ý�Ù#Û5å�Ù#áÄØ3Ý�Û5Ö>Ó#Ô�Ù�Ô�Õ�Ý�Û�Ó#Ô/óiÕ5Ý�ô�Ö�Ô�Ö>Û�ö>Ö÷Ö>þ�æ�ÓÃÞ.Ý3Ù�Û5ålÝ�ÛÞ.ß5Ö�Ý�Ô8ö�Ù®Ö�Aö>Ý3Ö>Û Þ!ä�Ö�Ø�ÕðÑ"! � � � � �:FGC�4L= � F � �*�RJ � ì#��� � ù � ~�ê�!�ë8")ê	���)ì��#æ5Û5ÖW�������)Ñ
ç�ø!Ù�ß5ù íÃî �QÑrÐZÑõø!Ù�ß5Û�Ñ �T4 687:9;7:<>=?7 � C ��7 �w9�K#Ñ *�Û Þ.Ö�Ô�å�ö�Ý�Ö�Û5ö>Ö �=æ5ï�Ø�Ý�åñß5Ö>Ôñå>ì��#Ù�ß5Û � Ý3Ø�Ö�ó

# 
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